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Preface to the Third Edition 


For the third edition, the Picture Hook was extended in two ways. A CD-ROM 
was included, and a chapter on quantile motion was added. 

On the CD-ROM, all the figures in the book are available in lull color. 
Readers can look at (or print) individual figures and also posters in which 
related figures and their captions are grouped together. The material, if printed 
on transparencies or in the form of large posters, can also be used as a teaching 
aid. The use of the CD-ROM is described on page xvii. 

With the quantile concept taken from mathematical statistics, it is possi¬ 
ble to define trajectories and velocities not only for point particles but also 
for probability distributions. In this way. for instance, the velocity of a wave 
packet undergoing a tunnel effect can be discussed. 

The realization of the CD-ROM would not have been possible without the 
ideas, the expertise, and the diligence of Dr. Krion Gjonaj and Mr. Tilo Strati. 
The computer typesetting and the layout of the text were performed by 
Mr. Stroh. Our wannest thanks go to both of them. We would also like to 
thank Dr. Thomas von Focrster of Springer-Verlag New York. Inc., for his 
continuing interest and for making this edition possible. 


Siegen, April 2()(X) 


Siegmund Brandt 
Hans Dieter Dahmen 



Preface to the Second Edition 


In ihe second edition, aim and style of the Picture Hook were left unchanged. 
Il is our aim to explain and exemplify the concepts and results of quantum 
mechanics by visualization through computer graphics and. in parallel, by 
the discussion ol the relevant physical laws and mathematical formulae. The 
scope ol the hook, however, was widened appreciably 

The most important extension is the chapter ahout spin and magnetic res 
onance. In three-dimensional quantum mechanics, the presentation of H'fltr- 
packet motion on elliptical ami hyperbolic Kepler orbits should help to es¬ 
tablish the correspondence anil the differences between the classical and the 
quantum-mechanical description of planetary motion. 

Maybe the best-known quantum-mechanical concept is that of uncertainly 
introduced by Heisenberg, who formulated the celebrated uncertainty relation 
AxAp >1)12 for the product of the uncertainties of a particle in position 
and in momentum. Also, in classical mechanics position and momentum of 
a particle may be known only up to some uncertainty so that a probability 
density in phase space (spanned by position a and momentum p) is needed to 
describe the particle. For many physical situations, we present and compare 
the time development ol this classical phase-spare probability density with 
the probability density of quantum mechanics. 

An additional tool we use is the analyzing• amplitude introduced in Ap¬ 
pendix C. It allows ihe definition of a directional distribution that is very 
helpful in visualizing angular momentum and spin wave functions. 

To generate the computer graphics of the first edition of the Picture Hook. 
we developed an interactive program on quantum mechanics. A modernized 
version, which we call INTFRQUANTA (abbreviated IQ), together with an 
accompanying text has been published by Springer-Vcrlag in various edi 
lions. 1 4 It is a pleasure to acknowledge the generous help provided by IBM 
Germany in the development of IQ. In particular, we want to thank Dr. U. 
Groh for his competent help in the early phase of the work. At various stages 
of the project, we were helped considerably by friends and students in Siegen. 
We would particularly like to thank Tilo Stroll for his many valuable contri¬ 
butions. 
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Preface to the Second Edition 


All computer-drawn figures in the present edition were produced using the 
published version of IQ or recent extensions realized with the help of Sergei 
Boris. Anli Shundi. and Tilo Stroh. The computer typesetting and the layout 
of the text were done by Utc Bender and Anli Shundi. We would like to thank 
them for their excellent work. 

Last but not least, we thank Drs. H.-U. Daniel. T. von Foersler, and 
H. J. Kolsch of Springer-Verlag for their constant interest and support. 

Siegen. May 1994 Siegmund Brandt 

Hans Dieter D ah men 
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Foreword 


Students or classical mechanics can rely on u wealth of experience from ev¬ 
eryday life to help them understand and apply mechanical concepts. Even 
though a stone is not a mass point, the experience of throwing stones cer¬ 
tainly helps them to understand and analyze the trajectory of a mass point in a 
gravitational field. Moreover, students can solve many mechanical problems 
on the basis of Newton's laws and. in doing so. gain additional experience. 
When studying wave optics, they find that their knowledge of water waves, 
as well as experiments in a ripple tank, is very helpful in forming an intuition 
about the typical wave phenomena of interference and diffraction. 

In quantum mechanics, however, beginners are without any intuition. Be¬ 
cause quantum-mechanical phenomena happen on an atomic or a subatomic 
scale, we have no experience of them in daily life. The experiments in atomic 
physics involve more or less complicated apparatus and are by no means sim¬ 
ple to interpret. Even if students are able to take Schrodinger’s equation for 
granted, as many students do Newton's laws, it is not easy tor them to ac¬ 
quire experience in quantum mechanics through the solution of problems. 
Only very few problems can be treated without a computer. Moreover, when 
solutions in dosed form arc known, their complicated structure and the special 
mathematical functions, which students are usually encountering for the first 
time, constitute severe obstacles to developing a heuristic comprehension. The 
most difficult hurdle, however, is the formulation of a problem in quantum 
mechanical language, for die concepts arc completely different from those of 
classical mechanics. In fact, the concepts and equations of quantum mechan¬ 
ics in SchrCxlitiger's formulation are much closer to those of optics than to 
those of mechanics. Moreover, the quantities that wc are interested in such 
as transition probabilities, cross sections, and so on - usually have nothing to 
do with mechanical concepts such as die position, momentum, or trajectory 
of a particle. Nevertheless, actual insight into a process is a prerequisite for 
understanding its quantum-mechanical description and for interpreting basic 
properties in quantum mechanics like position, linear and angular momentum, 
as well as cross sections, lifetimes, and so on. 
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Actually, students must develop an intuition of how the concepts of clas¬ 
sical mechanics are altered and supplemented by the arguments of optics in 
order to acquire a roughly correct picture of quantum mechanics. In partic¬ 
ular. the time evolution of microscopic physical systems has to be studied 
to establish how it corresponds to classical mechanics. Here, computers and 
computer graphics offer incredible help, for they produce a large number of 
examples that are very detailed and that can be looked at in any phase of their 
time development, l or instance, the study of wave packets in motion, which 
is practically impossible without the help of a computer, reveals the limited 
validity of intuition drawn from classical mechanics and gives us insight into 
phenomena like the tunnel effect and resonances, which, because of the im¬ 
portance of interference, can be understood only through optical analogies. 
A variety of systems in different situations can be simulated on the computer 
and made accessible by different types of computer graphics. 

Some of the topics covered are 

• scattering of wave packets and stationary waves in one dimension, 

• the tunnel effect. 

• decay of metastable states. 

• bound states in various potentials. 

• energy bands. 

• distinguishable and indistinguishable particles. 

• angular momentum. 

• three-dimensional scattering. 

• cross sections and scattering amplitudes. 

• eigenstates in three-dimensional potentials, for example, in the hydro¬ 
gen atom, partial waves, and resonances. 

• motion of wave packets in three dimensions. 

• spin and magnetic resonance. 

Conceptual tools that bridge the gap between classical and quantum concepts 
include 

• the phase-space probability density of statistical mechanics. 

• the Wigner phase-space distribution. 

• the absolute square of the analyzing amplitude as probability or proba¬ 
bility density. 
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xiii 

The graphical aids comprise 

• time evolutions of wave functions for one dimensional problems. 

• parameter dependences for studying, for example, the scattering over a 
range of energies. 

• three-dimensional surface plots for presenting two-particle wave func¬ 
tions or functions of two variables. 

• polar (antenna) diagrams in two and three dimensions. 

• plots of contour lines or contour surfaces, that is. constant function val¬ 
ues. in two and three dimensions. 

• ripple-tank pictures to illustrate three-dimensional scattering. 

Whenever possible, how particles of a system would behave according to 
classical mechanics has been indicated by their positions or trajectories. In 
passing, the special functions typical for quantum mechanics, such as l.cgen 
drc. Hermite. and Laguerre polynomials, spherical harmonics, and spherical 
Bessel functions, are also shown in sets of pictures. 

The text presents the principal ideas of wave mechanics. The introductory 
Chapter 1 lays the groundwork by discussing the panicle aspect of light, using 
the fundamental experimental findings of the photoelectric and Compton et 
feets and the wave aspect of particles as it is demonstrated by the diffraction of 
electrons. The theoretical ideas abstracted from these experiments are intro¬ 
duced in Chapter 2 by studying the behavior of wave packets of light as they 
propagate through space and as they are reflected or refracted by glass plates. 
The photon is introduced as a wave packet of light containing a quantum of 
energy. 

To indicate how material particles are analogous to the photon. Chap¬ 
ter 3 introduces them as wave packets of de Broglie waves lhe ability ol 
de Broglie waves to describe the mechanics of a particle is explained through 
a detailed discussion of group velocity, Heisenberg’s uncertainty principle, 
and Bom's probability interpretation. The Schrodinger equation is found to 
be the equation of motion. 

Chapters 4 through are devoted to the quantum-mechanical systems in 
one dimension. Study of the scattering of a particle by a potential helps us 
understand how it moves under the influence of a force and how die probabil¬ 
ity interpretation operates to explain the simultaneous effects of transmission 
and reflection. We study the tunnel effect of a particle and the excitation and 
decay of a metastable state. A careful transition to a stationary bound state is 
carried out. Quasi-elassical motion of wave packets confined to the potential 
range is also examined. 

The velocity of a particle experiencing the funnel effect has been a subject 
of controversial discussion in the literature. In Chapter 7, we introduce the 
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concepts of quantile position and quantile velocity with which this problem 
can be treated. 

Chapters 8 and 9 cover two-particle systems. Coupled harmonic oscilla¬ 
tors are used to illustrate the concept of indistinguishable particles. The strik¬ 
ing differences between systems composed of different particles, systems of 
identical bosons, and systems of identical fermions obeying the Pauli princi¬ 
ple are demonstrated. 

Three-dimensional quantum mechanics is the subject of Chapters 10 
through 15. We begin with a detailed study of angular momentum and dis¬ 
cuss methods of solving the Schriklinger equation. The scattering of plane 
waves is investigated by introducing partial-wave decomposition and the con¬ 
cepts of differential cross sections, scattering amplitudes, anil phase shifts. 
Resonance scattering, which is the subject of many fields of physics research, 
is studied in detail in Chapter 14 Bound states in three dimensions are dealt 
with in Chapter 13. The hydrogen atom and the motion of wave packets un¬ 
der the action of a harmonic force as well as the Kepler motion on elliptical 
orbits are among the topics covered. Chapter 15 is devoted to Coulomb scat¬ 
tering in terms of stationary wave functions as well as wave-packet motion on 
hyperbolic orbits. 

Spin is treated in Chapter 16. After the introduction of spin states and 
operators, the Pauli equation is used for the description of the precession of a 
magnetic moment in a homogeneous magnetic field. The discussion of Rabi’s 
magnetic resonance concludes this chapter. 

The last chapter is devoted to results obtained through experiments in 
atomic, molecular, solid-state, nuclear, and particle physics. They can be qual¬ 
itatively understood with the help of the pictures and the discussion in the 
body of the book. Thus, examples for 

• typical scattering phenomena. 

• spectra of hound states and their classifications with the help of models. 

• resonance phenomena in total cross sections, 

• phase-shift analyses of scattering and Reggc classification of reso¬ 
nances. 

• radioactivity as decay of metastable states. 

• magnetic resonance phenomena. 

taken from the fields of atomic and subatomic physics, are presented. Compar¬ 
ing these experimental results with the computer-drawn pictures of the book 
and their interpretation gives the reader a glimpse of the vast fields of science 
that can be understood only on the basis of quantum mechanics. 
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In Appendix A. die simplest aspects of the structure of quantum mechan¬ 
ics are discussed, and the matrix formulation in an infinite-dimensional vec¬ 
tor space is juxtaposed to the more conventional formulation in terms of wave 
functions and differential operators. Appendix B gives a short account of two- 
level systems that is helpful for the discussion of spin. In Appendix C. we 
introduce the analyzing amplitude using as examples the free particle and the 
harmonic oscillator. Appendix D discusses Wigner's phase-space distribution. 
Appendixes E through G give short accounts of the gamma. Bessel, and Airy 
functions, as well as the Poisson distribution. 

There are more than a hundred problems at the ends of the chapters. Many 
are designed to help students extract the physics from die pictures. Others 
will give them practice in handling the theoretical concepts. On the endpapers 
of the book are a list of frequently used symbols, a list of basic equations, a 
short list of physical constants, and a brief table convening SI units to panicle- 
physics units. The constants and units will make numerical calculations easier. 

We are particularly grateful to Professor Eugen Merzbachcr for his kind 
interest in our project and for many valuable suggestions he gave before the 
publication of the first edition that helped to improve the book. 

Sicgmund Brandt 
1 Ians Dieter Dahmen 
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1. Introduction 


I'he basic fields of classical physics are mechanics and heat on the one hand 
and electromagnetism and optics on die other. Mechanical and heat phenom¬ 
ena involve the motion of particles as governed by Newton's equations. Elec¬ 
tromagnetism and optics deal with fields and waves, which are described by 
Maxwell's equations. In the classical description of particle motion, the posi¬ 
tion of the particle is exactly determined at any given moment. Wave phenom¬ 
ena. in contrast, are characterized by interference patterns which extend over 
a certain region in space. The strict separation of particle and wave physics 
loses its meaning in atomic and subatomic processes. 

Quantum mechanics goes back to Max Planck’s discovery in 1900 that die 
energy of an oscillator o(frequency v is quantized. That is. the energy emitted 

or absorbed by an oscillator can take only the values 0, hv, 2hv .Only 

multiples of Planck's quantum of energy 

E = hv 


arc possible. Planck's constant 

h =6.262 x 10 -34 Js 

is a fundamental constant of nature, the central one of quantum physics. Often 
it is preferable to use die angular frequency io = 2nv of the oscillator and to 
write Planck’s quantum of energy in the form 

E = lieu 


Here 


h = 


2,t 


is simply Planck’s constant divided by 2,7. Planck s constant is a very small 
quantity. Therefore the quantization is not apparent in macroscopic systems. 
But in atomic and subatomic physics Planck's constant is of fundamental im¬ 
portance. In order to make this statement more precise, we shall look at ex¬ 
periments showing the following fundamental phenomena: 
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I. Introduction 


• (Ik: photoelectric effect. 

• the Compton effect, 

• the diffraction of electrons. 

• the orientation of the magnetic moment of electrons in u magnetic field. 

1.1 The Photoelectric Effect 

The photoelectric effect was discovered by Heinrich Hertz in 1887. It was 
studied in more detail by Wilhelm Haltwachs in 1888 and Philipp Lenard in 
1902. We discuss here the quantitative experiment, which was first carried 
out in 1916 by K. A. Millikan. His apparatus is shown schematically in Fig¬ 
ure 1.1a. Monochromatic light of variable frequency falls onto a photocathode 
in a vacuum tube. Opposite the photocathode there is an anode - we assume 
cathode and anode to consist of the same metal - which is at a negative voltage 
V with respect to the cathode. Thus the electric field exerts a repelling force 
on the electrons of charge -e dial leave the cathode. 1 lore e = 1.609 x 10 
Coulomb is the elementary charge. If the electrons reach the anode, they How 
back to the cathode through the external circuit, yielding a measurable current 
/. The kinetic energy of the electrons can therefore he determined by varying 
the voltage between anode and cathode. The experiment yields the following 
findings. 

1. The electron current sets in. independent of the voltage U. at a fre¬ 
quency v 0 that is characteristic for the material of the cathode. There is 
a current only for v > i'o- 

2. The voltage U s at which the current stops flowing depends linearly on 
the frequency of the light (Figure I. lb). The kinetic energy F Kin ot the 
electrons leaving the cathode then is equal to the potential energy of the 
electric field between cathode and anode. 

£kin = eU* . 

If we call /»/*• the proportionality factor between the frequency of the 
light and the voltage. 

h 

U * = —(i* - Mn) . 
e 

we find that light of frequency v transfers the kinetic energy eU s to the 
electrons kicked out of the material of the cathode When light has a 
frequency less than no electrons leave the material. If we call 


1.1 The Photoelectric Effect 


3 


Fig. 1.1. Photoelectric effect 
(a) The apparatus to measure 
the effect consists of a vac¬ 
uum tube containing two elec¬ 
trodes. Monochromatic light 
of frequency v shines on the 
cathode ami liberates elec¬ 
trons which may reach the 
anode and create u current 
/ in the external circuit. The 
flow of electrons in the vacuum 
lube is hindered by the exter¬ 
nal voltage l ■. It stops once the 
voltage exceeds the value / 
(hi There is a linear depen¬ 
dence between the frequency i 
and the voltage t\. 

hvo = rUk 

the ionization energy of the material that is needed to free the electrons, 
we muse conclude that light of frequency v has energy 

£ = /if = hu> 

with 



3. The number of electrons set free is proportional to the intensity of the 
light incident on the photocathode. 

In 1905 Albert Einstein explained the photoelectric effect by assuming 
that light consists of quanta of energy hv which act in single elementary pro¬ 
cesses. The light quanto are also called photons or y quanta. The number of 
quanta in the light wave is proportional to its intensity. 
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1.2 The Compton Effect 

If the lighl quanta of energy E = hv = ho, are particles, they should also have 
momentum. The relativistic relation between the energy E and momentum /> 
of a panicle of rest mass m is 

p = -s/e 2 - mV* , 

where c is the speed of light in vacuum. Quanta moving with the speed of 
light must have rest mass zero, so that we have 



where k = w/c is the wave number of the light. If the direction of the lighl 
is k/*. we find the vectorial relation p = /tk. To check this idea one has 
to perform an experiment in which light is scattered on free electrons. The 
conservation of energy and momentum in the scattering process requires that 
the following relations be fulfilled: 

Ey + Et = E' y + E‘ c . 

Vy + Pc = p'y + Pc * 

where E Y . P y and E' y . p\ are the energies and the momenta of the incident 
and the scattered photon, respectively. E e . P e. £*• and p' c are the correspond¬ 
ing quantities of the electron. The relation between electron energy E e and 
momentum p c is 

£ e = cj p 2 + m\c 2 , 

where m c is the rest mass of the electron. If the electron is initially at rest, we 
have p c = 0. E c = m c c 2 . Altogether, making use of these relations, we obtain 

chk + nicc 1 = chk' + + mic 2 , 

tik = Ak' + P ; 

as the set of equations determining the wavelength X' = 2ir/k' of the scattered 
photon as a function of the wavelength X = 2xfk of the initial photon and the 
scattering angle ?? (Figure 1 2a). Solving for the difference X‘ - X of tlie two 
wavelengths, we find 

X' -X=* -(l-cosd) . 
m c c 
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a 




(a) Kinematics of Ihe process. 
A photon of momentum p,. 
is scattered by a free elec¬ 
tron at rest, one with momen¬ 
tum p f - 0. After the scat¬ 
tering process the two par¬ 
ticles have the momenta p’ 
and p‘, respectively. The di¬ 
rection or the scattered pho¬ 
ton forms an angle f' with its 
original direction. From en¬ 
ergy and momentum conser¬ 
vation in the collision, the ab¬ 
solute value p' y of the momen¬ 
tum of the scattered photon 
and the corresponding wave¬ 
length k' ~ h,'p\ can be 
computed. <b) Compton’s re¬ 
sults. Compton used mono¬ 
chromatic X-rays from the K„ 
line of molybdenum to bom- 
hard a graphite target. The 
wavelength spectrum of the 
incident photons shows the 
rather sharp K u line at the top. 
Observations of the photons 
scattered at three different an¬ 
gles i> (45°, 90° t 135") yielded 
spectra showing that most of 
them had drifted to the longer 
wavelength There are also 
many photons at the origiual 
wavelength k, photons which 
were not scattered by single 
electrons in Ihe graphite, i-mui 
A. It. Compton. The FhutiulReriev, 22 
<1923) *09. copyright © 1923 by the 
AmcncMi Physical Society, reprinted by 


pctnmsion. 
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This means that the angular frequency ft/ = ck' = 2 xc/V of the light scat¬ 
tered at an angle 0 > 0 is smaller than the angular frequency to = ck = 
2nc/k of the incident light. 

Arthur Compton carried out an experiment in which light was scattered 
on electrons; he reported in 1923 that die scattered light had shifted to lower 
frequencies to' (Figure I-2b). 

1.3 The Diffraction of Electrons 

The photoelectric effect and the Compton scattering experiment prove that 
light must be considered to consist of particles which have rest mass zero, 
move at the speed of light, and have energy E = hto and momentum p = hk. 
They behave according to the relativistic laws of panicle collisions. The 
propagation of photons is governed by the wave equation following from 
Maxwell's equations. The intensity of the light wave at a given location is 
a measure of the photon density at this point. 

Once we have arrived at this conclusion, we wonder whether classical 
panicles such u.s electrons behave in the same way. In particular, we might 
conjecture that the motion of electrons should be determined by waves. It the 
relation F. = hto between energy and angular frequency also holds lor the 
kinetic energy £|»in = p 2 /2m of a panicle moving at nonrelativislic velocity, 
that is, at a speed small compared to that of light, its angular Irequency is 

given by , 

1 p‘ _ hk^ 

~ ti 2m 2m 

provided that its wave number k and wavelength >. are related to the momen¬ 
tum p by 



Thus the motion of a panicle of momentum p is then characterized by a wave 
with the tie Broglie wavelength /. = h/p and an angular frequency «> = 
p 1 /(2ml\). The concept of matter waves was put forward in I‘>23 by Louis dc 
Broglie. 

II iHe motion of a particle is indeed characterized by waves, the propaga¬ 
tion of electrons should show interference patterns when an electron beam 
suffers diffraction. This was first demonstrated by Clinton Davisson and 
Lester Gcrmer in 1927. They observed interference patterns in an experi¬ 
ment in which a crystal was exposed to an electron beam. In their experi¬ 
ment the regular lattice of atoms in a cry stal acts like an optical grating. Even 
simpler conceptually is diffraction from a sharp edge. Such an experiment 
was performed by Hans Boerech in 1943. He mounted a platinum foil with a 
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Fig. 1.3. lal Interference pat¬ 
tern caused by the soillmng 
of red lijjht on a sharp edge. 
I he edRe is the hordcr line of 
an al>sorhinu half-plane, tile 
position of which is indicated 
at the lop or the figure, (hi In¬ 
terference pattern caused In 
the scattering of electrons on 
a sharp edge. Awn*.. From 
R W. IVihl. O/’Uk imJ Alompkxui.. 
uinili edition, copyright © I'J.'J 
by SpiwserWibK, Bedut, Gottingen. 
Heidelberg, reprinted by perm fan tan 
• In From H. BocrM.li, PlmiLtiliMhf 
Tfiuthrift, JJ )|14H 202, cojnnylil 
tf) 1*43 by S.-Hir/cl-Vcrlaj. Leipzig, 
rqirtntcil hy pcnwsMun. 

sharp edge in the beam of an electron microscope and used the magnification 
of the microscope to enlarge the interference pattern. Figure 1.3b shows his 
result. For comparison it is juxtaposed to Figure 1.3a indicating the pattern 
produced by visible light diffracted from a sharp edge. The w avelength deter¬ 
mined in electron diffraction experiments is in agreement w ith the formula of 
dc Broglie 

1.4 The Stern-Gerlach Experiment 

In 1922 Otto Stem and Walther Gcrlach published the result of an experiment 
in w hich they measured the magnetic moment of silver atoms. By evaporating 
silver in an oven with a small aperture they produced a beam of silver atoms 
which w'as subjected to a magnetic induction field B. In the coordinate system 
show n in Figure 1.4 together with the principal components of the experiment 
the beam travels along the x axis. In the v. ^ plane the field B = (B x . B y . B-) 
has only a : component B : Caused by the form of the pole shoes the field 
is inhomogeneous. The magnitude of B- is huger near the upper pole shoe 
which has the shape of a wedge. In the v. : plane the derivative of the field is 
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Fig. 1.4. Slcm-tierluch ex¬ 
periment. Experimental 
setup with oven O, mag¬ 
net pole shoes N and S. and 
glass screen P (a). Silver 
deposit on screen without 
field «b> and with field (c) 
as shown in Stern's and 
Gcrlach's original publica¬ 
tion. The splitting is largest 
ill the middle and gets 
smaller to the left and the 
right or the picture because 
tlie field inhomogeneity is 
largest in the x,z plane. 
Sourer: <b) jix! <c> from W. Gcr- 
loch anil O Stem, /riisehrift fur 
Hhysib V <I922> M*» © IM22 by 
Nprtngcr-VVrla>! tictlin. repnnicU 
by prmm%iun 


£B dB; ^ > () 

9z dz ‘ dz 

Here c- is Ihe unit vector in ; direction. In the field a silver alt nil with the 
magnetic moment n experiences the force 



e- = (/* c-) 



Since the scalar product of n and c is 


H e r = n cos o' . 

where a is the angle between the direction of the magnetic moment and the 
Z direction and n is the magnitude of the magnetic moment, the force has its 
maximum strength in the z direction if /t is parallel to e : and its maximum 
strength in the opposite direction if v is antiparallel to c : . For intermediate 
orientations the force has intermediate values. In particular, the force vanishes 
if n is perpendicular to c : . i.c\, if n is parallel to the a. y plane. 

Stem and Gerlach measured the deflection of the silver atoms by this force 
by placing a glass plate behind the magnet perpendicular to the x axis. In 




those areas where atoms hit the glass a thin bul visible layer of silver formed 
after some time. Along the c axis they observed two distinct areas of silver 
indicating that the magnetic moments n were oriented preferentially parallel 
<a = 0) or antiparallel «* = tt) to the held B. This finding is contrary to the 
classical expectation that all orientations of /a are equally probable. 

It remains to be said that the magnetic moment of a silver alom is practi 
cally identical to the magnetic moment of a single free electron. A silver atom 
has 47 electrons hut the contributions of 46 electrons to the total magnetic mo¬ 
ment cancel. The contribution of the nucleus to the magnetic moment of the 
atom is very small. The quantitative result of the Stern-Gerlach experiment is 

1. The magnetic moment of the electron is 


e n 



2. In the presence of a magnetic field the magnetic moment is found to be 
oriented parallel or antiparallel to the field direction 


Problems 

1.1. Thirty percent of the 1(H) W power consumption of a sodium lamp goes 
into the emission of photons with the wavelength X = 589nm. How 
many photons are emitted per second? How many hit the eye of an 
observer - the diameter of the pupil is 5 mm - stationed 10 km from the 
lamp? 

1.2. The minimum energy Eo = Ai>o needed to set electrons free is called 
the work function of the material. For cesium it is 3.2 x 10" 19 J. What 
is the minimum frequency anti the corresponding maximum wavelength 
of light that make the photoelectric effect possible? What is die kinetic 
energy of an electron liberated from a cesium surface by a photon with 
a wavelength of 400 nm? 

1.3. The energy E = hv of a light quantum of frequency v can also be inter¬ 
preted in terms of Einsteins formula E = Me 2 , where c is the velocity 
of light in a vacuum. (See also the introduction to Chapter 17.) What en¬ 
ergy does a blue quantum (/. = 400 nm) lose by moving 10m upward 
in the earth’s gravitational field ? How large is the shift in frequency and 
wavelength? 

1.4. Many radioactive nuclei emit high-energy photons called y rays. Com¬ 
pute the recoil momentum and velocity of a nucleus possessing 100 
times the proton mass and emitting a photon of I MeV energy. 
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1.5. Calculate the maximum change in wavelength experienced by a pho¬ 
ton in a Compton collision with an electron initially at rest. The initial 
wavelength of the photon is a = 2x 10 12 m. What is the kinetic energy 
of the recoil electron'.’ 

1 . 6 . Write die equations for energy and momentum conservation in the 
Compton scattering process when the electron is not at rest before the 
collision. 

1.7 Use the answer to problem 1.6 to calculate the maximum change of 
energy and w avelength of a photon of red light (>. = 8x10 m) col¬ 
liding head on w ith an electron of energy E c = 20GeV. (Collisions ol 
photons from a laser with electrons from the Stanford linear accelerator 
are in fact used to prepare monochromatic high-energy photon heams.l 

I.S. Electron microscopes are chosen for very llnc resolution because the 
de Broglie wavelength /. = h/p can be made much shorter Ilian the 
wavelength of visible light. The resolution is roughly a. Use the rela¬ 
tivistic relation E 2 = />V + m 2 c* to determine the energy of electrons 
needed to resolve objects of the size 10 h m (a virusi. 10 m (a UNA 
molecule), and 10 m (a proton). Determine the voltage V needed to 
accelerate the electrons to die necessary kinetic energy E - me-. 

I 9 What are the de Broglie frequency and wavelength of an electron mov¬ 
ing with a kinetic energy of 20 kcV. which is typical for electrons in the 
cathode-ray tube of a color television set.’ 
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2.1 Harmonic Plane Waves, Phase Velocity 

Many important aspects and phenomena of quantum mechanics can he visu¬ 
alized by means of wave mechanics, which was set up in close analogy to 
wave optics. Here the simplest building block is Ihe harmonic plane wave of 
light in a vacuum describing a particularly simple configuration in space and 
time of the electric field E and the magnetic induction field B. If the t axis 
of a rectangular coordinate system has been oriented parallel to the direction 
of the wave propagation, the v axis can always be chosen to be parallel lo 
the electric field strength so that the r axis is parallel to the magnetic field 
strength. With this choice the field strengths can l>e written as 

£ v = £ 0 cos(</i/ — kx) , B : = Bo capital — kx ) , 

E x = E.=Q , B x = By = 0 . 

They arc shown in Figures 2.1 and 2.2. The quantities Eq and /*<> are the 
maximum values reached by the electric and magnetic fields, respectively. 
They are called amplitudes. The angular frequency 10 is connected to the wave 
number k hv the simple relation 

to = ck 

The points where the field strength is maximum, that is, has the value £o. 
are given by the phase of the cosine function 

6 = wt - kx = 21 jt , 

where / lakes Ihe integer values t = 0. ±i. ±2 .Therefore such a point 

moves with ihe velocity 

x (t) 



Since this velocity describes the speed of a point with a given phase, c is 
called Ihe phase velocity of ihe wave. For light waves in a vacuum, ii is inde¬ 
pendent of the wavelength. For positive, or negative, k the propagation is in 
Ihe direction of Ihe positive, or negative, .v axis, respectively. 




t 


2. Light Waves. Photons 



Fie.2.1. In a plane wave the electric i»ml magnetic field strengths are perpendicular 
to the direction of propagation. At any moment in time, the fields are constant witlun 
planes perpendicular to the direction of motion. As time advances, these planes move 
with constant velocity. 


At a fixed point in space, the field strengths E and B oscillate in time with 
the angular frequency to (figures 2.3a and c I. The period of the oscillation is 

7 = — . 


For hxed time the field strengths exhibit a periodic pattern in space with a 
spatial period, die wavelength 

K = ± ■ 

1*1 

The whole pattern moves with velocity c along the \ direction. Fig¬ 
ures 2.3b and 2.3d present the propagation of waves by a scl of curves show¬ 
ing the field strength at a number of consecutive equidistant moments in time. 
Earlier moments in time are drawn in the background of the picture, later ones 
toward the foreground. We call such a representation a time development. 

For our purpose it is sufficient to study only the electric held of a light 

wave. 
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Fig. 2.2. For a given moment in time, the electric field strength E and the magnetic field 
strength It are shown along a line parallel to the direction of motion of the harmonic 
plane wave. 


E y = E = Ei)Cos(<«>/ - kx - «> 

We have included an additional phase a to allow for the fact that the maximum 
of /: need not be at x = 0 for / = 0. To simplify many calculations, we now 
make use of the fact that cosine and sine are equal to the real and imaginary 
parts of an exponential. 

cos /i -F i sin = e iyl . 

that is. 

cos/f = Ree 1 ^ . sin/f = lme^ . 

The wave is then written as 

E = Re E c . 


where is the complex field strength: 


Et 




= £qc 


Hi 




It factors into a complex amplitude 

A = £„ c Uf 


and two exponentials containing the time and space dependences, respec¬ 
tively. As mentioned earlier, the wave travels in the positive or negative v 
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Fig. 2.3. 4a) Time 
dependence of 
the electric held 
of ii harmonic- 
wave at a fixed 
point In space, 
ih) Time develop¬ 
ment of the elec¬ 
tric field of u har¬ 
monic wave. The 
field distribution 
along the r di¬ 
rection is shown 
for several mo¬ 
ments in time. 
Early moments 
are in the back¬ 
ground. later mo¬ 
ments in the fore¬ 
ground. (c, d) 
Here the wave 
has twice the fre¬ 
quency. We nh- 
servt that the pe¬ 
riod t and the 
wavelength k are 
halved, but that 
the phase veloc¬ 
ity i slays the 
same. The time 

developments in 
parts b mid d 
are drawn for the 
same interval or 
time. 
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direction, depending on the sign of k. Such waves with different amplitudes 


/? c+ « A e-K*' , /•«:- = «c- ,w e ™ . 

The factorization into a time- and a space-dependent factor is particularly 
convenient in solving Maxwell's equations. It allows the separation of time 
and space coordinates in these equations. If we divide by expt -uot ). we arrive 
at the lime-independent expressions 


ik\ 


= ••'c' 


£i. = B e~ u ‘ . 


which we call stationary waves. 

The energy density in an electromagnetic wave is equal to a constant. t<,. 
times the square of the field strength. 

w(x.t) = t:oE 2 . 

Because the plane wave has a cosine structure, the energy density varies twice 
as fast as the field strength It remains always a positive quantity: therefore 
the variation occurs around a nonzero average value. This average taken over 
a period / of the wave can be written in terms of the complex field strength 

3S f °.IT i2 

w = —L C L C = 

Here E* stands for the complex conjugate, 

E* = Re E c - i Im E c . 
of the complex field strength. 

E c = Re E c + i Im E : . 

For the average energy density in the plane wave, we obtain 

£<) . . ,2 B 0 c 2 
N' = — \M=-^Eq ■ 


2.2 Light Wave Incident on a Glass Surface 

The effect of glass on light is to reduce the phase velocity by a factor n called 
the refractive index. 

t _ * 

n 

Although the frequency n> stays constant, wave number and wavelength are 
changed according to 

k' = nk , k' = - 
n 
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The Maxwell equations, which govern all electromagnetic phenomena, 
demand the continuity of the electric Held strength and its first derivative at 
the boundaries of the regions with different refractive indices. We consider 
.1 wave traveling in the t direction and encountering at position v = -' t the 
surface of a glass block filling half of space (Figure 2.4a). The surface is 
oriented perpendicular to the direction of the light. The complex expression 

£|+ = /'I e iM 

describes the incident stationary wave to the left of the glass surface, that is. 
for v < vi. where 4 1 is the known amplitude of the incident light wave. At 
the surface only a part of die light wave enters the glass block: the other part 
will he reflected. Thus, in the region to die left of the glass block, i < V|, we 
find in addition to the incident wave die reflected stationary wave 

El- = B.e'*'' 

propagating in the opposite direction. Within the glass the transmitted wave 

£, = /i 2C u -' 

propagates with the wave number 

kz = /12* | 

altered by the refractive index n = n z of the glass. The waves £]-. E\ . and 
E 2 are called incoming, reflected, and transmitted constituent waves, respec¬ 
tively. The continuity for the field strength E and its derivative E‘ at t = v, 
means that 

£iUj) = J?i+(.vi) + £i L'|> = £2<*vi> 
and 

E\ t.vjl = ik\ [£i ♦ <-V|) - £j-Ui)] = ik 2 E2ix\) = EUx\) . 

The two unknown amplitudes. H\ of the reflected wave, and A 2 o» the 
transmitted, can now be calculated from these two continuity equations. The 
electric field in the whole space is determined by two expressions incorporat¬ 
ing these amplitudes. 

_ I A\e ,k ' x + £ie"‘* ,T forv < .V| 

£s ~ I A 2 c {tlX for .r > x\ 

The electric field in the whole space is obtained as a superposition ol constit¬ 
uent waves physically existing in regions I and 2. By multiplication with the 
time-dependent phase exp(-ioif). we obtain the complex field strength £ c . 
the real part of which is the physical electric field strength. 
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Rd Et.(x.t) 



Re E 1 _(x,t) 



Fig. 2.4. lal T« 
the right of the 
plane ,r = t|. a 
glass block ex¬ 
tends \s ill* refrac¬ 
tive index n — u?: 
to llic left there 
is empt> space. 
n - 1. lb) Time 
development of 
the electric held 
strength of a har¬ 
monic wave w hiclt 
Tails from the left 
onto a gluxs sur¬ 
face. represented 
by the vertical 
line, and is partly 
reflected hy and 
partly transmit¬ 
ted into the |>lass. 
tc) lime devel¬ 
opment of the 
incoming wave 
alone, (d) Time 
development of 
the reflected wave 
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Figure 2.4b gives the time development of this electric field strength. It is 
easy to see that in the glass there is a harmonic wave moving to the right The 
picture in front of the glass is less clear. Figures 2.4c and d therefore show 
separately the time developments of the incoming and the reflected waves 
which add up to the total wave to the left of a t, observed in Figure 2.4b. 

2.3 Light Wave Traveling through a Glass Plate 

It is now easy to see what happens when light falls on a glass plate of finite 
thickness. When the light wave penetrates the front surface at t it. again 
reflection occurs so that we have as before die superposition of two stationary 
waves in the region x < ,vi: 

E, 5S 4 l e tt, * + » l e" 4k|J . 

The wave moving within the glass plate suffers reflection at the rear surface at 
a = a* 2 . so that the second region, xi < v < x 2 . also contains a superposition 
of two waves. 

E : = Aje** 2 * + B 2 e~ ik2X . 

which now have the refracted wave number 

*2 = " 2*1 • 

Only in die third region. x 2 < x, do we observe a single stationary wave 

Ei = Ate** 

with die original wave number *i. 

As a consequence of the reflection on both the front and the rear surface 
of die glass plate, the reflected wave in region I consists of two pans which 
interfere with each other. The most prominent phenomenon observed under 
appropriate circumstances is the destructive interference between these two 
reflected waves, so that no reflection remains in region 1. The light wave is 
completely transmitted into region 3. This phenomenon is called a resonance 
of transmission. It can be illustrated by looking at xbc frequency dependence 
of die stationary waves. The upper plot of Figure 2.5 shows the stationary 
waves for different lived values of the angular frequency uj, with its magnitude 
rising from the background to the foreground. A resonance ol transmission is 
recognized through a maximum in the amplitude of the transmitted wave, that 
is. in the wave to the right of the glass plate. 

The signature of a resonance becomes even more prominent in the fre¬ 
quency dependence of the average energy density in the wave. As discussed 
in Section 2.1. in a vacuum the average energy density has the form 



Fig. 24*. Top: frequency dependence or stationary waves when n hnrmonic wave is 
incident from die left on a glass plate. The two vertical lines indicate the thickness of 
die plate. Small values of the angular frequency u> are given in the background, large 
values in the foreground of the picture. Bottom: Frequency dependence of the quantity 
(which except for a factor is proportional to the average energy density I of si 
harmonic wave incident from the left on a glass plate. Tile parameters are the same us in 
part a. At a resonance of transmission, the average energy density Is constant in the left 
region, indicating through the absence of interference w iggles dial there is mi reflection. 
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where f = n 1 is the dielectric constant of glass. Thus, although E, is continu¬ 
ous at the glass surface, »/• is no*. It reflects the discontinuity of ir. Therefore 
we prefer plotting the continuous quantity 


: ' t i: 

n-EQ 


This plot, shown in the lower plot of Figure 2.X indicates a resonance ol 
transmission by the maximum in the average energy density of the transmuted 
wave. Moreover, since there is no reflected wave at the resonance ol transmis¬ 
sion. the energy density is constant in region l 

In the glass plate we observe the typical pattern ot a resonance. 

<i> The amplitude of the average energy density is maximum. 

(i\) The energy density vanishes in a number of places called nodes because 
for a resonance a multiple of hall a wavelength fits into the glass plate. 
Therefore different resonances can be distinguished by the number ol 
nodes. 


The ratio of the amplitudes of the transmitted and incident waves is called the 
nwuniission coefficient ot the glass plate. 



2.4 Free Wave Packet 


The plane wave extends into all space, in contrast to any realistic physical sit¬ 
uation in which the wave is localized in a finite domain of space. We therefore 
introduce the concept ol a wave packet. It can be understood as a vr</xvy*«i- 
lion. that is. a sum of plane waves of different frequencies and amplitudes. 
As a first step we concentrate the wave only in ihe a direction. Il still extends 
through all space in the y and the ; direction. For simplicity we start with the 
sum of two plane waves with equal amplitudes. EV 

E _ £, + e 2 = E„cos(o>|f - + Eocos (o>>t - *2.v) - 
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Fig. 2.6. Superposition of two harmonic waves of slightly different angular frequencies 
ufj and um at a lived moment in time. 


For a fixed time tins sum represents a plane wave with two periodic structures. 
The slowly vary ing structure is governed by a spatial period. 



1*2-*ll 

the rapidly varying structure by a wavelength. 

x = 4 " . 

* \ki+k,\ 

The resulting wave can be described as the product of a "carrier wave" 
with the short wavelength A.+ and a factor modulating its amplitude with the 
wavelength 

E = 2Ed cost w - r k x > cost a>+f - k+x) . 

*± = 1*2 ± * i 1/2 . to* = c*± . 

Figure 2.6 plots for a fixed moment in time the two waves E\ and Ez. and 
the resulting wave / Obviously, the field strength is now concentrated for 
die most part in certain regions of space. These regions of great field strength 
propagate through space with the velocity 
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Now we again use complex field strcngdis. The superposition is written as 
£ c = + Eoe"^ h " ■ 

For die sake of simplicity, we have chosen in this example a superposition 
of two harmonic waves with equal amplitudes. By constructing a more com¬ 
plicated "sum" of plane waves, we can concentrate the field in a single region 
ol space. To this end we superimpose a continuum of waves with ditferent 
frequencies to = ck and amplitudes: 

£,(.«.») = £(, ( ' dkf (k)c~" al ~ ix> . 

J -oc 

Such a configuration is called a wave packet. The spectral function / (A ) 
specifics the amplitude of the harmonic wave with wave number A and circular 
frequency to = ck. We now consider a particularly simple spectral function 
which is significantly different from zero in the neighborhood of the wave 
number An. We choose the Gaussian function 



It describes a bell-shaped spectra! function which has its maximum value 
at k = k(y, we assume the value of An to be positive. A< ( > 0. I he width ot 
the region in which die function f\k) is different from zero is characterized 
by die parameter o* In short, one speaks of a Gaussian with width o;. 1 he 
Gaussian function /(A) is shown in Figure 2.7a. The factors in front ot the 
exponential are chosen so that the area under the curve equals one. We illus¬ 
trate the construction of a wave packet by replacing the integration over A* by 
.i sum over a finite number of terms. 

x* 

E c lx.r) = £ E„(x.t) , 

n=—A' 

E a {x, i) = . 

where 

An = A'o + nAk . to n = ck n 

In Figure 2.7b the different terms of this sum are shown for time / 0. 

together with their sum. which is depicted in the foreground. The term with 
the lowest wave number, that is. die longest wavelength, is in the background 
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of the picture. The variation in the amplitudes of the different terms reflects 
the Gaussian form of the spectral function f (A), which has its maximum, for 
A - A'o. at the center of the picture. On the different terms, the partial waves, 
the point a 0 is marked by a circle. We observe that the sum over all terms 
is concentrated around a rather small region near x = 0. 

Figure 2.7c shows the same wave packet, similarly made up of its partial 
waves, for later time t\ > 0. The wave packet as well as all partial waves have 
moved to the right by the distance rri. The partial waves still carry marks at 
the phases that were at \ = 0 at time / = 0. The picture makes it clear that all 
partial waves have the same velocity as the wave packet, which maintains the 
same shape for all moments in lime. 

If we perform the integral explicitly, the wave packet takes die simple 
form 

Ecix.D = E : (a-x) 

= Ea exp (c/ - A) : j exp[-i(wof - favOl . 

that is. 

a? 2 "1 

£( v. /) = Re £ c = £ 0 cxp — <rf - x) \ cosfcoo t Ai>v) . 

It represents a plane wave propagating in the positive v direction, with a field 
strength concentrated in a region of the spatial extension \/ai around point 
x = a. The time development of the field strength is shown iri Figure 2.8b. 
Obviously, the maximum of the field strength is located at x = cl ; thus die 
wave packet moves with die velocity c of light. We call this configuration a 
Gaussian wave packer of spatial width 



at 


and of wave-number width 

Ak = at . 

We observe that a spatial concentration of the wave in the region Ax nec¬ 
essarily requires a spectrum of different wave numbers in the interval Ak so 
that 

AxAk = 1 

This is tantamount to saying that the sharper the localization ol the wave 
packet in x space, the wider is its spectrum in A space. The original harmonic 
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wave E = £i)COfi(<rf - kx \ was perfectly sharp in k space UA - 0) and 
therefore not localized in x space. The time development of the uverage en¬ 
ergy density w shown in Figure 2.Sc appears even simpler than that of the field 
strength. It is merely a (iaussian traveling with the velocity of light along the 
i direction. The Gaussian form is easily explained it we remember that 




We demonstrate the influence of the spectral function on the wave packet 
by showing in Figure 2.S spectral functions with two different widths Oi For 
both we show the time development ol the field strength and of the average 
energy density. 


2.5 Wave Packet Incident on a Glass Surface 

The wave packet, like the plane waves of which it is composed, undergoes 
reflection and transmission at the glass surface. 1 he upper plot of Figure 2.9 
shows the time development of the average energy density in a wave packet 
moving in from the left. As soon as it hits the glass surface, the already reflec¬ 
ted part interferes with the incident wave packet, causing the wiggly structure 
at the top of the packet. Part of the packet enters the glass, moving with a 
velocity reduced by the refractive index. For this reason it is compressed in 
space. The remainder is reflected and moves to the left as a regularly shaped 
wave packet as soon as it has left the region in front of the glass where inter¬ 
ference with the incident packet occurs. 

We now demonstrate that the wiggly structure in the interference region 
is caused by the last spatial variation of the carrier wave characterized by 
its wavelength. Id this end let us examine the time development of the field 
strength in the packet, shown ill the lower plot ol f igure 2.9. Indeed, the spa¬ 
tial variation ol the field strength has twice the wavelength of the average 
energy density in the interference region 

Another w ay of studying the reflection and transmission of the packet is 
to look separately at the average energy densities of the constituent waves. 


Fig,2.7. iul (iuussiaii spectral function describing the amplitudes of harmonic waves of 
different wave numbers k. (hi C'oust ruction of a light wave packet as a sum of harmonic 
waves or different wavelengths and amplitudes. For time t - 0 the different terms or 
the sum are plotted, starting with the contribution or the longest wavelength in the 
background. Points » o are indicated us circles on the parlhil waves. The resulting 
wave packet is shown in the foreground, (ej The same as purl b, but for timc/| 0. I he 
phases llial were ul v - 0 for f = » have moved In tj - . / ( for all partial waves. The 
wave packet hus consequently moved by the same distance and retained its shape. 
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Kin. 2.8. (a. di Spectral functions, (h, e) time developments of the field strength, and 
(c. 0 time developments of the average energy density for two different Gaussian wave 
packets. 


namely the incoming, transmitted, and reflected waves. We show these con¬ 
stituent waves in both regions I. a vacuum, and 2. the glass, although they 
contribute physically only in either the one or the other. Figure 2.10 gives 
their time developments. All three have a smooth bell-shaped form and no 
wiggles, even in the interference region. The time developments of the held 
strengths of the constituent waves are shown in Figure 2.11. The observed av¬ 
erage energy density of Figure 2.9 corresponds to the absolute square ot the 
sum of the incoming and reflected field strengths in the region in front ol die 
glass and. of course, not to the sum of the average energy densities of these 
two constituent fields. Their interference pattern shows half the wavelength 
of the carrier waves. 


Fij*. 2.9. Time developments of the quantity /:, £* (which except for a factor ir is pro¬ 
portional to the average energy density) and of the field strength in ;* wave packet of light 
falling onto a glass surface where it is partly reflected and partly transmitted through 
the surface. The glass surface is Indicated hy the vertical line. 
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FI R . 2.12. Time development the quantity t' c E' I which except for a factor >r is 
proportion^ I.. the .vctorc cnrrt!) density > in « «nvc pnckM ofliuht incident on .. ulnss 
plntc- 


2.6 Wave Packet Traveling through a Glass Plate 

Lei us study a wave packet that is relatively narrow in space, that is. one 
containing a wide range of frequencies. The lime development of its average 
energy density (Figure 2.12) shows that, as expected, at the front surface of 
the glass plate part of the packet is reflected. Another part enters the plate, 
where it is compressed and travels with reduced speed. At the rear surface this 
packet is again partly reflected while another part leaves the plate, traveling to 
ll»o right with the original width and speed. Hie small packet traveling hack 
and forth in the glass suffers multiple reflections on the glass surfaces, each 
time losing pan of its energy to packets leaving the glass. 

2.7 The Photon 

As we have seen in Chapter I. there are quanta of electromagnetic energy 
called photons. They can be described by normalized wave packets of the 
mean angular frequency too and total energy hot o. A finite energy content can 
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be attributed only to wave packets confined in all three dimensions. As the 
photoeffect indicates, a photon acts as a particle at a single location. Therefore 
a single photon cannot he understood as an object tilling the space occupied 
by the wave packet. Nor can the wave representing the wave packet be inter¬ 
preted as describing the electric held strength point by point. The same holds 
for the average energy density. Instead, one has to introduce the probability 
interpretation of quantum mechanics. 

In Section 2.4 the spectral function 



was introduced as the weight function specifying the amplitude of the har¬ 
monic wave with wave number k and angular frequency oj = c\k\. For the 
description of a single photon, | f(k)\ 2 has to be interpreted as a measure for 
the probability density P(k) of the wave number of the photon More explic¬ 
itly. a wave packet with spectral function f(k) and total energy huh,, with 
a\, = |. describes a photon. The probability interpretation of the spectral 

function states the following. For a given small interval, k — ^Ak. A 4- \Ak. 
located symmetrically about wave number*, the product \f{k)\‘Ak is propor¬ 
tional to the probability P{k)Ak that the photon has a wave number within 
this interval. Since the probability that the photon possesses an arbitrary wave 
number equals one. the proportionality constant N is determined by the re¬ 
quirement 

/v . 

which yields 

/V = 2 •frroy . 

Thus 

P(k)Ak - 2y/xo k \f{k)\ t Ak 

is the probability of finding the photon in the wave number interval k - \Ak. 
k 4- y Ak, and 

/>(*) = 2 >/no k \fik)\ 2 

is the probability density. 

Conversely, a wave packet containing an energy much larger than fun o 
for example, a wave packet produced by a radio transmitter which was 
switched on for a short lime - contains a very large number of photons with a 
fixed phase relation. When there are many coherent photons, die wave repre¬ 
sents. an electromagnetic field strength. 

As an example, let us apply the probability interpretation to the wave 
packet incident on a glass surface; assuming that the wave packet contains 
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the energy /la*, that is. only one quantum of light. The integral over the prob- 
ability density corresponding to a single reflected or transmitted wave packet 
is die probability that the incident photon will be reflected or transmitted 
More generally, the fraction of the energy contained in a single wave packet 
is a measure indicating whether the photon is in the region of space inhabited 
by the packet. 

The Planck Einstein relation between energy E of the photon ami its an¬ 
gular frequency 

L = t\<i> 

necessitates a relation between the wave vector k of the photon and ils mo¬ 
mentum p. the Compton relation 

p = hk 

This is so since the energy and the momentum of a particle moving with ihe 
velocity of light are related by 

E=i '\Pi - 

The complex field strength £ c of a plane light wave of angular frequency u, 
and wave vector k can now he expressed in terms of energy E and momentum 
p of the photon: 

£V = £t,exp|—it<»r-k xll = £nexpj^l£f P *) 


Problems 

2 I. Estimate the refractive index of ihe glass plate in Figure 2.4b. 

2.2. Calculate the energy density for the plane electromagnetic wave de¬ 
scribed by the complex electric field strength 

E c = fi 0 e 

and show that its average over a temporal period T is 10 = (ro/2)C c • 

2.3. Give the qualitative reason why the resonance phenomena in figure 2.5 
(top) occurs for the wavelengths 


Use the continuity condition of the electric field strength and its deriva¬ 
tive. Here n is the refractive index of the glass plate of thickness d. 
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2.4 Calculate the ratio of the frequencies of the two electric field strengths, 
as they are plotted in Figure 2.6, from the heat in their superposition. 

2.5. The one-dimensional wave packet of light does not show any disper¬ 
sion. that is. spreading with time. What causes the dispersion of a wave 
packet of light confined in all three spatial dimensions ’ 

2.6. Estimate the refractive index of the glass, using the change in width or 
velocity of the light pulse in Figure 2.9 (top). 

2.7. Verify in Figure 2.12 that the stepwise reduction of the amplitude of 
the pulse within the glass plate proceeds with approximately the same 
reduction factor, thus following on the average an exponential decay 
law. 

2.S. Calculate energy E and momentum /> of a photon of blue <a = 450 x 
I0~ Q mi. green (X = 530 x 10 9 m), yellow (a 580 x 10 M m), and 
red (a = 700 x 10 'm» light. Use Einstein's formula E = Me 1 to 
calculate the relativistic mass of the photon. Give the results in SI units. 
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3.1 de Broglie Waves 

In Section 2.7 we learned lhat ihrough the probability interpretation photons 
can be described by w aves. We have made explicit use of the s.mple reiatu... 
r , i p between energy and momentum of the photon, which holds onl> 
for panicles moving with the velocity« of light. For particles with a hmte rest 
mass m which move with velocities v slow compared to the velocity o! light, 
the corresponding nonrelativistic relation between energy and momentum is 


e -£ ■ 


p = mi' 


Plane waves that arc of the same type as those for photons, which were 
discussed at the end of Chapter 2. hut have the nonrclativishe relation just 
given. 

***’« = (2^I75 CXP B (£, -H 

are called de Brvdie wma of matter. The factor in front of the exponential is 
chosen Tor convenience. The phase velocity of these de Broglie waves is 

, = £ = jl 

r p 2m 

and is thus different from the particle velocity v = p/m. 


3.2 Wave Packet, Dispersion 


The harmonic de Broglie waves, like the harmonic electric waves, are not 
localized in space and therefore are not suited to describing a particle, lo 
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localize a particle in space, we again have to superimpose harmonic waves 
to form a wave packet. To keep things simple, we first restrict ourselves to 
discussing a one-dimensional wave packet. 

For the spectral function we again choose a Gaussian function. 1 


/</» = 


<2.7 


exp 


(p ~ po)~ 


The corresponding de Broglie wave packet is then 


1 M-r.n 


fipWpi V - xo.Ddp 


For the de Broglie wave packet, as for the light wave packet, we lirsi approx¬ 
imate the integral by a sum. 


.v 

/t = -.V 


where the vM*. 11 urL * harmonic waves for different values />„ p u 4 nAp 
multiplied by the spectral weight f(p„)Ap, 

Mx-I) = fiPnW'i* -Xo.OAp . 


Figure 3.1a shows the real parts Re /r n {x, I) of the hannonic waves 
vV„(.v, n as well as their sum being equal to the real part Re /) oT the 
wave function &{x.r) for the wave packet at time t = /« = 0. Hie point 
= xq is marked on each harmonic wave. In Figure 3.1b the real parts 
Re i,M-i. /) and their sum Re v'M.i. /) are shown at later time t = t Because 
of their different phase velocities, the partial waves have moved by different 
distances Ax„ = v ff (/| - /i>) where v n = p n /{2m) is the phase velocity of the 
harmonic wave of momentum p„. This effect broadens the extension of the 
wave packet. 

The integration over p can be carried out so that the explicit expression 
for the wave packet lias the form 

+(*,!) = M(x.t)e* u - n . 

Here the exponential function represents the carrier wave with a phase (p vary¬ 
ing rapidly in space and time. The bell-shaped amplitude function 

‘We have chosen ihis spectral funciion to correspond lo the square root of ihc spectral 
function that was used in Section 2 4 to construct.»wave packet of light Since the area under 
ilk.* spectral function f{k) of Section 2 4 was equal to one. the area under |/(/h| 2 is now 
equal to one. This guarantees that the normalization condition of ihc wave funciion >y in the 
next section will be fulfilled 
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Flft. 3.1. Construction i»f a wave packet as a sum of harmonic waves sW, «»1 different 
momenta and eonsiupienlly of difl'ercnl wavelengths. Plotted are the real parte of the 
wave function*. The terms of different momenta and different amplitudes begin with 
the one of longest wavelength in the background. In the foreground is the wave packet 
resulting from the summation, fat The situation for time t - t >|. All partial waves are 
marked by a circle at point « - < 0 . <b> The same wave packet and its partial waves at 
time f| > /«.The partial waves have moved different distances - iV'l - 'u ' because 
or their different phase velocities i■„. as indicated In the circular marks which have kept 
their phase with respect to those in part a. Because of the different phase velocities, the 
wave packet has changed its form and width. 
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I [ (x-- fo/rl 

A/l.v.M = ——exp -—^- 

L 4 «>-| J 

travels in v direction with the group wlnvity 

Pu 

t’o = — • 
m 

The group velocity is indeed the particle velocity anil different from the phase 
velocity. The localization in space is given by 


2_ *l/. . 

* H 2 »*/ 


This formula shows that the spatial extension a, of the wave packet in¬ 
creases with time. This phenomenon is called dispersion. Figure .3.2 shows 
the lime developments of the real and imaginary pails of two wave packets 
with different group velocities and widths. We easily observe the dispersion 
of the wave packets in time. The fact that a wave packet comprises a whole 
range of momenta is the physical reason why it disperses. Its components 
move with different velocities, thus spreading the packet in space. 

The function </>( i. /) determines the phase of the carrier wave. It has the 
form 


I 


t'i>/ 

—*— — - (X ~ -V() - U|>f) 

°K “A* 


( V - .C|> - 111/) + 


/*» . a 
V«' - 7 


2 a p 

tan a = - — / 
h m 


For fixed time t it represents the phase of a harmonic wave modulated in wave 
number. The effective wave number k c n is the factor in front of x — xq — i nf 
and is given by 


I °ir T'n/ 

keff<-x) = . />» + ix ~ An vo0 
n a; 2 

At the value v = (x) corresponding to the maximum value ol the bell 
shaped amplitude modulation V/( v. /). that is, its position average 

<.Y)’s*0 + W • 

the effective wave number is simply equal to the wave number that corre¬ 
sponds to the average momentum /;<> of the spectral function, 
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Fig. 3.2. (a. d) Spectral functions and lime developments or <b. e) the real parts and 1c. 
fj the imaginary parts of the wave functions for two different wave packets. I lie two 
packets have different group velocities and different widths and spread differently with 
time. 



decreases. 
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For values x < .v*n + iy»/. dial is. behind the average position {.v>. the 
effective wave number decreases. 

*effU < .to + vot) < kn . 

This decrease leads to negative values of k c u of large absolute value, which, 
far behind the average position, makes the wavelengths A ctl u) short again. 
This wave number modulation can easily be verified in Figures 3.1 and 3.2. 
For a wave packet at rest, that is. p (J = 0. r 0 = p$/m = 0. the effective wave 
number ^ 

# 1 n p / 

kea(x) = - —— ( a - - 
n o' - 2 //j 

has the same absolute value to the left and to the right of the average position 
Hi Fins implies a decrease of the effective wavelength that is symmetric on 
both sides of vo- Figure 3.4 corroborates this statement. 

3.3 Probability Interpretation, Uncertainty Principle 

Following Max Born <19261. we interpret the wave function »//(.v./) as fol¬ 
lows. Its absolute square 

/Ha./ i = WU./)| 2 = <V/ : i.v,M 

is identified with the probability density for observing the particle at position 
a and time /. that is. the probability of observing the particle at a given time 
/ in the space region between \ and a +- Ax is AP = f>(x.t)A\. This is 
plausible since p( v, /) is positive everywhere. Furthermore, its integral over 
all space is equal to one for every moment in lime so that the normalization 
condition 

/ +oo r +<x 

|^U,r)| 2 d* = J 1r*(x t tW(x.t)fLx = I 

holds. 

Notice, that there is a strong formal similarity between the average energy 
density i/•< v. n = fq\E, (a*. H’r/2 of a light wave and the probability density 
P(a. /). Because of the probability character, the wave function \j/{x.t) is 
not a field strength, since the effect of a field strength must be measurable 
wherever the field is not zero. A probability density, however, determines the 
probability that a particle, which can be point-like, will be observed at a given 
position. This probability interpretation is, however, restricted to normalized 
wave functions. Since the integral over the absolute square of a harmonic 
plane wave is 
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i / r exp [s (£ ' ■ px) ] cxp [■ ~h dv = ^ l * 

and diverges, the absolute square |*< v. /)| 2 of a harmonic plane wave cannot 
be considered a probability density. We shall call the absolute square of a wav e 
function that cannot be normalized its intensity. Even though wave functions 
that cannot he normalized have no immediate physical significance, they arc 
of great importance Tor the solution of problems. We have already seen that 
normalizable wave packets can be composed of these wave functions. 'I his 
situation is similar to the one in classical electrodynamics in which the plane 
electromagnetic wave is indispensable for the solution ol many problems. 
Nevertheless, a harmonic plane wave cannot exist physically. Idr it would 
fill all of space and consequently have infinite energy. 

Figure 3.3 shows the time developments of the probability densities of 
the two Gaussian wave packets given in Figure 3.2. Underneath the two time 
developments the motion of a classical particle with the same velocity is pre¬ 
sented. We see that the center of the Gaussian wave packet moves in the ex¬ 
act same way as the classical particle. But whereas the classical particle at 
every instant in time occupies u well-defined position in space, the quantum- 
mechanical wave packet has a finite width a,. It is a measure lor the size of 
the region in space surrounding the classical position in which the particle 
will Ik* found. Hie fact that the wave packet disperses in time means that the 
location of the particle becomes more and more uncertain with time. 

The dispersion of a wave packet with zero group velocity is particularly 
striking. Without changing position it hccomcs wider and wider as time goes 
by (Figure 3.4a 1. 

It is interesting to study the behavior of the real and imaginary parts of the 
wave packet at rest. Their time developments are shown in Figures 3.4b and 
3.4c. Starting from a wave packet that at initial time t = 0 was chosen to be a 
real Gaussian packet, waves travel in both positive and negative a directions. 
Obviously, the harmonic waves with the highest phase velocities, those whose 
wiggles escape the most quickly from the original position v = 0. possess the 
shortest wavelengths. Hie spreading of the wave packet can be explained in 
another way. Because the original wave packet at / = •) contains spectral 
components with positive ami negative momenta, it spreads in space as time 
elapses. 

The probability interpretation of the wave function now suggests that we 
use standard concepts of probability calculus, in particular the expectation 
value and variance. The expectation value or average value of the position of 
a particle described by a wave function i/U.v. 0' s 

f+X f + x 

(a ) = / xp(x . t ) da = / 

J -<X> J -X 


V/*(.v.r)A»>(A-.ndv . 
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Hr. 3.3. Time developments of the probability densities for the two wave packets of 
Figure 3.2. The two packets have different Rrmip velocities amt different widths. Also 
shown, by the small circles, is the position of a classical particle moving w ith a wlocio 
equal to the croup velocity of the packet. 
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which, in general, remains a function or lime. For a Gaussian wave packel ihe 
integration indeed yields 

pD 

(x) = .ro + v\)t . Vo = — , 

m 

corresponding In the trajectory of classical unaccclerutcd motion. We shall 
therefore interpret the Gaussian wave packet of de Broglie waves as a quan¬ 
tum-mechanical description of the unaccclerutcd motion of a panicle, that 
is, a particle moving with constant velocity. Actually, the Gaussian form of 
the spectral function f(k) allows the explicit calculation of the wave packet. 
With this particular spectral function, the wave function \ft (a . f I can he given 
in closed form. 

The variance of the position is the expectation value of the square of the 
difference between the position and its expectation: 

varU) = (<i U))*j 

/•+<x -t 

= J f'ix.Oix U))fy(x.r)iUr . 

Again, for the Gaussian wave packet the integral can he earned out to give 


vart.v i 


2 A J /, 


which agrees with the formula quoted in Section 3.2. 

Calculation of the expectation value of the momentum of a wave packet 


U.O = J flp)ipp{x-X0't)dp 


is carried out with the direct help of the >peetral function ftp), that is. 

(/>)=/ p\fip)\ 2 dp - 

J OQ 

For the spectral function /</>) of the Gaussian wave packet given at the be¬ 
ginning of Section 3.2. we find 


(/>) = 


<X Vino, 


ip- Pv) m 
exp ~W 


We replace the factor /• hy the identity 


P = pn + ip - Pi\) • 

Since ihe exponential in the integral above is an even function in the variable 
p — po, die integral 
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1 lp-po)~ . _ n 

{p ~ Po) ~fiz7 CX[) - p 

\ /2no f , - n p 


vanishes, for the contributions in the intervals - oo < p < po and />t> ■ 
r < <yj cancel. The remaining term is the product of the constant po and the 
nonnalization integral. 



\f{p)\ 2 dp= i 



so that we find 

{p) = Po • 

This result is not surprising, for the Gaussian spectral function gives the 
largest weight to momentum po and decreases symmetrically to the lett and 
right of this value. At die end of Section 3.2. we found m = /W'» as ,he 
group velocity of the wave packet. Putting the two findings together, we 
have discovered that the momentum expectation value of a free, unaccclerated 
Gaussian wave packet is the same as the momentum of a tree, unaccclerated 
particle of mass m and velocity u 0 in classical mechanics: 


(/,} = p 0 = mvn 


The expectation value of momentum can also he calculated directly from 
the wave function \J/(x, t 1. We have the simple relation 


' - A|). /) 

i <lx 


p\ff p (x - Xq, t) 


This relation translates the momentum variable p into the momentum operator 

h 8 

p ~* lai ■ 

The momenium operator allows us to calculate the expectation value of mo¬ 
mentum from the following formula: 

r+ ao h a 

(p) = J ^ r(x.n~*(x.n<Lx . 


It is completely analogous to the formula for the expectation value opposition 
given earlier. We point out that the operator appears between the functions 
y,*(v rl and \ //(.v.f), thus acting on the second factor only, io verily this 
formula, we replace the wave function i/m .M by its representation in terms 
of the spectral function: 
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f+«c /, a /•+<» 

(P) = / fU'.OT- / f(pWp(x-x*l)tlp-Ax 

J —30 1 J~rx 

/ +sx y+cc 

/ \jf * (x, 1)1? p(x — -Vo. t) iLt pf (/») d/> . 

J -oo 


Hie inner integral 

/ +f» 

„ ru - 


ityptX -XQ,I)±X 


C'*- 

=L *•<*• 


-j^ . .(2,/o^ exp r^ |£ '“ / ’ ,v - A,,,| } dv 

is by Couriers theorem the inverse of the representation 

f+OC 

ftt.O = j f m {p)ir*(x-XQ't)dp 

i r* 00 I i I 

= &*)&]„ r(P)exp| s l£»-J*l*-xo)ljd/» 

of the complex conjugate of the wave packet ^(.v. t). Thus we have 

/ +O0 

\f/\x,D\!/p(x Ao./)dx = f m ip) . 

-3C 

Substituting this result lor the inner integral of the expression for {p). we 
rediscover the expectation value of momentum in the form 
r+<* r+ x 

(p) = / f(p)pf(p>dp= p\f(p)\ m *p - 

J- ow 2 -oc 

This equation justifies the identification of momentum p with the operator 
(fi/i)(9/9.\ i acting on the w ave function. The wriance of the momentum for 
a wave packet is 

var {p) = {(/,-(!>))'-) = J <p’(x.i) (j^- - /),>) \Ii(x.i)(Lk 

For our Gaussian packet we have 

var(/J) = rr- 

again independent of time because momentum is conserved. 

The square root of the variance of die position. 

Ax = \/ var(.v) = a, . 

determines the width of the wave packet in the position variable x and there¬ 
fore is a measure of the uncertainty about where the particle is located. By 
the same token, the corresponding uncertainty about the momentum of the 
particle is 

Ap = y/\"AT(p) = Op . 
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For our Gaussian wave packet we found the relation 



For lime t = 0 this relation reads 

h 

atop— j - 


For later moments in time, the product becomes even larger so that, in 
general. ^ 

Ax - Ap > - . 

This relation expresses the fact that the product of uncertainties in position 
and momentum cannot be smaller than the lundamcntal Planck s constant h 
divided by 4 tt . 

We have just stated the uncertainty principle . which is valid tor wave 
packets of all forms. It w as formulated by Werner Heisenberg in 1927. This 
relation says, in effect, that a small uncertainty in localization cun only he 
achieved at the expense of a large uncertainty in momentum and vice versa. 
Figure 3.5 illustrates this principle by comparing the time development of 
the probability density p(x, t > and the square of the spectral function f 2 {p). 
The latter, in fact, is the probability density in momentum. Looking :ii the 
spreading of the wave packets w ith lime, we see that ihc initially narrow wave 
packet (Figure 3.5. top right) becomes quickly wide in space, whereas the ini¬ 
tially w ide wave packet (Figure 3.5. bottom right) spreads much more slowly. 
Actually, this behavior is to be expected. The spatially narrow wave packet 
requires a wide spectral function in momentum space. Thus it comprises com¬ 
ponents w ith a wide range of velocities. They, in turn, cause a quick dispersion 
of the packet in space compared to the initially wider packet with a narrow er 
spectral function (Figures 3.5. bottom left and bottom right i. 

At its initial time t = 0 the Gaussian wave packet discussed at the 
beginning of Section 3.2 has the smallest spread in space and momentum 
because Heisenberg’s uncertainty principle is fulfilled in the equality form 
f 1 x - fj r = h/2. The wave function at / - 0 takes the simple form 


u - 0) = 


= M(.v,0) cxp|W»(A. 0)| 


The bell shaped amplitude function A/( v. 0) is centered around the position 
vo with the width a x ; 0 is the phase of the wave function at / = 0 and has the 
simple linear dependence 


Fig. 3.5. Ilrisviihcrj!** uncertainty principle. For I line different (iaussinn wave packets 
the square t i/»i «»f Ihc spectral function is shown on the left, the time development 
of the probability density in space on the right. All three packets have the same group 
vdodl) hut different widths o p in momentum. At / - 0 the widths n, in space and a., in 
momentum Tullill the equality a,a. It 2. For later moments in time the wave packets 
spread in space so that a,a f , ■ h/2. 


<P<X. 0) = ^ po{x — xo) . 

This phase ensures that the wave packet at / — 0 stands for a particle with an 
average momentum />*>. We shall use this observation w hen we have to prepare 
wave functions for the initial state of a particle with the initial conditions 
(-t) = an. {p) = pt) at the initial moment of time t = to. 
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3.4 The Schrodinger Equation 

Now that we have introduced the wave description of particle mechanics, we 
look for a wave equal ion, the solutions of which arc the dc Broglie waves. 
Starting from the harmonic wave 




we compare the two expressions 


i h = Ej/rpix.t) 

ol 


E=f~ 

2m 


ft- „2 

- — f -t r (x.t) = Etpixj) . 

2mSx 2 1 2m 

Equating the two left-hand sides, we obtain the Schrodinger equation for 
a free particle. 

a h 2 3 2 . 

It was formulated by Erwin Schrodinger in 1926. 

Since the solution W occurs linearly in this equation, an arbitrary linear 
superposition of solutions, that is. any wave packet, is also a solution of Schro 
dinger's equation. Thus this Schrodinger equation is the equation of motion 
for any free particle represented by an arbitrary wave packet \'/< v. / ): 


h 2 a 2 


In the spirit of representing physical quantities by differential operators, as we 
did for momentum, we can now represent kinetic energy 7'. which is equal to 
the total energy of the free particle / - /r/(2m). by 


i (ha_\ / h a v 
2Hi U9x/ \i 1 2m9x 2 


The equation can be generalized to describe the motion of a particle in a 
force field represented by a potential energy Vi v). This is done by replacing 
the kinetic energy 7 with the total energy. 

I) 2 a 2 

E = T + V ^ +V( X ) . 

2m (lx- 

With this substitution wc obtain the Schrodinger equation for the motion oj a 
particle in a potential V (a ): 


3.5 Bi van ate Gaussian Probability Density 


4‘> 


h 2 d 2 

ih — if/lx.t) = - — 7 ' .iRv.f) + V(.v)i//(.v.M . 

df 2m ox 1 

We now denote the operator of total energy by the symbol 

2 m dx 

In analogy to the Hamilton function of classical mechanics, operator H is 
called Ihe Hamilton operator or Hamiltonian. With its help the Schrodinger 
equation for the motion of a particle under the influence of a potential takes 
the form 

ih tf'(A-.f) = H+ix,n - 

at 

At this stage we should point out that the Schrodinger equation, general¬ 
ized to three spatial dimensions and many particles, is the fundamental law 
of nature lor all of nonrelativistic particle physics anil chemistry. The rest of 
this book will be dedicated to the pictorial study of the simple phenomena 
described by the Schrodinger equation. 


3.5 Bivariate Gaussian Probability Density 

To facilitate the physics discussion in the next section we now introduce a 
Gaussian probability density of two variables x\ and v; and demonstrate its 
properties. The bivariate Gaussian probability density is defined by 


p(.v,..v 2 


A exp { - 


1 f (A|-{.Vl)> 2 

211 — r 2 ) k »; 


Ul -{X\))(X2- {.l 2 » . (-V2- 


■V2 ~ ( V2)) : ~l I 

' I • 

°2 I 


The normalization constant 


2.T<T|a2vl - e 1 

ensures that the probability density is properly normalized: 


+r»j f+Ou 


Cl 


pi \|. -V2)dvj civ? = 1 


The bivariate Gaussian is completely described by five parameters. They are 
the expectation values <Xj) and (.ri), the widths o\ and ni, and the correlation 
coefficient c. The marginal distributions defined by 
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/ +*? 

/)(*!, Xl)<1*2 - 

r+oe 

= j fiQti,*i)Axi 

arc for the bivariate Gaussian distribution simply Gaussians of a single van- 
able. 



Each marginal distribution depends on iwo parameiers only, the expectation 
value and the width of it> variable. 

Lines of constant probability density in ^ are the lines ol intersection 
between the surface /A.\ i. v 2 » and a plane /> = a - &msl. 

One particular ellipse. Tor which 

P I V|. »21 = 

i c the one for which the exponent in the bivariate Gaussian is simply equal to 
I /2. is called the covariance ellipse Points a x 2 <>n ^ covariance ellipse 
fulfill the equation 

I ( (.», - (- VI >)~ : xjjJ t: 1 _ 

I — C 2 \ " a- ~ C Ot "2 

Projected on the .v, axis and the .v> axis, it yields lines of lengths la, and 2a 2 . 

respectively. . 

The plots in Figure 3.6 differ only by the value < ol the covariance. I Ik 

covariance ellipses arc shown as lines of constant probability on the surfaces 
For , = 0 the principal axes of the covariance ellipse arc parallel 
to the coordinate axes. In this situation variables x, and »; are nm-onrluieil. 
that is. know ledge that .v, > ( n) holds true does not tell us whether it is more 
probable to observe v : - <v 5 > or < («>. For uncorrelaU'd variables the 

relation between the joint probability density and the marginal distribution 
is simple. Mxt. »:> = p.tv.lpit.vjl. The situation is differenl for correlated 
variables, that is. for <• * 0. For a positive correlation. < > (I. the major axis of 
ihe ellipse lies along a direction between those of the v, axis and the a; axis 
If we know that V, > (v i > is valid it is more probable to have x 2 > (v 3 ) than 
lo have v? < ( v 2 ). If. on ihe olher hand, ihc correlation is negaiive. a <- l 
the major axis has a direction between those of die x { axis and the negative 
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Fig. 3.6. Bivariate Gaussian probability density />U|. • i drawn as a surface nvrr the 
V|. t : plane and marginal distributions f>i ‘' i > and /*:<»: >• 1 he hitler an- drawn us curves 
over the margins parallel to the > avis and the a. avis, respectively. \lsn shown i«. the 
covariance ellipse corresponding to the distribution. The rectangle circumscribing the 
ellipse has the sides 2oj and 2o *. respectively. I he pairs or plots in the three rows of the 
figure differ only by the correlation coefficient c. 

•V 2 axis. In this situation, once ii is known that a i > (ai) is valid. a : - • v.\ is 
more probable than a 2 > {.*:). 

The amount of correlation is measured by the numerical value of c, which 
can vary in the range I < r < 1. In the limiting case of total correlation. 
c = ±1. the covariance ellipse degenerates to a line. Ihe principal axis. The 
joint probability density is completely concentrated along this line. Thai is. 
knowing the value ,vj of one variable, we also know the value a ? of the other. 
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Also shown .11 Figure 3.6 are the covariance ellipses directly drawn m the 
,, vs plane and the rectangles with sides parallel to the .< t and the a . axes. 
The lengths of these sides are 2a, and 2a 2 , respectively. If there is no corre¬ 
lation (e = 0) the principal axes of the ellipse are parallel to the caonbnaK 
axes so that the principal semi-axes have lengths o, and For < p u 
principal axes form an angle « with the coordinate axes. The angle tr is given 



3.6 Comparison with a Classical Statistical Description 


The interpretation of the wave-packet solution as a classical point pamek 
catches onlv the most prominent and simplest classical Icaturcs ol parucle 
motion To exploit our intuition of classical mechanics somewhat nmher. we 
study a classical point panicle with initial position and momentum known 
to some inaccuracy only. In principle, such a situation prevails all clas- 
sical mechanical systems because of the remaining inaccuracy Of the mil at 
conditions due to errors inevitable even in all classical measurements. I he 
difference in principle compared to quantum physics is, however, that accoru- 
ine t„ the laws of classical physics the errors in location and momentum of a 
particle both can be made arbitrarily small independent ol each other. From 
Heisenberg's uncertainty principle we know that this is not possible in quan- 

IU "'vVe'now study the motion of a classical particle described at the initial 
time 1 = 0 by a joint probability density in location and momentum which 
we choose to be a bivariate Gaussian about the average values .v„ and />«, 
with the widths a M and a,,. We assume that at the initial time I = 0 there is 
no correlation between position and momentum. I he initial joint probability 
density is then 


p) 


(A - Al>)“ 

exp 


(/> - poY 

exp - 

- r 


For force-free motion the particle does not suffer a change in momentum 
as lime elapses, e.g.. also at a later time t 0 the particle still moves with 
its initial momentum, i.e.. p - r. Thus, the momentum dts.nlv.mon does no. 
change with time. The position of a panicle of momentum p, at time / initially 
having the position a, is given by 


a = a, + iV , • n = Pi/*« • 


The probability density initially described by p, d (Vi. P.) caD be expressed at 
lime r by the positions a at time t by inserting 
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Xi=X - (p/m)t , 

yielding the classical phase-space probability density 
p c \x.p,t) = p?(x - pt/m. p) 


I ( t vr, - ptfmV (p - po)' 


27T(7a>Op 


exp -- 


exp L . 


2na x0 a t , 

The exponent is a quadratic polynomial in x and /» which can be written as 


L = -5 


I x - | vo + pot /”> I - (p — Po)t! «>' , < P — PoY 

--T + ‘ -2 

<*x 0 °P 


1 °rt + a V-l ml I U - [.VO + pot/m\) 2 

2 a xt) I °Sl +°pt 2 /"' 2 

2(.v - ]a„ -j p \)t/ m 1>< /> - po) ip- po) 2 1 
to?n + ap 1 /ni 2 )mft 

Comparing this expression with die exponent of the general expression for 
a bivariate probability density in Section 3.5 we find that />' 1 C-v. />./) is a 
bivariate Gaussian with the expectation values 

<*</)) = -to + pot/m . {pit)) = Po • 


die widths 


o t (l) = + - o r it) = a r 


and the correlation coefficient 


opt/m 


°' U)I " Jora + olt-lm 1 


In particular this means that the marginal distribution pfu. /1. i.e.. the spatial 
probability density for the classical particle with initial uncertainties o.,o in 
position and o,, momentum is 

,1 1 I (A- - |a"o -f pot/m \) 2 1 


^• ,)= v^ exp r 




Let us now study the classical probability density /; c1 (a . p , t ) of a particle 
with initial uncertainties o,o in position and a p in momentum which satisfy 
the minimal uncertainty requirement of quantum mechanics: 

<x,o0> = h f 2 - 



Fig.3.7. Time development ««r the classical phase-space probability density / a . y. n 
for a free particle with uncertainty in position and momentum. Also shown are the 
marginal distributions /jju.ii in the back and rftp.t) on the right-hand side of the 
plots. 


In that case the spatial width of Uie classical probability distribution is 


/ 2 


<M/) = —. I 4 —r — 

V ft- Hi- 


and thus identical to the width of the corresponding quantum-mechanical 
wave packet. Also the expectation values for \ and p and the width in p 
are identical for the classical and the quantum-mechanical case. 

In Figure 3.7 we show the lime development ol the classical phase-space 
probability density. Al the initial time t = /» = <> there is no correlation be¬ 
tween position and momentum. With increasing lime the structure moves in 
\ direction and develops an increasing positive correlation between a and p. 
The marginal distribution pj}(p. t ) remains unchanged whereas the marginal 
distribution n shows the motion in a direction and the dispersion al¬ 
ready well known from Section 3.5. The same information is presented in 
different form in Figure 3.8 which shows the covariance ellipse of />. /) 

for several times. Its center moves with constant velocity ro = Po/m on a 
straight line parallel to the i axis. The width in p stays constant, the width in 
v increases. It also becomes clear from the figure that the correlation coclfi- 
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Fig. 3.8. Million of the covariance ellipse in phase space w hich characterizes Ihc classical 
space probability density of a free particle. The clli|ise is shown for six 

moments of time corresponding to the six plots in Figure 3.7. I be center of the ellipse 
(indicated by a small circle) moves with constant velocity on a straight trajectory. The 
rectangle circumscribing the covariance ellipse lias sides of lengths ln x U) and 2« ; ,tn. 
respectively. \\hile o ;i stays constant. », Increases with time. For / t, . - 0 there is no 
correlation between position and miMitetiluin I ellipse on (he far lefti but with increasing 
time a strong positive correlation develops. 

cicnu vanishing at / = /d - 0. lends towards c - 1 lor i —• cc, since in that 
limit the covariance ellipse degenerates towards a line along the diagonal of 
the circumscribing rectangle. 

The lesson we have learned so far is thai the force-free motion of a clas¬ 
sical particle described by a Gaussian probability distribution in phase space 
of position and momentum yields the same lime evolution of the local proba¬ 
bility density as in quantum mechanics if the initial widths a,o. in position 
and momentum fulfill the relation 

h 

In the further development of the quantum-mechanical description of particles 
we shall see that this finding does not remain true for particles under the action 
of forces other than constant in space or linear in the coordinates. 
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Problems 

3 . 1 . Calculate the de Broglie wavelengths and frequencies of an electron 
and a proton that have been accelerated by an electric field through a 
potential difference of 100 V. What are the corresponding group and 
phase velocities? 

3.2. An electron represented by a Gaussian wave packet with average energy 
£ 0 = 100 eV was initially prepared lo have momentum width o r = 
0 . l po and position width a x = hfi2o p ). How much time elapses before 
the wave packet has spread to twice the original spatial extension? 

3.3. Show that the normalization condition J 10 (a , r )| 2 da = I holds 
true for any time if 0 (v. r) is a Gaussian wave packet with a normalized 
spectral function /</?)- 

3.4. Calculate the action of the commutator [/>..v| = px xp, p = 
(/j/i)(3/cJ.t) on a wave function f). Show that it is equivalent to 
the multiplication of Ym. /) by ft/i so that we may write [p. x\ ft/i. 

3 . 5 . Express die expectation value of the kinetic energy of a Gaussian wave 
packet in terms of the expectation value of the momentum and the width 
o p of the spectral function. 

3.6. Given a Gaussian wave packet of energy expectation value (/*-) and mo¬ 
mentum expectation value (p), write its normalized spectral function 
/(P). 

3.7. A large virus may for purposes of this problem be approximated by a 
cube whose sides measure one micron and which has the density of 
water. Assuming as an upper estimate an uncertainty of one micron in 
position, calculate the minimum uncertainty in velocity of the virus. 

3.8. The radius of both the proton and the neutron is measured to he of the 
order of 10 15 m. A free neutron decays spontaneously into a proton, an 
electron, and a neutrino. The momentum of the emitted electron is typ¬ 
ically I MeV/<.*. If tlte neutron were, as once thought, a bound system 
consisting of a proton and an electron, how large would be the position 
uncertainty of the electron and hence the si/e of the neutron? Take as 
the momentum uncertainty of the electron the value l MeV/r. 

3 . 9 . show that the solutions of the Schrodinger equation satisfy the continu¬ 
ity equation 

dpu. n ajf-y.o _ () 
at ^ dx 


Problems 
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for the probability density 

pix.n = Y'N.v.nyrf.r./) 
and the probability current density 

j(.». /) = - 7 — lTU.0 

2im Ox dx 

To this end. multiply the Schrodinger equation by /) and its com¬ 
plex conjugate 



/) h 2 8 2 


by YriA\ /). and add the two resulting equations. 

3.10. Convince yourself with the help of the continuity equation that the nor¬ 
malization integral 


/ 4-OC 

fix, r)dv 

■no 

is independent of time if vHv, /) is a normalized solution of the Schrd- 
dingcr equation. To this end. integrate the continuity equation over all 
v and use the vanishing of the wave function for large v| to show the 
vanishing of the integral over the probability current density. 

3.11. Calculate the probability current density for the free Gaussian wave 
packet as given at the end of Section 3.2. Interpret the result for / = 0 
in terms of the probability density and the group velocity of the packet. 

3.12. Show that the one-dimensional Schrodinger equation possesses spatial 
reflection symmetry, that is, is invariant under the substitution .i * v 
if die potential is an even function, that is. V(x) = V{— x). 

3.13. Show that the atisatz for the Gaussian wave packet of Section 3.2 fulfills 
the Schrodinger equation fora tree panicle. 


4.1 Separation of Time and Space Coordinate*. Stationary Solutions 
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4. Solution of the Schrodinger Equation 
in One Dimension 


4.1 Separation or Time and Space Coordinates, 
Stationary Solutions 


1 he simple structure of the Schrodinger equation allows a particular unsalz in 
which the time and space dependences occur in separate factors. 

/> = exp ^ -Ef j vf. tx) • 


As m the case of electromagnetic waves, we call the factor y/;(A • that is inde¬ 
pendent of time a slat ion my solution. Inserting our ansat: into the Schrodin¬ 
ger equation yields an equation foi the stationary wave. 


-- - + V(x)tp/:(X) = Ep K ix) . 

2m ilr- 

which is often called the lime-mile pen,lent Schrodinger equation. It i' eliar- 
ueterized by the parameter E, which is called an eigenvalue, The left-hand 
side represents the sum of the kinetic and the potential energy, so that E is 
the total energy of the stationary solution. The solution ipe(x) is called an 
eigenfunction of the I Iamilton operator 


2m tlx - 


since the time-independent Schrddingcr equation can he put into the form 


Wvrfvi - E<Pe{x) 


We also say that the solution y*(x) describes an eigenstate of the system 
specified by liter Hamilton operator. Ibis eigenstate is characterized by the 
eigenvalue E ol the total energy Often the stationary solution yzU > is “Iso 
called a stationary state of the system. 






The time-independent Schrodinger equation has a large manifold of solu¬ 
tions. It i' supplemented by boundary conditions that have to be imposed on 
a particular solution. These boundary conditions must be abstracted from the 
physical process that the solution should describe. The boundary conditions 
on the solution for the clastic scattering in one dimension of a particle un¬ 
der the action of a force will be discussed in the next section. Because of the 
boundary conditions, solutions tft(x) exist for particular values of the energy 
eigenvalues or for particular energy intervals only. 

As a lirst example, we look at the de Broglie waves. 


-x, h t) 


I 

<2* ft) 


IT. exp 


jj(Er - px + px o) 



The function yj/ p { x aq, t ) factors into exp|- (i/h)Et J and the stationary wave 


1 

(2 . tA ) 1 ' 2 


exp 



It is a solution of the time-independent Schrodinger equation with u van¬ 
ishing potential for the energy eigenvalue E = p 2 /2m. A superposition of 
de Broglie waves fultilling the normalization condition of Section 3.3 forms 
a wave packet describing an unaccelerutcd particle. Here ad is the position 
expectation value of the wave packet at time r = 0. 

Since the momentum /» is a real parameter, the energy eigenvalue of a 
de Broglie wave is always positive. Titus, for the case of de Broglie waves, 
we have found the restriction E > 0 for the energy eigenvalues 

The general solution of the time-dependent Schrodinger equation is given 
by a linear combination of waves of different energies. This is tantamount to 
stating that the various components of different energy E superimposed in the 
solution change independently of one another with time 

For initial time t = 0 the functions V'E and <P£ coincide. An initial con¬ 
dition prescribed at r = 0 determines the coefficients in the linear combi¬ 
nation of spectral components of dif ferent energies. Therefore the procedure 
for solving the equation for a given initial condition has three steps. First, we 
determine the stationary solutions x) of the time-independent Schrodin¬ 
ger equation. Second, we superimpose them with appropriate coefficients to 
reproduce the initial condition ^<v. 0) at / = 0. Finally, we introduce into ev¬ 
ery term of this linear combination the time-dependent factor exp| -(\/h )F.t | 
corresponding to the energy of the stationary solution yt and sum them up to 
give i//(.\. r ). the solution of the time-dependent Schrodinger equation. 

In the next section we study methods of obtaining the stationary solutions. 
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4.2 Stationary Scattering Solutions: 
Piecewise Constant Potential 


As in classical mechanics, the scattering of a particle by a force is called 
clastic if only ns momentum is changed while its energy is conserved. A force 
is said to be of finite range if it is practically zero for distances from the center 
of force larger than a finite distance </. This distance J is called the range of 
the force. The elastic scattering of a particle through a force of finite range 
consists of three stages subsequent in time. 

1 . The incoming particle moves unacceleratctl in a force-free region to¬ 
ward the range of the force. 

2. The particle moves under the influence of the force. The action of the 
force changes the momentum of the particle. 

V After the scattering the outgoing particle moves away from the range ol 
the force. Its motion in the force-free region is again unaccelerated. 

In Section 3.3 we have seen that the force-free motion of a panicle of mass 
m can L>c described by a wave packet of de Broglie waves. 

* = £ • 

They can be factored into the lime-dependent factor exp| ~(i/h)Et\ and the 
stationary wave (2 nh\ 1/2 exp[<i/A)/X.v - toil This stationary wave is a so¬ 
lution of the time-independent Schrodinger equation with a vanishing poten¬ 
tial. 

If the spectral function ftp) of the wave packet has values different from 
zero in a range of positive /> values, the wave packet 

/•+=* 

f(.v.r) = / f(p)^ r U -xo^t)dp 

= / " /(/-exp (-j**) w [Jpw - -] d " 


moves along the v axis from left to right, that is. in the direction of increasing 
v values. 


4.2 Stationary Scattering Solutions: Piecewise Constant Potential 
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Now we supcrimpo.se de Broglie waves of momentum -/>, 

_i__ c , p [_i ( £, + i «. 

P 1 

2m 

with the same spectral function /(/>). A simple change of variables /> =-/» 
yields 


$-p(x - X(i, / > 

£ = 


r i oo / i \ I i 

*- ix ■*» = K ( h E, )a^ c ^ 



Wpix - A|). n dp . 


We obtain a wave packet with a spectral function f(-p) having its range of 
values different from zero at negative values of /». The wave packet \jt (x.r) 
moves along the x axis from right to left, that is, in the direction of de¬ 
creasing a values. Thus we learn that for a given spectral function, wave 
packets formed with \Ji p {x - ai>./) and U - An,/) move in opposite 
directions. This says that the sign of the exponent of the stationary wave 
(27rfir ,/2 exp[±(i/ft)p(.t r«)l decides the direction of motion. For a spec¬ 
tral function (ip) different from zero at positive values of momentum p. a 
wave packet formed with the stationary wave. 



= cxp|i&(A 


V|>»| 


k = p/h 


moves in the direction of increasing a. A wave packet formed with the sta¬ 


tionary wave 


exp - Ao) J = exp|-i k{x - *o)l 

moves in the direction of decreasing a . 

Let us consider a particle moving from the left in the direction ol increas¬ 
ing a . The force 

F(x) = — pVU') 

iLt 

derived from the potential energy l'(.v) has finite range J. This range is as¬ 
sumed to he near the origin x = 0 The initial position .Vf» of the wave packet is 
assumed to be far to the left of the origin at large negative values of the coor¬ 
dinate. As long as the particle is far to the left of the origin, the particle moves 
unaccclerated. In this region the solution is a wave packet of de Broglie waves 
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f p (x — ah,/). Thus the stationary solution ipf>ix) of the time-independent 
Schrodinger equation for the eigenvalue E should contain a term approaching 
the function expl(i//l)p(.v - .v»)l for negative x of large absolute value. 

Through the scattering process in one dimension, the particle can only be 
transmitted or reflected. The transmitted panicle will move force free at large 
positive x. Here it will be represented by a wave packet of de Broglie waves of 
the form - .t 0 . t). Therefore the solution of the stationary Schrodinger 
equation must approach the function cxp[(i/A)/>'U - ao)1 for large positive 
v. The value p differs from j> if the potential V{x) assumes different values 
for large negative and large positive x. The reflected particle has momentum 
p and will leave the range of the potential to the left and thus return to 
the region of large negative x. In this region it will be represented by a wave 
packet of de Broglie waves \j/ ,,{x -.v«, I ). Therefore the solution of the time- 
independent Schrodinger equation must also contain a contribution tending 
toward a function exp[ <i/A)/><-» - v„)| lor large negative x. The conditions 
for large positive and negative x just derived constitute the boundary condition 
that the stationary solution v'/ U). E = p 2 /2m must lullill it its superposi¬ 
tions forming wave packets are to describe an clastic scattering process. We 
summarize the boundary conditions for stationary scattering solutions of the 
time-independent Schrodinger equation in the following statement: 


<PElx) 




cxp[^/’U - ,,] f B exp £ 
for large negative v 

Aexpj^/>'(.v - a<,)] 
for large positive > 


^ p( V - V()» 



Since there are no general methods for solving in closed form the Schro¬ 
dinger equation for an arbitrary potential, we choose for our discussion par¬ 
ticularly simple examples. We begin with a potential step of height V = Vo 
at \ = (). The potential divides the space into two regions. In region 1. that is. 
to the left of a = 0. the potential vanishes. To the right, region II. it has the 
constant value V - Vo (Figure 4.1 >. 

The limc-indcpcndcni Schrodinger equation has the form 


d" 

in both regions, with V, assuming different but constant values in the two 
regions, V, = 0. Vu = V ( >. Thus the stationary 1 solution for given energy E of 
die incoming wave is 


4.2 Stationary Scattering Solutions: Piecewise Constant Potential 
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Fig.4.1. Space is dhided into 
region I. .« 0. and region It. 

v > 0. There Is a constant po¬ 
tential in region It, V - Vu. 
whereas in region I there is no 
potential. V' = 0. 


<p\ = exp |^/>(.v - a<i)J I B\ exp ^ p(x - a»i j . 

Vu = An exp ^ p(x - .vo)] . x > 0 . 


x < 0 . 


Obviously, this solution fulfills the boundary conditions we have posed earlier 
in this section. 

In region I the momentum is p = v'2w£. in region II it is p' = 
v/2 m{E — Vo). Since die potential is discontinuous at \ = 0. the second 
derivative of ip has to reproduce the same discontinuity, reduced by the factor 
—A 2 /(2 w>. Thus ip and dy>/d.i are continuous at a = 0 These conditions de¬ 
termine the complex coefficients B\ and An which are as yet unknown. The 
coefficient of the incoming wave has been chosen equal to one. thus fixing the 
incoming amplitude. The phase of the wave function depends on the initial 
position parameter xq. 

As for light waves (Section 2.2). we denote the three members on the 
right-hand sides of the two expressions v't and «/>ii as constituent waves. That 
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is, we call 

= cxp|(i /h)p{\ - .t<i)| 

the incoming constituent wave 

ip\— = Hi exp | -( i/h)p(x - Xq )| 

the reflected constituent wave . 

= Aucxp\{i/h)p'tx - ad)] 

the transmitted constituent wave 

As a lirsi example, we choose a repulsive step. W, > 0. and an incoming 
wave at energy £ < Vo, so that in classical mechanics the panicle would 
be reflected by the potential step. The momentum of the transmitted wave in 

region II. __ 

p = y/2m(E Vo) = t-v/2/M(V<i E) . 

is now imaginary so thai the transmitted wave 

y?„ = An exp ^p(x-x o) 

= Ah exp -~y/2rn(Vo 

becomes a t eal exponential function which tails off with increasing a in region 
II. We obtain the full solution of the time-dependent Sehrodingcr equation lor 
a given energy by multiplying the stationary wave by the factorexp(-i£///M. 

The upper and middle plot of Figure 4.2 show the lime developments o! 
the real and imaginary parts of the wave function with fixed energy E. The 
real and imaginary parts behave in region I like standing waves, lor they are 
superpositions of an incoming and a reflected wave of equal frequency and 
equal amplitude We arc easily conv inced of this fact by looking at Figure 4.3. 
in which the lime developments of the incoming and reflected constituent 
waves m region 1 arc plotted .separately. In Figure 4.2. region II. both the real 
and the imaginary parts are represented by exponentials oscillating in time. 
The time development ol the absolute square of the wave function, which we 
shall call intensity (Figure 4.2. bottom), shows no variation at all in time. In 
region I it is periodic in space, but in region II it shows an exponential fallotl. 

We now examine an incoming wave of energy E > V«. Obviously, the 
momentum p* = s/ltn I £ - t o) in region II for E > V» is real. Therefore the 
stationary solution in this region, as in region I. is an oscillating lunction in 
space. 

Figure 4.4 (topi shows the energy dependence of the real parts of the sta¬ 
tionary solutions, it includes both energies £ > Vo and energies E < V 0 . For 
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y, 






Fig. 4.2. Time devel¬ 
opments of the real 
part, the imaginary 
part, and the intensity 
of a harmonic wave 
of energy E < l'u 
falling onto a poten¬ 
tial step of height V'„. 
The form of the poten¬ 
tial l'u) Ls indicated 
by the line made up 
of long dashes, the en¬ 
ergy of the wuve by the 
short-dash horizontal 
line, which also serves 
as zero line for the 
functions plotted. To 
the left of the poten¬ 
tial step Ls a stand¬ 
ing-wave pattern, as 
is apparent front the 
time-independent po¬ 
sition of the nodes 
or zeros of the func¬ 
tions ReVri.v.D and 
ImV'U. M. The abso¬ 
lute square lv'< < Of 2 Ls 
lime independent. 
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energies E > Vo the wavelength tn region II in longer than that in region I 
For energies E - Vp the stationary wave function has the exponential falloff 
just mentioned. The energy dependence of the intensity is given in Figure 4.4 
(bottomi. For E > V c , the intensity is constant in region II. corresponding 
to the outgoing wave in this region. The periodic structure ol the intensity in 
region 1 results from the superposition of the incoming and reflected waves. 

For Vo < 0 there is for all energies an oscillating transmitted wave in 
region II Figure 4.5 shows the energy dependence of the real part and of the 
absolute square of the wave function. Since the potential is now attractive, the 
wavelength of the transmitted wave is decreased in region II 

Since for every energy E > 0 there is a stationary solution of the lime- 
independent Schrodinger equation for a potential step, we say that the phys¬ 
ical system has a continuous energy spectrum. For some types of potential, 
the Schrodinger equation has solutions only for certain particular values of 
energy. They form a discrete energy spectrum. The most general physical sys¬ 
tem lias an energy spectrum composed of a discrete part and a continuous one 
(see Section 4.4 1 . 

We now turn lo the example of a potential barrier of height V = Vn be¬ 
tween x = I) and .\ </. Outside this interval the potential vanishes. Here we 

have to study three different regions where the solution is given by 


V\ = exp |^/ri.r - Aulj + B] exp p(x - Ap)j . 

•p[\ = An exp P p\x - .tfill I % exp -/A.v - -V'rrij , 0 


A in exp 


r p(x to) 
h 


x < 0 


< v < </ 


J < X 


for a harmonic wave moving in from the left, that is. i < 0._ 

As before, die momentum in region II is p‘ = >/2nHE Vq) and is 
real for E > Vo, imaginary lor E < Vo. The complex coefficients A and 
If are again determined by continuity conditions for the wave function and its 
derivative dip/tlx at the two boundaries of the barrier, .t 0 and a - d. 

The energy dependence of the real part of the stationary solutions is pre¬ 
sented in Figure 4.6 (top). Again transmission and reflection occur. The most 
striking feature, however, is the transmission of a wave into region III even for 
energies below the barrier height. /: < V ( >. The transmission «>l the wave cor¬ 
responds to die penetration of a particle through the barrier. This remarkable 
quantum-mechanical phenomenon is called the tunnel effect. Within region 
||. of course, the wave does not have periodic structure since p is imaginary, 
giving rise to a real exponential function. 

A potential that is constant and negative in region II. that is. Vo is less than 
zero for 0 <. v < </. and dial vanishes in regions I and III is called a square- 
w ell potential. Here the waves keep their oscillating form in all three regions. 
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Fig. 4.5. Energy dependence of Ihi* real part and «>f the intensity of stationary solutions 
for harmonic waves incident on a potential step of height Vo 0. 
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Fig, 4.6. Energy dependence of stationary solutions for waves incident onto n positive 
potential barrier I top), V„ 0, and a negative potential barrier (bottom), V 0 - 0. which 
is also called a square-well potential. The real part of the wave function is shown. 
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Figure 4.6 (hoitom) shows the energy dependence of the real pan of the sta¬ 
tionary wave function. The wavelength is now decreased within the well, 
through the acceleration caused by the attractive potential. This effect is less 
obvious for die higher kinetic energies since the relative di fference betwe en 
the wave number outside and kn = y/2m(E - V n )/h = -J2m(E + I Vo|)//i 
decreases with growing kinetic energy E. 


4.3 Stationary Scattering Solutions: Linear Potentials 


In Section 4.2 we have investigated the stationary solutions of the Schrodin 
ger equation for piecewise constant potentials. Slightly more complicated is 
the linear potential 

V(.v) = —mgx 4- V«> = -mg(.v - .vo) . *0=““ . 

which, for example, governs the free fall of a body under the action of a con¬ 
stant force F = mg. The corresponding time-independent, stationary Schro- 
dinger equation reads 

( "Tin “ mgJt + V< ^j = E ^ x) * 

or. in normal form. 




S'* + 



Vb) 




ip(x) = 0 


The position 

/: - Vo E 

*t =-=- y -'o 

mg mg 

is die classical turning point of a particle with the tolal energy . Introducing 


the dimensionless variable 


* = 


b x ~ XT) ■ 



scaling x in multiples of the length parameter we find a differential equa¬ 
tion: 

(£+<)♦«>-« 

with 


0(S) = V>(£ot + at) 
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The differential equation in £ no longer contains an energy parameter. A so¬ 
lution of this equation is the Ain fund ion Ai(f), cf. Appendix F, multiplied 
with a normalization constant: 






= (^L) 

W'-h 2 ) 


The Airy functions Bit v) do not yield physical solutions since they diverge 
lor large positive arguments. 

The main features of the solution 

*<*> = A^-^) 

which is shown in Figure 4.7 are easily understood. For a > 11 Ihe wave 
function oscillates with wavelengths a becoming shorter with growing x. This 
reflects the increase of momentum p hjk of the particle because of the 
acceleration in the positive x direction by Ihe force F = my. In fact, for 
(a rr) » i'o the solution has the asymptotic behavior 

^ m = A " S, "('['', ,T ] + ?) ■ 

This shows that the wavelength >. defined by 


2 / v -r - X r 

3 V to 


T-UnFT- 


depends on the position a and is approximately given by 


in v/2.c(a - vt) 


This corresponds to the momentum 


p 11 X = m x 2g(x - aj) 


where 



is the classical velocity of a particle at position x falling from ihe point at 
under the acceleration g. For v < v T the wave function lulls off very quickly 
to zero. Since \ \ is the classical turning point of the particle, this vanishing 
of the wave function and tints the probability density 10 ihe left ol a*t is to be 
expected. For * v T < 0 and |a v t » fn the asymptotic form w ^ 
wave function is given by 
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Fig. 4.7. Stationary-solution wave function * u i (top) and its absolute square I bottom» 
ill a linear potential for various values of the total energy /;. Tlie potential Is indicated 
by Ihe long-dash broken line, the total energy L by the short-dash broken line. Iliev 
Intersect at the classical turning point v r. Tlie short-dash broken line also serves as the 
zero line for the functions ) and )v>< v II 
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/ f \ 1/4 

^ ) = w (i7^i) txp 

As to be expected there is no point to the left of which the wave function is 
exactly zero. To the far left of the turning point, however, the probability of 
finding the particle becomes very small. 


2 I*-*T1 3/2 

3 I fn 


4.4 Stationary Bound States 

In classical mechanics the motion of a particle is also possible within the 
square-well potential at a negative total energy E = £idn4*M). £fcin > since 
the motion of die classical particle is restricted to region II. the quantum- 
mechanical analog is described by stationary wave functions that fall off in 
regions I and III. Thus die stationary wave functions too are localized in 
die vicinitv of the square well. Solutions with this property are called bound 
states. The exponential fulloff in regions I and III guarantees the finiteness of 
the integral 

/ +*> . , 

IVWr..u1./cdU)r<l* = 

•so 

in contrast to the stationary solutions of positive energy eigenvalues. Divid¬ 
ing the unnormalized solution by .V yields the normalized stationary wave 
function ip{x) fulfilling the normalization condition 

f +oc ■> 

/ hp(x)i~dx = i . 

J-oo 

which is analogous to the one for wave packets. The normalizability is a 
general feature of all bound-state wave functions. For negative total energy 
the Schrodinger equation admits as solutions real exponentials of the type 
exp(±i px/fi) with p = W2m\E\ in regions I and III. In order to guarantee 

the falloff of the exponential, only the negative sign is allowed in region I. only 

the positive sign in region III. In region ll the solution is still oscillating since 
p' = J2m{E V,») remains real The continuity conditions at the boundaries 
of the potential must now be fulfilled with only one real exponential function 
in regions 1 and III. This is possible only for particular discrete values of the 
total energy. These values form the discrete part of the energy spectrum. The 
corresponding solutions can be chosen to be real. They arc distinguished by 
the number of zeros or tu/tles that they possess in region II 

The number of nodes increases as the energy ol the bound states increases. 
This can he understood in the following way. For the ground state the wave 
function in region 11 is a cosine with half a wavelength slightly greater than 
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Fir. 4.8. Wave functions (topi and probability densities (bottom) of the bound states in a 
square-well potential. On the left side of the picture an energy scale is shown with marks 
for the bound-state energies t/i 1, 2. 3). The form of the potential l'(.i > is indicated by 
the loiiR-dash line, the energy of the bound states by the horizontal short-dash lines. 
Tlie horizontal dashed lines also sene as zero lines for the functions shown. 
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the width of the square well. Il is lined into the square well in such a way that 
its slopes at the boundaries match those of the exponentials in regions I and 
III. The next bound state occurs at higher energy. As the energy increases, 
the wavelength k = 2nh[2m(E - V«i)| 1 ? '»region II shortens. The slopes 
at the boundaries next match when approximately a lull wavelength lits into 
the well, making the wave function a sine and thus giving rise to one node. 
As more and more wavelengths fit approximately into the well, more nodes 
appear. 

Figure 4.X shows the wave functions of the discrete energy spectrum and 
the corresponding probability densities. For a given width and depth ol the 
square-well potential, there is only a finite number of bound stales. 


5. One-Dimensional Quantum Mechanics: 
Scattering by a Potential 


5.1 Sudden Acceleration and Deceleration of a Particle 


Problems 

4.1. Solve the stationary Schrodingcr equation for energy E with a constant 
potential V = Vo- 

4.2. Discuss lhe behavior of the solutions Tor energies E > Vq. E < U>. 
Which solutions correspond to the particular energy E V» ? These 
three cases play a role in the solution of the Schrodingcr equation for 
stepw'ise constant potentials. Figures 4.4. 4.5. and 4.6 give examples. 

4.3. Calculate die intensities 'y-iil.Or of the transmitted stationary wave 
and of the superposition of the incoming and ivHeeled stationary waves 
|^lU)| 2 of Section 4.2. 

4.4. Calculate the probability current density 

>(.V>- '' (•/'*< V V'« I) - 

2i m \ fir 3 a / 

for the solution of the stationary Schrodingcr equation. Consider a po¬ 
tential step of height To as shown in Figure 4 I. Show that the current 
density is equal in the two spatial regions if the wave function and its 
derivative fulfill the continuity conditions at the boundaries between the 
different regions of the potential. Explain the result for E Vn. 

4.5. Show that the stationary bound-state wave functions can always »k- cho¬ 
sen to fulfill one of the following tw-o relations: 

x) = (fiix) or <p(-x) = —ip(x) 

for an even potential V(-.v > = V{x). Tins function <ptx) is said to have 
positive parity - also called natural nr even parity in the lirst relation 
and negative parity - unnuluial or odd parity - in the second. 


We now study the motion of a wave packet incident on a potential step As 
already discussed at the beginning of Section 4.2. the effect of the potential is 
die elastic scattering of the particle. In one-dimensional scattering the particle 
will lie transmitted or reflected by the potential. 

If we superimpose Ihc stationary solutions of Section 4.2 w ith the spec¬ 
tral function that was used for the construction of the free wave packet in 
Section 3.2, 


/</>> 


<2 n)'i*J<r p 


exp 


l/> - Pol" 


4r> 


Pol 2 

2 * 


we obtain an initially Gaussian wave packet which is centered around a au 
for the values of at, that are far to the left of the potential step Its lime de¬ 
velopment is obtained by including the time dependent factor cxp(—i£//ft). 


/: = p-/2m. in the superposition. 

First, we discuss a repulsiv e poten tial, that is. a positive step. V« > 0. 
and a wave packet with /» (l J2m Vo. Figure 5.1 presents the lime develop¬ 
ments of the real and imaginary pans of the wave function and ot the probu 


bility density. Figure 5.1c also shows the position ol a classical particle having 
the same momentum p\\ as the expectation value of the quantum-mechanical 
wave packet. Of course, the classical particle moves to the right in region I 
widi velocity i - En tering region II. it is instantaneously decelerated 

to velocity t>' = /?,',/mi = yj~p^ — 2m Vo/m. The most striking etfect on the 
behav ior of die wave packet is that it is partly reflected at die potential step. 
For large times we observe a wave packet moving to the nghl in region II 
and in addition a wave packet which is reflected at the step and ri moving 
to the left in region I. Hie wiggly structure in the probability density that 
occurs close to die step in region I stems from die interference of the incom¬ 
ing and reflected wave packets. The wiggles are caused by the fast variation 
of the de Broglie wave function. It is interesting to compare the behavior of 
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Fig. 5.1. Time de¬ 
velopments of the 
real part, of the 
imaginary part of 
the wave function, 
and of the proba¬ 
bility density for a 
wave packet inci¬ 
dent from the left 
on u potential step 
of height Vo > 0. 
The form of the 
potential V'U) Ls 
again indicated 
In the long-dash 
line, the expecta¬ 
tion value or the 
energy of the wave 
packet by the 
short-dusb line, 
which also serves 
as zero line for 
the functions plot¬ 
ted. The expecta¬ 
tion value of the 
initial momentum 
is /»<, > v'2'«'o. 
The small circles 
Indicate the posi¬ 
tions or a classi¬ 
cal particle of the 
same initial mo¬ 
mentum. 
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Fig. 5.2. l ime de¬ 
velopments of the 
real part, of the 
imaginary part of 
the wave function, 
and of the prob¬ 
ability density for 
a wave packet in¬ 
cident from the 
left on a potential 
step Vo > 0. The 
initial momentum 
expectation value 
of the incident 
wave packe t is 
/>o < v'2w f'n- The 
snnill circles in¬ 
dicate the posi¬ 
tions of a classi¬ 
cal particle of the 
same initial mo- 
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Flg.5 J. rime de¬ 
velopments of the 
real part, of the 
imaginary part, 
and of the proba¬ 
bility density fora 
wave packet inci¬ 
dent from the left 
on a potential .step 
of height l'n • 0. 
The small circles 
in part c indi¬ 
cate the positions 
of a classical par¬ 
ticle incident on 
the same potential 
step. 


5 1 .Sudden Acceleration and Deceleration of a Particle 


XI 



Fig. 5.4. A wave 
packet falls onto 
a potential step 
of height Vo - 0, 
as in Figure 5J. 
The time develop¬ 
ments of the real 

parts of (a) the 
incident constitu¬ 
ent wave, ib) the 
transmitted con¬ 
stituent wave, and 
lc> the reflected 
constituent wave. 



82 


5. One-Dimensional Quantum Mechanics: Scattering by a Potential 


our quantum-mechanical wave packet incident on a potential step with that 
of the packet of light waves incident on a glass surface, which we studied in 
Section 2.5. The principal difference between the two phenomena is that the 
optical wave packet shows no dispersion, for its components with different 
wave numbers all move with the velocity of light. 

We now use a wave packet with a lower initial momentum expectation 
value jh\ so that the corresponding classical particle is reflected at the step, 
that is. />o < >/2/w \\ h The time developments of the wave function and the 
probability density (Figure 5.2) show that part of the wave packet penetrates 
for a short while, with an exponential talloff into region II that is forbidden for 
the classical particle, Eventually, the wave packet is also completely reflected. 
The penetration into region II is analogous to the reflection of light olf a metal 
surface with finite conductivity. 

For an attractive potential, that is. Vp < 0. the picture is similar to Fig¬ 
ure 5.1. The classical particle is now suddenly accelerated at the potential step 
and so is the transmitted part of the wave packet. Fart of the wave packet is 
also reflected, however. The time developments of the wave function and the 
probability density are shown in Figure 5.3. The reflection is not too evident 
in Figure 5.3 hut becomes apparent in Figure 5.4. Here the real parts of the 
incoming, transmitted, and reflected constituent waves are plotted separately. 
The constituent waves are shown in their mathematical form lor the whole 
range of x values. The physical significance of V'i+ and V't- is restricted to 
region I, and that of «/'2 to region II. Figure 5.4c shows that there is indeed a 
sizable reflected constituent wave moving to the left in region I. 


5.2 Sudden Deceleration of a 

Classical Phase-Space Distribution 


In Section 3.6 we discussed die time development of a classical phase-space 
probability density describing a particle which at time r — 0 is characterized 
by the position and momentum expectation values and uncertainties <v«, pu) 
and (a,cu *,>). respectively. It was the bivariate Gaussian 


p+ix.p-n 


1 j I n.v - 1 -Tii -r t Hit/ni ]) 2 

2t n v 'in r * I 'll i- > _ : 1 1 

, ix - |.vo + por/m\)(p pn) , (p - F«>* 

— 2c ---r i 

o,</) 



with 



r = 


°v ' 

o r (l)/w 


shown in Figure 3.7. 


5.2 Sudden Deceleration of a Classical Phase-Space Distribution 


We now study the reflection of the particle described by p. i) by a 
very high potential step at x = 0. It lias the effect to reverse the momentum 
of the panicle the moment it hits the point v = 0. 

For definiteness we assume that xn < 0 and |xq| » <7u> The phase-space 
density is initially (lor l = 0) concentrated around the point Uo. /><») far away 
from the step, i.e., it is given by p cl = p+ and moves to die right just as in 
Figure 3.7. For times t » w|*ol/Po reflection has taken place. The phase- 
space density moves towards the left and behaves just as it it would have 
started at r = 0 w ith the expectation values (-An, po). i c.. it is described by 

d 111 V(x - I-xo - potfm]) 2 

[ titt;— 


27TO x (\CTp \ 2(1 -«•“)[ a*it) 

^ (x - l-.ro- Ptf/m\){p+ po) , <p + 
- 2c --b- 


f) 1 


It is now obvious that for all times wc can describe the phase-space distri 
bution under the action of a reflecting force at a = 0 by the sum 


p c V-p.'> 


/>%■ p.i) + P-U.P-‘) 


x < 0 


For positive .t values we have, of course. 

p c ‘(.v,p. 0 = 0 , a > 0 . 

In Figure 5.5 we show the time development of /i c, (.v. p, /). The initial situa¬ 
tion is identical to that of Figure 3.7 for the force-free case. 

The marginal distribution in x. 


pfix.i) 


pyAx.t) + p?_(x.i) 


I [ {X - [AO + Pi>t/m\) 2 1 

" %/2jto,(/) e ' P I 2%U> I 

I _| (*— [-A0 - PQt/m]) 1 \ 

+ v/2^ l (/) eXP | i 

is simply the sum of the marginal distributions of p c ' and pi 1 for a < 0 
and vanishes for a > 0. It is the classical spatial probability density and 
also shown in Figure 5.5. For times long before or long alter die reflec¬ 
tion process it is identical to the quantum-mechanical probability density, 
which for a similar case was shown in Figure 5.2. During the period of re¬ 
flection. however, r ^ w|.xo|/po, die quantum-mechanical probability den¬ 
sity p{x ,/) = \$(x, f)| 2 show's the typical interference pattern, whereas the 
classical density pf*tx .O is smooth. This striking difference is due to the 
fact that in the quantum-mechanical calculation the wave functions * (a . t) 
and t^|_(A, /) are added and the absolute square of the sum is taken to form 
p(\.i) whereas in the classical calculation the marginal densities p?+{x, n 
and pjL ( v, t) of the constituent phase-space distributions arc added directly. 
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Mg. 5.5. Classical phase-space distribution , ‘ « «. /'. O reflected at a high potentinl wall 
at \ 0 shown for various times. The marginal distribution /•;'<«. /1 is shown over 

the margin in the background, the marginal distribution n over the right-hand 
margin uf the individual plots. 


5.3 llinncl Effect 

In Figure 5.2 we studied the behavior of a wave packet that was reflected 
at a potential step higher than the average energy of the wave packcL We 
observed that, during the process of reflection, the wave packet penetrated 
to a certain extent into the region of high potential. It would be interesting 
now 10 see wllBt happen' if the region of high potential extends only over a 
distance comparable to the depth of penetration. We therefore study a wave 
packet which is under the influence of a potential bonier. 1 lie potential is 
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constant. V - Vo. in a limited region ol space. 0 < x < d. called region II- It 
vanishes elsewhere, that is. in region I. v < 0. and in region III. v > d. 

Figure 5.6a shows the time development of the probability density for a 
Gaussian wave packet incident in region I on such a potential barrier. At the 
upstep of lhe barrier at \ - 0 . we observe the expected pattern of a reflection. 
At the downstep at i = d we see a wave packet emerge and travel to the right 
in region III. According to our probability interpretation, this means that there 
is a nonvanishing probability that the particle described by the original Gaus¬ 
sian wave packet will pass the potential barrier, although it cannot do so under 
flu* laws of classical mechanics. Figure 5.6b shows dial die probability of die 
particle’s tunneling through the burner increases when the barrier is narrower. 
Finally, from Figures 5.6h and c, we see lhai die probability of tunneling de¬ 
creases as the barrier becomes higher. These general features have to be taken 
with caution, for in some potentials there are discrete energy ranges in which 
the tunneling probability possesses maxima. 

The tunnel effect just described is one of the most surprising in quantum 
mechanics. It is the basis lor explaining a number of phenomena, including 
the radioactive decay of atomic nuclei through the emission of an it particle. 
The surface region of the nucleus represents a potential barrier which with 
high probability keeps the «/ panicle from leaving the nucleus. The u particle 
has only a small probability of penetrating the barrier through tunneling. 

5.4 Excitation and Decay of Metastable States 

The scattering of a wave packet on two repulsive barriers that are tar apart 
compared to the spatial width of the wave packet is a very interesting phe¬ 
nomenon. The w idth of the two barriers is chosen so that the tunnel effect 
allows a sizable fraction of the probability to pass through the two barriers. 
Figure 5.7 shows the time development of die packet entering from the left. 
We observe that although the major pan of the probability is reflected at the 
first barrier, another part enters the region between the barriers and retains its 
bell shape at least while distant from the barriers. At a later moment in time 
the injected packet hits the barrier on the right, and again there is partial re¬ 
flection and transmission. Later on in the process die panicle is with a certain 
probability confined between the two walls, continuously bouncing back and 
fonh and each time losing pan of the probability to the outside region. Ex¬ 
cept for the continuous broadening of the particle wave packet, this situation 
is very similar to the analogous process in optics, namely a light wave packet 
falling onto a glass plate, which was shown in Figure 2.12. 
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Fig. 5.6. Tumid effect, (at ’l inn- development of the probability density lor u huh- packet 
incident from the left onto a potential barrier of height In. The small circles indicate the 
positions of a classical particle incident onto the same potcutial barrier. |h) Same as for 
part a. hut for a harrier of half the width, (c) Same sis for psirt b. but for a harrier of 
double the height 
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Fir. 5.7. Time development of the probability density Tor a wave packet incident from the 
left onto a double potential barrier. The small circles indicate the positions or a classical 
particle incident onto the same barrier. 


Of course, no such phenomenon exists in classical physics, since particles 
transmitted at ihe left barrier w ill also pass the second barrier without being 
reflected. 

The situation in which a particle is partially confined to the region between 
the two barriers and the probability slowly leaks to the outside region is called 
a metastable suite. The term was chosen to invoke the similarity of this stale 
with the stable state or bound state, which we have already discussed briefly 
in Section 4.4. A particle in a bound state is permanently confined lo a region 
of space. 

In order to study inetnstable states more systematically, we now consider 
the situation in which the Gaussian wave packet is broad compared to the dis¬ 
tance between the two barriers. Because of Heisenberg's uncertainty princi¬ 
ple. the spatially wide Gaussian wave packet has a narrow momentum spread. 

The energy spectrum between zero and Ihe top of the barrier can therefore be 
scanned in small intervals. For the two barriers of Figure 5.8. there are various 
energy, and thus momentum, values for which a fraction of Ihe probability en¬ 
ters the region between the barriers and slays there for quite some lime, even 
though the wave packet has traveled rather far away from the reflecting barrier. 
Figure 5.8 shows the time developments of die probability densities for wave 
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Fig.5.8. Time development* or the probability densities Tor wave packets of nieim ener¬ 
gies corresponding In Ini the first, (b) the second, and (e) the third mctaslahle states in 
n system of (wo barriers. The wave packets, which are rather wide in space and thus 
possess a small momentum width, art* incident from the left onto the double potential 
barrier. The small circles indicate the positions of a classical particle incident on the 
same barrier. 
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Fig.5.9. Time development of the probability density for a wave packet that lias the 
same mean energy ns that of Figure 5.8c Imt is ten times as wide. Again, the wave packet 
Is incident onto a double potential barrier. The small circles indicate the positions of a 
classical particle incident onto the sume barrier. 

packets of the three average energies that correspond to the ihrce lowest-lying 
metastable stales in this system of two barriers. The probability densities of 
mctaslahle slates between ihe two walls are distinguishable by the number of 
nodes they possess. This number increases as the energy of the stale increases. 
When the potential between ihe two barriers is noi less than /cm in our ease 
it is exactly zero - the lowest metasiable stale has no node. 

II ihe potential is sufficiently negative between the walls, the lowest-lying 
metastable state, which, of course, has positive energy, may have one or more 
nodes. Then the states with a smaller number of nodes have negative energy. 
Therefore no probability can leave the region between the walls, for no par¬ 
ticle with negative energy can exist outside the barriers. Thus these states 
are stable or bound. To complicate matters, the behavior of the wave pack¬ 
ets discussed so far depends not only on their average energy but also on their 
spectral function in momentum space, that is. on their spatial form. In order to 
rid ourselves of this complication, we shall study wave packets with a smaller 
and smaller momentum spread. They are of course very wide in space. 

Figure 5.9 shows the time development of the probability density for a 
wave packet whose average energy is equal to that of Ihe third metastable 
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5.5 Stationary Siates-of Sharp Momentum 


Mate li corresponds (o Figure 5.8c. except that the wave packei now has len 
limes the spatial width; its width exceeds by far the dimension of the ligure In 
the region to the left or the barriers, we observe the wiggly pattern typical lor 
the interference between the incoming and the reflected wave packet Between 
the two barriers the probability density keeps increasing with time up to the 
maximum amplitude, which is reached when the bulk ol the wave packet has 
lieen reflected and has moved to the left From then on the metastable stale 
with two nodes decays slowly, in fact exponentially. The excitation of the 
metastable stale in Figure 5.9 is much greater titan the excitation of that in 
Figure 5.8c. The greater width of the wave packet in Figure 5.9 implies a 
narrower spectral function, which therefore contains more probability within 
the energy range of the metastable state. 

To study the lifetime of metastable states, we observe their excitation and 
decay, as shown in Figure 5.9. over a longer period of time. In Figure 5.10a 
it is easy to see that the amplitude in the region between the two barriers 
drops exponentially with time. We can measure the lifetime by determining 
die time in which the amplitude decreases by a factor of two. This we call 
the half-life of the state. Figure 5.10b shows the excitation and decay of the 
melastable state with only one node, corresponding to a lower energy, in the 
same time scale as the metastable state with two nodes. The half-life is now 
considerably longer. Even longer is the lifetime of the metastable state with 
no nodes. In Figure 5.10c. which is in ihe same time scale as Figures 5.10a 
and l>. the amplitude has not decreased yet; Ihe lime interval «>! the figure is 
still in the excitation phase. 


5.5 Stationary States of Sharp Momentum 

We have just discussed the one-dimensional scattering of wave packets of nar¬ 
row momentum spread and large extension in space. By reducing the momen¬ 
tum spread further, we obtain as the limiting case a harmonic wave \M*v. t ) 
of fixed energy and momentum. After separating off the energy-dependent 
phase factor exp(-i El/h). we are left with a stationary state <pi r(.v>. which 
was discussed in Chapter 4. The intimate relation between wide wave packets 
and stationary states allows a direct physical interpretation, in terms ol parti¬ 
cle mechanics, of ihe characteristic features of stationary slates. A stationary 
slate can Ik- thought of as a limiting description of a particle with sharp mo¬ 
mentum. 

We are able to understand important details about metastable stales tnrougn 
the study of stationary states in our potential with two barriers. We recall that 
within the barriers, tliat is. in regions II and IV. the potential is constant and 
positive, V - Vo > 0. Outside the barriers, in regions I. III. and V. it van- 
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Fig.5.10. no Time development or the process .shown in Figure 5.9 Iml observed over :i 
longer period of lime. Once the bulk of the wave packet lias been reflected, the meiasiable 
stale decays like an exponential function in lime. Parts h and c are the same as pari a 
hut for the two meiasiable Males that lie higher in energy. Paris a, b. and c «r this figure 
correspond to parts a, b. and c of Figure 5.K. The wave packets, however, arc much 
broader, and the lime interval shown is much longer. 
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5.5 Stationary Stuiesml'Sharp Momentum 
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Fig. 5.11. Energy dependence, over a small range of energies, of the intensity of a har¬ 
monic wave incident onto a double potential barrier. The middle line corresponds to u 
resonance energy. 


ishes. V = 0. Figure 5.11 shows the energy dependence of the stationary 
state *pe(x) in the potential with two barriers. That is, the solution of the time- 
independent Schrodinger equation for this potential is energy dependent. The 
quantity plotted in Figure 5.11 is the intensity, introduced in Section 4.2. ol 
tins stationary solution. The range of energies shown in the figure comprises 
the energy of the metastable state with two nodes, which we discussed ear¬ 
lier and showed in Figures 5.8c. 5.9. and 5.10c. When the energy is lower 
than that of the metasiable state - in the background of the picture only a 
small fraction of the intensity is transmitted through the barriers into region 
V. There is a prominent interference pattern in region 1 from the superposition 
of the incoming and the reflected wave, As the energy approaches that of the 
metasiable state, ihe reflection decreases to zero, the interference pattern van¬ 
ishes. and the full intensity of the incoming wave is transmitted through both 
barriers into region V. At the energy of the metasiable state, the intensity in 
region III. between the barriers, reaches its maximum and assumes the two- 
node structure that is characteristic of the metasiable state. I his phenomenon 
is called a resonance of the system. As the energy increases further, the in¬ 
tensity in region III decreases as does the transmission into region V. The 
interference pattern in region I reappears as reflection grows. 


Resonance phenomena are well known in many branches of physics. 
The best-known example from classical physics is the resonance of a pen¬ 
dulum excited to forced oscillation of a particular frequency. Our example 
of a quantum-mechanical resonance has a striking similarity to optical reso¬ 
nances. In Section 2.3 we saw that light at particular frequencies is transmit¬ 
ted through a glass plate without reflection. In the terminology of quantum 
mechanics, the words metasiable state and resonance are often used synony¬ 
mously. 

As long as we arc not interested in the details of the propagation and 
deformation of a wave packet with definite initial shape, but only in the frac¬ 
tion of probability with which reflection or transmission occurs, knowledge 
of the complex amplitudes of the stationary waves in the far left and far right 
regions - in our example regions 1 and V. in general regions I and N is 
entirely sufficient. The stationary waves in these two regions are 

V’i( v) = exp ^ p{x - -ro)j + U\ exp j^—— .vo)j . 

<PnW = Ay exp • 

The fact that we are dealing with a panicle that can only be reflected or trans¬ 
mitted obviously requires that 

|Ay| 2 +|*il 2 = l - 

This relation, which expresses the conservation of the total probability of 
observing the particle, is called the unitanty relation for the scattering am¬ 
plitudes Av anil B\. I or vanishing reflection. B\ = 0. the unitanty relation 
allows a circle of radius I in die complex plane for Ay, Figure 5.12a shows 
the energy dependence of the complex number Ay. again lor the problem 
with two potential barriers. The upper left part of the figure is an Argatul <li 
agram. A plane is spanned by the axes Re Ay anil Im A,v- For a fixed energy 
value the complex number An is given by the point Ay = (Rv* Ay. lm Ay) 
in the Argand diagram. The line in this figure shows the vanation with energy 
of Ay as a complex number. The outer circle corresponds to |Ay | = I Ob¬ 
viously. Ay always stays within this circle, indicating die energy dependence 
of ImAy and Re A,v. respectively. We follow the energy dependence I mm 
E = 0 to E = 2Vb. where Vo is the height of both potential barriers. The 
imaginary purl of Ay stays near zero for almost all energies below the barrier 
height Vi), slowly deviating from that value for larger energies. For resonance 
regions of die energy, lm Ay rises quickly, then falls even more steeply 10 
negative values in order to rise quickly again to zero. The real pan of Ay 
displayed below' the circle also show's for most energies lower than Vo very 
little deviation from zero. With increasing energy it drops to negative values. 
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For the resonance regions it has negative peaks which become wider with in¬ 
creasing energies. Finally, the absolute square of A \. shown in the lower right 
corner, again has peaks of increasing width in the resonance regions. 
has a tendency to approach one for energies far above the barrier height. For 
these energies total transmission is expected. 

Reluming to the Argand diagram, we are now able to recognize die typical 
signatures of resonances. Outside the resonance region A ,y varies very slowly 
with energy; for energies lower than the barrier height, it stays near the origin 
of the complex plane. In the resonance region it passes quickly and counter¬ 
clockwise through a circle and causes the typical resonance patterns in the 
real and imaginary parts. For energies above the barrier height, the circles no 
longer return to the origin of the complex plane, for die transmission outside 
the resonance regions is sizable. 

Yet another set of parameters is used to characterize die effect of the po¬ 
tential on the particle waves. 

A# = 1 + 2\Tj , 

H\ = 2i 7 r . 

The transition-matrix elements Tj and Yr describe the deviation ol the pa¬ 
rameters Ay and B\ from the situation in which the wave travels without a 
potential being present, that is. the deviation from A,\ = I, B\ •). The 
factors 2i are introduced for convenience. 

Inserting these expressions into the unitarity relation for die scattering 
amplitudes, |A,v | 2 + |/*|| 2 - I. we find the unitarity relation for the 7*-matrix 
elements: 

lm 7V = 7 t7j + TrTJ 

This equation can be rewritten in terms of real and imaginary pans ol Tj: 

(Rc7t) 2 -F ^Im7r-^ = --TrT£ • 

For Tr /'jJ = 0 this relation describes complex numbers T\ on a circle ol 
radius 1/2 centered around the point i/2. Because of £|| 2 < I. we have 

Fir. 5.12. (a) Energy dependence of the complex umplttude As »f die pari of a harmonic 
wave that is trunsmitted thmuRh Hie system with u double potential burner. The energy 
ranges from zero to u value twice the barrier height. I'he energy dependence of A\ 
is shown ns ;» line, starting from the origin, in the complex plane at upper left. I lie 
circle around the origin indicates the maximall) allowed region For A&, The energy 
dependence or the real purl, projection onto the real avis, is shown below, (hut or the 
imaginary part, projection onto the imaginary axis, to the right. The lower right of the 
figure shows the energy dependence of M s - 0») The parts of this figure are the same 
as those or part a. hut they are for the transmission-matrix element T\ i \\ I t/<2i). 
The line starts at point i/2 in the complex plane. The circle around point i/2 indicates 
•he maximally allowed region for 7j • 
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| 7r| 2 < 1/4 so that the right-hand side of the equation remains positive or 
zero. For nonvanishing 7r the complex numbers Tj therefore tail within the 
circle Figure 5.12b shows in the upper left the Argand diagram of T\ with 
the circle of radius I /2 centered around i/2 limiting its possible values. It also 
contains the projections Im 7'j I F .). Re 7Y< E) as well as /t t /- )|‘ Because of 
the simple relation between Tj and A\, the features ol these diagrams are in 
one-to-one correspondence with those of Figure 5.12a. 

In elementary panicle physics Argand diagrams of the type given in Fig¬ 
ure 5.12 are used to study the complex scattering amplitude. This amplitude 
describes the collision probability of two particles. Detection of characteris¬ 
tic circular features is equivalent to the discovery of melastable states. Such 
states are considered to be elementary particles with very short lifetimes. 


5.6 Free Fall of a Body 


In Section 4.3 we dealt with a constant force, i.e.. a linear potential. The mo¬ 
tion of a body of mass in under the action of a constant force F = mg is 
described by an initially Gaussian wave packet. The initial expectation values 
are An, /?<. = wt'o, the initial spatial width is cr,n. or equivalently in momentum 
space. Of, = /t/2a v o. The time-dependent wave function til the wave packet 
is given by 


tf/ixj) = 
x exp 


_1_ , ( / .t —(*</}) \ 2 1 

^*V*r exp | l 2,7, (o ) j 



Here 


air) = — 


m / i VT \ '.l-i^ 1 

= j I + y f + W + -S't - - 



is a lime-dependent phase. 

(v(0) =-v n + un/ + | r 

is the position of a free-falling classical particle of initial position vo and ve¬ 
locity r<,. and 

{pit)) = pa + mgt 

its momentum. The time-dcpcndeiu width of the wave packet is as in the 
force-free motion 
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tr*U) = cr A “«i + ~2 r 


The quantity c(/) is given by 


o p t 

c(.l) = - -- 

nur x ( t) 


The phase ot' the wave packet contains a term proportional to |.v - <.v</)>J. 

■/></) = j. [{p«)> + [x ~ • 

which can again he interpreted as a product of the coordinate and a time- and 
position-dependent effective wave number: 

1 ( x - (.t(f)) \ 

Acf( v. 0 = - ( A) -F mgt -F r(t ) a p f . 

It reveals the cot relation between a and [> = t\k c n. For fixed / and at .v = 
(.r (/)> the effective wave number is equal to 


*df((.v(/))./> = -f/'o -F mgt) 


This is to say. at the classical position of the particle at time / the momentum 
has the classical value po -F mgt. For positions v - [x(t )). the effective wave 
number is larger than (/>o -f mgt)[h. For a < {aU» the opposite holds true. 

In Figure 5.13 w e show the time development of the wave function and its 
absolute square for a panicle initially at rest. m = 0. and being pulled to the 
right by the constant force F = mg. It illustrates the free tall of a particle as 
described by quantum mechanics. 

In Figure 5.14 the situation is slightly more complicated. 'Hie particle has 
an initial velocity i»o > 0 and the constant force now pulls to the left, g > 0 . 
In classical mechanics the resulting motion is that of a stone being thrown 
upwards against the direction of the gravitational force. 

11k* motion of a classical particle described by a Gaussian probability dis¬ 
tribution in phase space under the action of a constant force is easily described 
if one uses arguments analogous to those of Section 3.6. Also in this case 
the classical phase-space probability density stays a bivariate Gaussian deter 
mined by the expectation values <.vt/)) and (/>(/)) of position and momentum, 
the widths a t U) and o p - the latter being constant - and the correlation coef¬ 
ficient c(M. For all five parameters the classical and the quantum-mechanical 
Calculations yield the same result. Moreover, the widths and the correlation 
coefficient are the same as in the case of the force-free particle. 
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Fig. 5.13. Time develop¬ 
ment of the real part, the 
imaginary part, and the ab¬ 
solute square of the wave 
function for a wave packet j 
which is initially at rest 
anil which is pulled to the 
right by a constant force. 
The i linear) potential or the 
force is indicated by the 
long-dash line, the expec¬ 
tation value of the energy 
of the wave packet by the 
short-dash line which also 
serves as zero line for the 
function plotted. I he small 
circles indicate the posi¬ 
tion of a classical particle 
with initial position and mo¬ 
mentum equal In the cor¬ 
responding expectation val¬ 
ues of the wave packet. 
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Fip. 5.15. Time development of the classical phase-space probability density 1 1 a , p.n 
corresponding to the qiiantuni-niechanical situation of Figure 5.14. The Inycclory »r 
the point <(vtn), (p(f))) defined by the expectation values of position and momentum 
between the time / - /« — 0 and U»c actual time is shown for each plot. Also shown arc 
the marginal distributions In position aud 1 1 in momentum. 


The time development of fhe classical phase-space probability density of 
a particle wilh an initial velocity opposite to the direction of fhe constant force 
is shown in Figure 5.15. The point (<.v(/)). (pU))). given by the expectation 
values in posifion and momentum, moves on a parabola in the x, p plane. The 
initially uncorrelated distribution develops an increasing positive correlation 
between position and momentum. While fhe momentum width stays constant 
fhe spatial width increases All these features are also apparent in Figure 5.16 
which shows the motion of the covariance ellipse in phase space. 


Fig. 5.16. Motion of the covariance ellipsoid of the classical phase-space probability 
density of Figure 5.15. 


Problems 

5.1. Figure 5.1c shows the probability density and the classical position of 
a panicle moving toward and beyond a potential step. Why is the wave 
packet narrower immediately after passing the positive potential step 
than before passing it? Predict the behavior of the wave packet at .i 
negative potential step and verify this in Figure 5.3c. 

5.2. Determine the ratios of the amplitudes of the metastable state at succes¬ 
sive equidistant moments in time. Use a ruler to measure the amplitudes 
in Figure 5.9. For later moments in lime, the ratios tend to a constant 
value, indicating that the decay is becoming exponential. Why is the 
decay slower earlier in time? 

5.3. Plot the amplitudes of the probability densities in the region between 
the two potential harriers for the energies F, corresponding to the thir¬ 
teen situations shown in Figure 5.11. The energies are equidistant, that 
is. Ei+\ - Ei = AE = constant. Fit the result to a Breit-Wignerdistri¬ 
bution, 


Problems 101 
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fiE) = A urnr^n ,4 • 

For £ r , use the energy of the maximum amplitude and give the width / 
of the distribution in units of J£. 

5.4 Figure 5.12 shows the energies of the resonances in the double potential 
barrier. Calculate the ratios of the energies of the three lowest resonance 
peaks as they are given in Figure 5.12b. Compare the ratios to the corre¬ 
sponding ones of the bound-state energies of Figure 4.8. Compare both 
sets of ratios to Figure 6.1 and the formula for the deep square well 
given at the beginning of Section 6.1. 


6. One-Dimensional Quantum Mechanics: 
Motion within a Potential, 

Stationary Bound States 


So far we have dealt with the motion of panicles with a total energy E - 
E\. m • V that is positive at least in region I, the region of the incoming par¬ 
ticle. Of course, classical motion inside a linite region where the potential is 
negative is also possible for negative total energies, as long as kinetic energy 
£ kin - £ - V is positive. We now study this system from the point of view 
of quantum mechanics. 


6.1 Spectrum of a Deep Square Well 

As a particularly simple system, let us consider the force-free motion in a 
region of zero potential between two infinitely high potential walls at .t = 
-d/2 and x - d/2. Since the potential outside this region is infinite, the 
solutions of the lime-independent Schrodinger equation vanish there. Within 
this region they have the simple forms 

V>.»U) = 


- COSpl.T - 

d d 


n - I. 3, X 


V^O^-sm^-) . '*=2,4.6 . 

The energies of these bound states are 

'■-hm' ■ -■«. 


as we easily verify by inserting ip„ into the time-independent Schrodinger 
equation 

h 2 <\ 2 
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which is valid between the two walls Figure 6.1 presents the wave function, 
the probability density, and the energy spectrum. The lowest-lying state at £ i. 
called the ground state, has a finite energy £| > 0. which implies a kinetic 
energy £ kin > 0 since the potential energy V is zero by construction. Already 
this situation differs front that in classical mechanics, where the state of least 
energy is of course the state of rest with £ = £ km = The higher states 
increase in energy proportionally to n 2 . The quantum number n is equal to one 
plus the number of nodes of the wave function in the region -d/2 < a < d/2: 
lhai is. the boundaries v = ±d/2 are excluded. The wave function has even 
or odd symmeiry with respect lo the point \ = 0. depending on whether n is 
odd or even, respectively. Kvcn wave functions, here the cosine functions, arc 
said to possess even or natural parity, odd wave functions odd or unnatural 
paritv. Obviously, wave functions with an even number of nodes have even 
parity, those with an mid number odd parity. This property also holds for other 
one-dimcnsionul potentials ihat are mirror-symmetric. 

6.2 Particle Motion in a Deep Square Well 

In Section 6.1 wc found the spectrum of eigenvalues £„ and the wave func¬ 
tions describing the corresponding eigenstates ip n \x ) lor the deep square well. 
Hie solutions of the time dependent Schrddinger equation are obtained by 
multiplying <p n (x) with a factor exp(-i£«//A>- Through a suitable superposi¬ 
tion of such time-dependent solutions, we form a moving wave packet which 
at the initial time / = 0 is bell shaped with a momentum average / 7 „. Its wave 
function is 

vM.v,/) = ,</>!>. vo)v? n (v)cxp --£«/ 

«-l J 

where the coefficients a n {p Q .Xo) have been chosen to ensure a bell shape 
around location Jo for t = 0 and the momentum average /><i- 

Figurc 6.2 shows the time development of the probability density I */' u. n ! ~ 
for such a wave packet. Wc observe dial for / = 0 the wave packet is well lo¬ 
calized aboul initial position of die classical particle. It moves toward one 
wall of the well, where it is reflected. Here it shows the pattern typical ol in¬ 
terference between incident and reflected waves. The pattern is very similar 
to that caused by a free wave packet incident on a sharp potential step, shown 
in Figure 5.2c. It continues to bounce between the two walls and is soon so 
wide that the packet touches both walls simultaneously, showing interference 
patterns at both walls. 

It is interesting to see how the spatial probability density p l ( v./) de¬ 
rived from a classical phase-space probability density behaves in time. This is 



O x 


Fig. 6.1. Bound states in an infinitely deep square welL The long-dash line indicates the 
potential energy \'lv). It vanishes for d/2 • «// 2 and Is infinite elsewhere. Points 

x = ±d/2 are indicated as vertical walls. On Uie left side an energy scale Is drawn, and to 
the right of It the energies £„ ofthe lower-lying hound slates are indicated by horizontal 
lines. These lines are repeated as short-dash lines on the left. They serve ns zero lines for 
the wave functions ‘ and the probability densities | 0 .r); : of the bound states. 
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Fie.6.2. top: Time development of a wave packet moving in an infinitely deep square 
well. At / - <>. in the background, the smooth packet is well concenlrnlcd. Us initial 
momentum makes it bounce back and rorth between the two walls. Hie characteristic 
interference pattern <.r the reflection process, ns well us the dispersion of the packet 
with time, is apparent. The small circle indicates the position of the corresponding 
classical particle. The quantum-mechanical position expectation value is shown In a 
small triangle. Bottom: Time development of the spatial probability density computed 
from the classical phase-space distribution corresponding to the quantum-mechanical 
wave packet. 
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shown in the bottom pan of Figure 6.2. As long as die bulk of die probability 
density is not close to die walls the quantum-mechanical density |V'< \ ./)|- 
and I he classical density . M arc very similar. 

Near the walls, however, the quantum-mechanical wave packet displays 
the interference pattern typical for the superposition of the two wave func¬ 
tions incident on and reflected by the wall. As die packet disperses the inter¬ 
ference pattern fills the whole well. No interference is observed in die time 
development of the classical phase-space density. It is obtained as the sum 


Pit*./) - 


A I r tv — Uof — 2nr/) 2 "| 

L " 2a}U) J| 


with the time-dependent width of a free wave packet: 



by a simple generalization of the sum at the end of Section 5.2 from the re¬ 
flection at one high potential wall to the repeated reflection between two high 
walls. 

We now want to study the quantum-mechanical wave packet in a deep 
well over a much longer period of time. At the end of die time interval studied 
m Figure 6.2 the quantum-mechanical probability density |^u. /)|* occupies 
the full width of the well and one might he inclined to think that it continues to 
do so. It is easy to see, however, that the quantum-mechanical wave function 
V'U. /) must be periodic in lime, the period being 



where a>i is the frequency of the ground-state w ave function 


a>i 


£\ _ A / 

h 2m \til 


Since all energies E n . n = 2. 3_are integer multiples of E\. ihe period 

T[ of die ground state is also the period of the superposition >that 
describes the wave packet. Because of this periodicity in time the original 
wave packet must be restored after the lime 7*i has elapsed. In Figure 6.3 we 
show the time dependence of the same wave packet as in Figure 6.2 over a 
full period 7*| and find our expectation verified. 
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Fig. 63. Time development of the same wave packet as in Figure 6.2 hut observed of a 
full revival period T\. The time interval shown in Figure 6.2 is T\ /60. 


The periodicity is called revival of die wave packet. As we shall see in 
Section 13.5. the phenomenon is also encountered in the wave-packet motion 
in the Coulomb potential, c.g.. in the hydrogen atom as an approximate re¬ 
vival. To a larger or lesser degree it exists in all systems with discrete spectra 
of reasonable spacing. In the case of the deep square well it is. however, an 
exact revival. 

In addition to the revival at / /'i we can also observe fractional revivals 

at the times t = 0k/l )T\. Here A and f are integer numbers. Since in Figure 6.3 
the time T\ is divided into 16 equal intervals it is easy to observe the packet 
at the times / = /’,/2, T\/4, T\/H, and 7 ( /16. For these limes the function 
M| 2 consists of 1 .2. 4. and 8 well-separated "Gaussian*’ humps. 

6.3 Spectrum of the Harmonic-Oscillator Potential 

The particle in a deep square well experiences a force only when hitting the 
wall. A simple, continuously acting force Fix ) can be thought of as the force 
of a spring, which follows Hooke's lavs . 


Fix) = -kx 


k >0 
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This force, also called a harmonic force, is proportional to the displacement 
v from equilibrium position x 0. A physical system in which a particle 
moves under the influence of a harmonic force is called a harmonic oscillator. 
The proportionality constant k gives the stiffness of the spring. The potential 
energy stored in the spring is 

k , 

V(x)=-x' . 

im 

A classical particle of mass m performs harmonic oscillations of angular fre¬ 
quency 

to = -Jk/m 

so that l’(.v) can be equivalently expressed by V(.t) <w/2)or v : . Introduc¬ 

ing this expression into the time-independent Schrddinger equation yields 

(-££ + T 0,lx j* ix, = EvM ■ 

With the help of the dimensionless variable 

$ = — . o 0 = sftl/(maj) , 

no 

the equation above simplifies to the reduced form 

♦($) = *■+<$) « MS) • 

The dimensionless eigenvalue e = E/tUo measures the energy of the oscilla¬ 
tor in multiples of Planck ’s quantum of energy hto. 

The solutions of the Schrddinger equation for the harmonic oscillator can 
be normalized (see Section 4.4> for the eigenvalues 

47 , = n + [ . n = 0 . 1 . 2 . 

thus determining the energy eigenvalues of the harmonic oscillator. 

E„ = e„hto = (n -f - )hu i 

The state of lowest energy Eu = htu/2 is the ground stute. The energies k n 
of the higher states differ from the ground-state energy by the energy of n 
quanta, each having the energy hu> of Planck's quantum (see Chapter 11. 

Tlie eigenfunctions, normalized in can be represented in the form 

MS) = (v/S2Vr l/J //„<£)e- (J/J • n = 0, 1,2. 

where the /7 n (£) ure the Hermitepolynomials. They are given by 





6. Motion within a Potential. Stationary Bound Stales 


110 



Fig. 6.4. Herniitc polynomials ll„\x) and eigenfunctions ' of the harmonic oscillator 
for low values of r. 

/*.<*)= 1 . H { ^) = 2^ . 

and for higher values of /t by ihc recurrence relation 

//„(*> = 2*// n -i(S)-2(/i- \)H h - 2 {$) . n = 2, 3. 


Figure 6.4 shows the Hermite polynomials //„(£ > and the normalized eigen¬ 
functions </>„(£ \ for low values ol n. 


6.4 Harmonic Panicle Motion 


III 


Hie eigenfunctions v»„U). normalized in v. are 

V>n(v) = (-7,1 Sir r -11„ 

They are plotted in Figure 6.5 together with the potential energy V{x). 
The dashed lines indicate the energy eigenvalues in relation to the bottom 
of the potential energy. They serve as zero lines for the corresponding tp n . 
On die left-hand side the energy spectrum i> shown. The exponential factor 
exp< -$ : /2l in the formula for tp„ ensures that 

tM-v >-*0 for | a I -* oo 

rendering these wave functions normalizable. 

Figure 6.5 gives the probability densities |^ W U)| 2 . showing that, even in 
regions where E is smaller than V , there is a certain probability of observing 
the particle The absolute square of the wave function of the ground state 
formulated in terms of the position variable v = er<,$ has the form 

The exponent in this equation shows that the width of the probability density 
of tiie harmonic oscillator's ground state is o it /V2. 

6.4 Harmonic Particle Motion 

We now consider the quantum-mechanical description of a particle moving 
under the influence of harmonic force. The panicle at initial time / = 0 is 
at rest when placed in a position v = iq ^ 0. which is not the equilibrium 
position of the oscillator. In terms of a wave function, the initial state consists 
of a Gaussian wave packet of width rr w ith zero average momentum and an 
expectation value at position a - aq of the corresponding classical panicle. 
This wave packet can be decomposed into a sum over eigenfunctions <p, j(x) 
of the harmonic oscillator. 

¥■<-*> = 51", .Vn (v) • 

«c_0 

The time-dependent solution of the Schrddinger equation with <p{x) as initial 
wave function at t = 0 is then simply 

oo 

*(*,/) = £rt„<M-vK*xp 

ii=0 

where E„ = (/j 4- ' )hto . 
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Fig. 6.5. Bound states in u harmonic-oscillator potential. The potential is drawn as a 
long-dash line, a parabola. The eigenvalue spectrum of hound stales (in units of hi») is 
indicated by the horizontal lines on the left side. Repeated on the right as short-dash 
lines, they serve as zero lines for the wave functions «, I x > and the probability densities 
Iv'.v I of the bound states. 
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The infinite sum can he added up explicitly. For brevity we give here only 
the result for the absolute square of the wave function. 


lvHv,/>| : 


I 2rr 

-7= ===== exp 

y fo$s* + 4o A c 2 


ah 2 + 4 a*c 


-(x - cxq) 



where c and v represent cos cot and sin an, respectively, and where oo/v^ is 
the widlh of the probability distribution of the harmonic oscillalor's ground 
stale, as introduced in Section 6.3. This equation represents a Gaussian dis¬ 
tribution with oscillating expectation value .v<j(/) = tncoswf and oscillating 

width cr(f) = y siir <>>i + 4ff 4 cos *(at jQxr ) (H course, for the initial time 
i = 0 the lime-dependent width a(/) reduces to the initial width a. 

Figure 6.6a shows a time development of a wave packet in the harmonic 
oscillator with initial width n < As expected, the time dependence 

of the average position performs the same oscillation as the corresponding 
classical particle. The width oscillates with twice the frequency of the oscil¬ 
lator. starling with o and increasing for the first quarter period Tf 4 = 7T/2o> 
to its maximum value a(T/ 4) = n 2 /(2o). In Figure 6.6b the initial width is 
a > ao/v'2. Here the wave packet is wide initially and becomes narrower in 
the first quarter period, decreasing to the minimum value rr ft 2 /(2 a ). The ease 
n - oo/n/ 2 (Figure 6.6c). in which the width of the packet remains constant 
in time, represents the border line between die two situations. The particular 
value <tq/>/2 is exactly die width of the absolute square |^ol“ of the ground- 
state wave function (shown in Figure 6.5 1 . The factor appears since on 
was defined conventionally as the widlh of the wave function y?o itself. In all 
three situations the behavior of the position expectation value is identical and 
equal to that of the classical particle. 

We now look at half u period of the oscillation in more detail. In Figure 6.7 
(top), which depicts this time interval, the time development of the probability 
density is plotted again for a wave packet with initial width smaller than the 
ground-state width <t< ( / v2. The real and imaginary parts of the wave function 
arc shown in the lower plots of Figure 6.7. At the turning points, t = 0 and 
i = 7 /2, the wave function is purely Gaussian and either real or imaginary. 
For other moments in time, the wiggly structure originates from the super¬ 
position of the eigenfunctions of the harmonic oscillator. As is true of the 
eigenfunctions themselves, the distance between two nodes increases in the 
vicinity of die turning points. For a free harmonic wave the distance between 
two nodes is half the wavelength; a large wavelength signifies low momen¬ 
tum. We can therefore interpret the increasing distance between nodes in the 
vicinity of the turning points as the slowing down of the particle. 

Finally, we look at the particular situation of a panicle “at rest" in the 
center of the oscillator (Figure 6.8). Initially, the particle is sharply localized 
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Fig. 6.8. Time devel¬ 
opment of a wave 
packet at rest in 
the center of a har¬ 
monic oscillator. The 
packet is represented 
by its probability den¬ 
sity. and by the real 
part, and the imagi¬ 
nary part of its wave 
function. Since its ini¬ 
tial width is different 
from that of llie os¬ 
cillator's ground state, 
the w idth of the packet 
oscillates in time with 
twice the oscillator 
frequency. Except for 
the initial position, nil 
parameters are iden¬ 
tical to those of Fig¬ 
ure 6.7. 
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compared to the ground-state width, that is. a < oo/>/2. The expectation 
value in space remains at \ = 0. just as the classical panicle docs. The width 
of the wave packet, however, oscillates with twice die oscillator frequency 
between us initial value a and its maximum value a ( J/(2rr). Only for initial 
width n on/\/2 does the absolute square of the wave packet keep its posi¬ 
tion as well as its shape. 

The wave packet of Figure 6.6c is called a coherent suite of the oscillator. 
While oscillating the wave packet keeps its width equal to the ground-state 
width of the oscillator. At all times it is a minimum-uncertainty state, that is to 
say. it fulfills Heisenberg’s uncertainty principle as an equation AxAp = ft/ 2. 

The ground slate of the harmonic oscillator is a particular coherent stale 
because it is also an eigenstate of the Hamilton operator. The other coherent 
states are not among the eigenstates hut are particular superpositions of eigen¬ 
states of the harmonic oscillator. Since the various eigenstates differ in energy, 
a coherent state, except for the ground state, is a superposition of stales with 
different numbers of energy quanta hw. The weights pin), with which these 
states of different numbers n of energy quanta hco contribute to the coherent 
state, follow a Poisson distribution, cf. Appendix (». 


/i! 


Here (n) is the expectation value of the number of quanta given by 



ha> = {E) 



where {E) is the energy expectation value of the coherent state. It therefore 
has a nonvanishing variance of the number of energy quanta and of the energy. 
If an external force acts upon a harmonic oscillator in its ground state, the os¬ 
cillator responds with a transition into another coherent state. If the action of 
the external force is terminated at some time to, ihc state of the oscillator be¬ 
haves as the coherent state of Figure 6.6c. It performs a harmonic oscillation 
along a classical trajectory with the frequency u> of die classical oscillator. 
Coherent states play an important role in quantum optics and quantum elec¬ 
tronics. 


The initial packets shown in Figures 6.6a and b are not coherent states. 
Their initial widihs are different from the ground-state width oo/n/ 2. They arc 
called squeezed states. Squeezed states are not minimum-uncertainty states 
at all moments of lime. Four times during one period of oscillation, how¬ 
ever, they develop into minimum-uncertainty states. As we have seen in Fig¬ 
ures 6.6a and b. wave packets representing squeezed slates also oscillate so 
that dicir expectation values follow die classical trajectories. Their widths, 
however, vary with time. They oscillate back and forth between a minimum 
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and a maximum value. The distribution of the numbers of the energy quanta 
contributing to a squeezed state deviates from a Poisson distribution. Not be¬ 
ing minimum-uncertainty stales, squeezed states allow one observable quan¬ 
tity of an oscillator to be less uncertain than it is in the ground state, sit the cost 
ot the other observables occurring in Heisenberg’s uncertainty principle. For 
this reason squeezed states are of great interest in the theory of measurement 
of weak signals. 

6.5 Harmonic Motion of a 

Classical Phase-Space Distribution 

We will show later in this section that the classical phase-space distribution of 
Section 3.6. i.e.. a phase space distribution which at the initial time / 0 ful- 

fills the uncertainly relation o K „n rti = ft/ 2. behaves in the harmonic-oscillator 
potential in the very same way as a quantum-mechanical wave packet. Before 
we do so we will present a qualitative argument showing that a classical Gaus¬ 
sian phase-space density indeed oscillates as does the quantum-mechanical 
probability density in Figure 6.7. 

A classical particle described by a phase-space distribution of large initial 
spatial width o x possesses a rather well-defined momentum. For a classical 
particle initially at rest at i - vo the period 7' of oscillation is independent 
of .to. Thus, particles at rest at different initial positions .vi> all reach the point 
x = 0 at the same time. / = Tf 4. Since the initial momentum spread is 
small but not zero the spatial distribution at r = 7*/4 will have a finite spread 
o.iiT/A) < < 7 * 0 . 

For a small initial spatial width, on the other hand, the spatial definition 
of the panicle is rather well-defined, but the panicle may start at this position 
with rather different momenta. Consequently the distribution spreads in space 
and. at t = T/ 4. has a rather large width, tr x (T/4) > 

There is a particular intermediate initial width, which will turn out to be 
a v o = o< \/Vl, fi»r which the classical phase-space distribution keeps its shape 
while oscillating as a whole. This is ihe classical analog of the coherent state 
of quantum mechanics. 

We mentioned that for constant forces or for forces that depend linearly 
on file coordinates the temporal evolution of the Wigncr distribution (cf. Ap¬ 
pendix D> of a quantum-mechanical wave packet is identical to that of a clas¬ 
sical phase space density. The phase-space probability density corresponding 
to a Gaussian wave packet without correlation between momentum and posi¬ 
tion at Ihe initial time / - 0 is 
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m 


/£'<*«. Pi) = 


1 

-exp 




I Pi Po»>~ 



Here f> i» are the initial expectation values and a x o. o,,o are the initial 

widths of position and momentum, respectively. 

The covariance ellipse of the bivariate Gaussian is characterized by the 
exponential being equal lo -1/2. 


— Vc>i >‘ (/>j ~ /'I),) 1 

a xii V> 


The classical motion of a particle in phase space under the action of a har¬ 
monic force is simply 


v = .Yj cos/at 4- </j sin <ot 
q = —.v, sin (at + q, cos (at 

Here we have introduced the variables 


qU) = 


mw 


A classical particle rotates with angular velocity io on a circle around the 
origin in the x.q plane. For a given time / and given values \ U). q(t) the 
initial conditions of a particle are then 


.r, = x cos u>! -qsituot . 
q t = x sin cut + q cos cot . 

Introducing this result inn»the equation for the initial covariance ellipse. 
(.Yi-.toi ) 2 . I'/i-'/Oi ) 2 

-» t , — i . 

a xi) n <j0 

which describes an ellipse with the center Uni. and ihe semi-axes o V (» and 
c Tqo which are parallel to the v axis and the q axis, respectively, we get 

<[ v - vo) cos cur — \q - </o| sin tot l : 

^ (| v -V'i> | sin tat -f [q - </<i 1 cos tat ) : _ ( 

This is again an equation of an ellipse with principal semi-axes of length <t,q 
and <r y0 . They are. however, no longer parallel lo the coordinate directions 
hut rotated by an angle wt with respect to these. The center of file ellipse is 
the point (.yo.c/o) to which Ihe set of initial expectation values ( has 

moved at the time r. 
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Fig. ft.'). Motion of the covariance ellipse of a classical phase-space density under the 
influence of a harmonic force. The large circle Is the trajectory of the center of the ellipse. 
The ellipse is shown for equidistant moments in time. I he rectangle circumscribing it 
has sides < 7 ,, a q . The small circles indicate the centers or the ellipses. I or the initial time it 
Is drawn as a full dot. I he relation between the initial widths is llefDff,<> • (middle) 
o,o > a„ o, and (right) o»u = <tyi* 


We summarize our discussion by the following simple statements. 

I A classical phase-space distribution described by a bivariate Gaussian 
keeps its Gaussian shape. 

2. Its center, which is the center of the covariance ellipse, moves on a 
circle around the center of the .<:.</ plane with angular velocity to. 

3. The covariance ellipse keeps its shape bin rotates around its center with 
the same angular velocity ok 

In Figure 6.9 we illustrate Ihe motion of the covariance ellipse lor the three 

cases <t x q < a q o, 0,0 > a lf o, o x o = 0//O- 

Rotation of the covariance implies a time dependence of the widths 0,0 > 
anil aAt) in x and q as well as a nonvanishing correlation coefficient v(t) 
which also depends on time. We can rewrite the equation of Ihe covariance 
ellipse in the form known from Section 3.5. 

1 I (x - Vo) 2 ,, (V - XQ>Ut ~ go) J_ <'/ ~ 1 " >2 1 _ , 

| - C '-(T) \ «r»(r) ' oADa^i) <r$0) | 

with 


a x (t ) - v'^fo cos2 ,ot + a l<\ sin2 ** 
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ffq(t) = sin 2 wt + a 2 0 cos 2 mt . 
r(f) = -°;ui sin2,u ' 

+ I'’i'll — fT ,^l 1 11 sin ~ 2wl 

The time dependence both of the position expectation value .vo(/) and 
of the width <r K (t) is exactly equal to what we have found in the quantum- 
mechanical calculation. 

In the particular case 

T«o = rr l/0 

the covariance matrix is a circle. a x and n, f are independent of lime, and the 
correlation vanishes lor all times. If we require the minimum-uncertainty re¬ 
lation of quantum mechanics. 

h 

<TxO<TpO — ^ 

*0 

to be fulfilled for our classical phase-space probability density as we have 
done in Section 3.6 we have 

OpO h 

<V> = — = -- 

mot 2ntoxr,(\ 

Together with the requirement o l<( = o (/l , we get 

I / A 00 

0*ti = —7=\i -= —7= . 

v/2 • nun 

For this panicular value of the initial width, the width stays constant. For 
0 »o i= 00 /the spatial width of ihe classical phase-space density oscil¬ 
lates exactly as the quantum-mechanical probability density does as shown in 
Figure 6.6. 

6.6 Spectra of Square-Well Potentials of Finite Depths 

In Section 4.4 we studied the stationary bound states in a square-well poten 
tial. We found that these stales exist only for discrete negative energy eigen¬ 
values. which form the discrete spectrum of bound-state energies. The proba¬ 
bility densities of these states are concentrated for the most pari in the square 
well. We now discuss tlie bound-state spectra for different shapes of the square 
well. 

Figure 6.10 shows the wave functions and the energy spectra for several 
square-well potentials of equal widths but different depths. For a well of finite 




I ' 


6 Motion within ;i Potential. Stationary Bound States 


123 





Fig.6.HI. Bound-Mule *iw functions and energy spectra Tor square-well potentials id 
different linite depths but identical widths. The number of hound slates increases w ith 
the depth of the puteiitinl. 

depth, there is only a finite number ol bound states. Their number increases 
with depth. In contrast to the wave functions ol an infinitely deep well, the 
wave functions of a finite square well are differeni from zero outside the well 
bul drop there exponentially to zero. The exponential falloff is fastest lor the 
ground state. Figure 6.11 indicates that lor a fixed depth the number of bound 
states increases as the well becomes wider. 
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Tig. 6.11. Bound-state wave functions Tor square-well potentials of identical depth hut 
different widths. I he number of hound stales increases with the width of the well. 


6.7 Periodic Potentials, Band Spectra 

As a first step in discussing periodic potentials as they occur in crystals, lei us 
look al two potential wells more or less dislant from each other. Figure 6.12 
shows such potentials as well as the spectra of eigenvalues and eigenfunctions 
When the two wells have some distance between them, we observe pairs of 
energy eigenvalues group closely together. Of ihe eigenfunctions belonging to 
each pair, one ts always symmetric, the other antisymmetric. Comparing the 
eigenfunctions of two single wells with those ol a single well, we observe that 
in corresponding regions they strongly resemble one another. The symmetric 
wave function of the double well is a smooth symmetric match with the two 
wave functions of the two single wells. The antisymmetric wave function of 
the double well is an antisymmetric match. In the limiting case when the 
distance between the two wells becomes zero, that is. when the wall vanishes, 
the eigenfunctions and the spectra become those of a single well of double 
width. 

We now need to study the structure of the pairs of wave functions in two 
wells in more detail. The relation of their structure to that of die wave func¬ 
tions in a single well is easily explained, using the same reasoning given in 
Section 4.4. To this end we divide the v axis into live regions. 
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I 

II 

III 

IV 

V 


-oc < x < -di . 
—d* < x < —d\ • 
—d\ < x < d\ . 
d\ < x < dj , 
d 2 < x < oc , 


V(x)=0 r 
V(.o = -v<, , 
VU) = 0 . 
V(.v) = -V„ . 
V(x) = 0 . 


where the potential has a constant value. Notice that the potential is com¬ 
pletely symmetric with respect to the point a 0. That is. it does not change 
if v is replaced by -a. In regions I and V the wave function must show ex¬ 
ponential falloff for large values of a|. In regions II and IV it oscillates as a 
superposition of two complex exponentials. 

The behavior of the wave function i.s determined in particular by its struc¬ 
ture in region III. which encompasses the origin. In this domain the wave 
function is a linear combination of real exponentials which, because of the 
symmetry of the problem, are either symmetric (s) or antisymmetric (a): 

<Pm = /U^(c A ‘ A 4-e“*' x > = .4 s coshU s v) 

and 

Vm = - e K **) = sinhUwl . 

The parameters c a . k\ are given by 

* " -j• 
k. = = -\/-2ni£ a , 

where L, and L A are the negative bound-state energies of the symmetric and 
antisymmetric solutions, respectively. The wave function in region III con¬ 
nects the wave functions of regions II and IV. It therefore determines die 
overall symmetry. The total wave function is symmetric if in region III it is 
of the symmetric type, ipf,, = A^ coshuv* > Since the antisymmetric solution 
has the larger average curvature, it possesses the greater kinetic energy 

/•-Hx h 2 j2 

£kin = - / v;(A) ^(.r)di 

J- 9 G 

compared to the symmetric solution. This explains why die splitting of the 
two energy eigenvalues of the bound states increases when the two wells ap¬ 
proach each other. When the separating wall in region III has disappeared, the 
symmetric solution no longer has a deni in the middle. 

It is now plausible that for a potential consisting of a periodic repetition 
of A' neighboring wells, each single-well eigenvalue reflects itself in a set of 
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V bound stales of the periodic system of square-well potentials. The spacing 
of the energy eigenvalues of these states may be very' narrow. They are said 
to form an energy band. A crystal consists of a large number (;V * |0 l i 
of regularly spaced atoms. They form a periodic electric potential pattern in 
three dimensions giving rise to analogous band structures. 

Figure 6.13 shows how the band structure, starting with the ground state 
of a single square well, takes form when two. three, four, and live potential 
wells are placed at equal distances next to it and to one another. The number of 
states forming the band is equal to the number of potential wells. Their spac¬ 
ing in energy becomes narrower as the number of wells increases. Certainly, 
for large numbers of potential wells forming a periodic structure, each indi¬ 
vidual band contains a large number of states represented by periodic wave 
functions. The wave functions of a single band can be linearly combined to 
form wave packets describing localized particles. If the time dependence of 
the eigenstates is included in the superposition (see Section 6.21. the wave 
packets describe particles moving freely in the periodic potential structure. In 
this way the free motion of electrons in die conduction band of the lattice of 
a metal or a semiconductor can be explained. 


Problems 


6.1. Calculate the integrals over the products of the eigenfunctions </'«(*) as 
given in Section 6.1 for the bound states of the deep square well, 

[•tr- 

/ iPnWVmWdx . 

J it/2 

6.2. What determines the frequency of the oscillation in the deep square well 
shown in Figure 6.2 ? What determines the wavelength of the interfer¬ 
ence wiggles in Figure 6.2? 

6.3. Show that for// 0. I the functions £ r/rr<, given in Sec¬ 
tion 6.3, are solutions of the stationary Schrddingcr equation for the 
harmonic oscillator. 

0.4. in terms of the momentum operator p = (/t/i)(d/d\), the operator of 
total energy of a harmonic oscillator is 


In a bound state of the harmonic oscillator, the expectation values {//) 
and (x) of momentum and position vanish. Thus the expectation values 
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(/? 2 > = (4/>) 2 + (p) 2 = {Ap) 2 , 

<A") = (Av ) 2 + (.\) 2 = (At ) 2 

are equal to the squares of the uncertainties of momentum and posi¬ 
tion. Use the uncertainty principle, from Section 3.3. to calculate the 
minimum energy of a bound state in a harmonic-oscillator potential- 

6.5. Give an argument why the real and imaginary' parts of the wave func¬ 
tions of Figure 6.7 have long wavelengths to the left or right when they 
are close to their left or right classical turning points, hut not when the 
wave packet is in the center of tire oscillator potential. 

6.6. Compare the ratio R = Ezf E\ of the energies Ez, F. \ of the two low¬ 
est levels in the different parts of Figure 6.11 with the corresponding 
ratio in the infinitely deep potential well: they are given in Section 6.1. 
Explain your result. 

6.7. A rough approximation of the wave functions of the multiple square- 
well potentials in Figure 6.13 is given by 

<Pn (A ) = y —<£7t (A. li\) ^2 W < V “ A i.d) . 

r=i 

Here (v—v,, d ) is the ground-state wave function of a single potential 
well of width tl and depth Vo symmetric around \ = With R,w 
the width of the whole arrangement of all iV square-well potentials, 
including their jV I separating walls. y>„( v. B,\) is the eigenfunction 
of quantum number n of the square-well potential with depth V [t and 
width 

Using Figure 6.11 for^n(' Bn I and Figure 6 13 (top) for y?i (' v f , d), 
sketch the wave functions for n = I, 2,... , N and N = 

2. 3. 4. 5. Compare their appearance with that of the wave functions 
in Figure 6.13. Discuss their symmetry properties. 

6.8. What is the parity of the ground state with respect to reflection about the 
symmetry' point of the potential for all examples given in this chapter? 
Explain the result, using the square well and the harmonic-oscillator 
potential as examples. 


7. Quantile Motion in One Dimension 


In classical mechanics ihe position x(i) of a point particle and its velocity 
i t/) dv(M/d/ are well defined. This is not the case in quantum mechan¬ 
ics. For a tree wave packet one can use the expectation value (.v</)} and its 
time derivative d(.v(/))/d/ to characterize the position and the velocity of a 
panicle. Bui for a particle under the influence of a force this description is 
not adequate. In the case of the tunnel effect, for instance, the expectation 
value {*(/)} may never pass through the barrier. In the following we shall see 
that mathematical statistics allows us to define a quantile position v /»</) and 
a quantile velocity dv/»(f)/d/ in all cases where we deal with a probability 
distribution p(x. t) and that this velocity can be related to experiment. (This 
chapter and Section 10.2 are based on the following publication: S. Brandt. 
H.D. Dahmcn. E. Gjonaj. T. Stroh. Physics Letters A 249. 265 (1998).) 


7.1 Quantile Motion and l\inneling 


For a probability density p(x i the quantile v t > associated with the probability 
Q is defined by 


ro 

(7= / q(x ) dv 
J DO 

For the time-dependent probability density £<.*./) and time-independent 
probability P. 0 < P < I, we define the time-dependent quantile position 


a>(/) by 



Pix. M dv 


P 


The function v = i/.(/) describes the quantile trajectory tin 
a point moving along the a axis. Its time derivative 


the \. t plane) of 


vpU) 


d A;»(/) 

d/ 


defines the quantile velocity vp(l) of the point Aj>(/). 

The upper plot of Figure 7.1 exhibits the time development of the scatter¬ 
ing of an initially Gaussian wave packet by a repulsive barrier of height l'<i- 




130 7. Quunlik* Motion m One Dimension 



x 



j-i- 1 -t> » 


Fife 7.1. Quantile trajectories or the tunnel effect. The upper plot represents the time de¬ 
velopment of the MTutterln|> «ran initially tiaussinn wave packet by u repulsive potential 
harrier of height 1 . 1'he expectation value of the kinetic energy is smaller than Vq. The 
•.mall circles indicate tlic position of the classical particle. The shaded areas under the 
curves correspond to the probability /' = 0.4 in the interval .*/•</> ‘ » - oo. The line 
cutting through the plot from the upper left to the lower right is the quantile trajectory 
for V 0.4. I he lower plot presents the quantile trajectories for the value /' I) I for 
the top curve and in steps or J/» 0.1 for the lower curves up to /* 0.‘>. The thick 

curve is the same quantile trajectory as the one in the upper plot. 
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The expectation value of Ihe kinetic energy E of the wave packet is smaller 
than VV The wave packet is partly reflected by Ibc burner. The other pan tun¬ 
nels through the barrier moving more or less like a force-free wave packet to 
the right, The shaded areas under the curves cover the probability P = 0-4. 
The line culling through the plot from the upper left to the lower right is the 
quantile trajectory a p(f) corresponding to P 0.4. The lower plot of f igure 

7.1 presents the quantile trajectories for P in the range between 0.1 and 0.9 in 
steps of AP — 0.1. In ihe region of the repulsive potential barrier ihe quantile 
velocities are smaller than in regions far from ihe barrier. 

In Figure 7.2 the quantile trajectories lor the scattering of an initially 
Gaussian wave packet by a double barrier are shown. The upper plot exhibits 
the lime development of the wave packet incident on the double barrier from 
the left. We observe the partially reflected and transmitted parts of the wave 
packet and ihe resonance behavior due to the oscillation of pan of the proba¬ 
bility between the two barriers. The resonance decay is due to the tunneling 
through the left or right barrier which occurs whenever the wave packet mov¬ 
ing between the two barriers interacts with one of them. This leads to repeated 
reflected and transmitted pulses following ihe first one’s with some time de¬ 
lay. The shaded areas under ihe curves representing the probability density 
correspond to a probability of P = 0.4. It has been chosen to be larger than 
the probability contained in the earliest transmitted pulse. Therefore the quan 
tile trajectory does not leave ihe double-barrier region together with the tirsi 
transmitted pulse. In fact, for the probability P = 0.4 the quantile trajectory 
oscillates once between the two barriers and leaves this region together with 
the second transmitted pulse. 

The lower part of Figure 7.2 exhibits the set of quantile trajectories start ing 
with the probability P 0.1 for the top curve passing through slops of A P 
0.1 ending with the value P = 0.9 for the bottom curve. The thick line is the 
same quantile trajectory as in the top picture. A fine-tuning of the probability 
P to values slightly smaller lhan the one for the thick line would produce 
quantile trajectories showing more and more oscillations between the barriers. 
The quantile trajectory lor die total transmission probability Pj never leaves 
the region between the two burners. All trajectories for values P > Pi are 
eventually reflected. 

7.2 Probability Current, Continuity Equation 

In Section 3.3 we discussed the probability interpretation of quantum mechan¬ 
ics introduced by Max Bom. Following bis reasoning, the absolute square 
IvHv.OI 2 = Q (.*./) of the wave function represents a probability density in 
the following sense: The probability d P of linding the particle in the interval 
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(,v..v + dr) is given by 

d P = e(.Y,/)tU = |\Ha. f )| 2 cLi 


Since the probability is conserved the time variation of the probability 


Pi2 = 




a. /)eLr 


in one interval (x\. xz) must result in a flow entering or leaving this interval. 
This flow can be described by a probability current density i (a . t) defined by 
the requirement 

d r , J , r ( Beix\i)\ , , 

jix.t)-j{x,,i) = ~— ]' eu .i)d^ =]' —)** - 

It states that the resulting flow at the borders a i and x is equal to the rate of 
decrease of the probability inside the interval. 

For a very narrow interval Uj, a ) we may approximate the integral on die 
right-hand side by |-3^(x, r)/Ht\Ax, Ax = a v,. In the limit Ax — 0 we 
obtain die expression 


d/U. f) 

tlx 


Ax = lim 


C=.Tj 


AI 


m i 

-o \ 


(jix\ 4-At./) j(xi.t) 


Ax 


) AX 


for the left-hand side. Altogether we get the continuity equation 


_ djjxJ) 

Ft “ Bx 

For current densities j(x.t) vanishing for x — ±co we derive 
/ Q(x:t)dx= / ——d.v = 0 , 

dr J-o c J-oo d.t 

die conservation of die total probability. The explicit form of the current den¬ 
sity can be derived by observing 

^ = rix , n ^ + 9 J^^.n . 

ot ot (It 

The time derivatives of the wave functions \f/ and ‘ are determined by the 
Schrddinger equations for \}r and its complex conjugate •//’. 


9/ 2m 9.v 2 


ilt 2m dx* 


Inserting the expressions for 0\ft/'dt and ;i\Jr m /Ht. we obtain 






Fig.7.3. lime development of the density /'t.i.n and the probability current density 
j(x,t) of the force-free motion of a Gnussiun wave packet The graphs in the top row 
refer to a moving w ave puckck the bottom row to n wave packet at rest, < •) - const 1 ). 

The small circles indicate the position expectation value : v</ <»f the wave packet. In the 
holtnm row the change w ith time of the wave packet is entirely due to its broadening 
because of dispersion. The probability density remains even with respect to i — 0. the 
current density stays odd: thus, the integral over the current density vanishes. 


2/m [ iix 2 


This can be turned into the form of the continuity equation with the expression 


h ( 4 a* 


for the probability current density. In Figure 7.3 the time development ol the 
probability density anti the probability current density is shown For a free 
Gaussian wave packet. The plots in the top row show a moving wave packet 
with positive momentum expectation value ( p ) - />„. those in the bottom row 
a wave packet at rest. i.e.. p \> 0. With growing time we observe a broaden¬ 
ing of boih wave packets, due to dispersion. For the wave packet at rest the 
dispersion is the only reason for the change in time of the plots. Probability 
flows to the right for v > 0 anil to the left for a * 0. Thus, the current density 
is positive for x > ft and negative for x < U. Its integral over the whole v axis 
vanishes in agreement with po — 0. 


7.3 Probability Current Densities*ol Simple Examples 
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In an experiment the quantile trajectory can be determined on a statistical 
basis by a series of time-of-flight measurements: One prepares by the same 
procedure V single particle wave packets and sets a clock to zero at the time 
instant at which the spatial expectation value of a wave packet leaves ihe 
source. With a detector placed at position x i one registers the arrival times i\„> 

of particles for m = 1.2.A' and orders ihcm such that fit < /12 < • • < 

t | iV . One picks die time f|„ which is the largest of the smallest limes measured 
and chooses n/N = P. The time i\„ is the arrival time of the quantile \r at 
the position 11 . i.e.. xrdin I =■ -Vi. By repealing die experiment with a detector 

at X 2 one obtains / 2 /i- etc. The points v/>(/<«). / = 1.2.are discrete points 

on die quantile trajectory x /*(/). If x. and v? mark die front and rear end ol the 
barrier, resp., dien tz,, hn > s *hc quantile traversal lime of the barrier. In the 
quantum-electronic components of electrical circuits signals are propagated 
by pulses of a certain number .-V <»i electrons. The time needed for a signal 
to pass a quantum-electronic component is the quantile traversal time defined 
above. 


7.3 Probability Current Densities of Simple Examples 


We have already found that for the free motion (Section 3.2). the motion under 
a constant force (Section 5.6), anil the harmonic motion (Section 6.4). the 
probability density of an initially Gaussian wave packet lias the Form 


G(*.0 = /r- - exp - 

v'SrMO I 


U ~ (A (')))- 
2 * 2(0 


i.e.. the shape of the packet stays Gaussian. However, its position expecta¬ 
tion value (x(/>) as well as its width <7»(0 changes with time and that time 
variation differs for the three examples as indicated in Table 7.1, which was 
compiled from the sections quoted. The probability current density is 


Table7.1. l ime dependence of the position expectation value and variance for a 
Gaussian wave packet 


Free Motion 


Constant Force 


V(x) 

ft 

(*W> 

-Vo + Vq 1 

<*?(0 



Harmonic Oscillator 


1 2 2 

jiwttr.r- 
•V() COS (Ol 

4o‘ l cos 2 (ol + sin : oil 
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Flj». 7.4. Time development of the probability deiLsitv / -u. I ) and the probability current 
density /1 v ,; i of a IInusslnn wave packet moving under the action of a spatially constant 
force (lop row I and under the action of a harmonic force (bottom rowi. I'he small 
circles indicate the position expectation values of the wave packets. The current densitv 
possesses regions of positive or negative values. For the case of a constant force Hop 
row»the wave packet moves to the right for early times: accordingly, the current density 
is mainly positive. At the turning point imiddle of the seven time instants) the current 
dcusitv exhibits regions or positive as well us or uegutive values. Since the velocity 
expectation value vanishes at the turning point, the integral of the current density over 
the whole i axis vanishes. I'he wave packet in the harmonic oscillator is shown over 
one time period. Since the initial position expectation value vj, is positive, the initial 
velocity expectation value /•;>//« vanishes. I'he current density is mainly negative before 
it reaches the turning point: thereafter its values arc mtiinlv positive. 


j {.x,!) = |<r(M) + —. 

L "AO dr J 

where the velocity expectation value is (*'(/)> = {p(())/m = d(.v</))/df. 

In Figure 7.4 we show the time development of the probability density 
and ihe probability current density for wave packets under the influence of a 
constant and a harmonic force. 


7.4 Differential Equation of the Quantile Trajectory 
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7.4 Differential Equation of the Quantile Trajectory 

By definition the quantile trajectory x = v/• (rI is obtained by solving the 
equation 


p(.v, t ) iLv = P 


for x /»(/). Since P = const we have 
d xp(D . f 


f 0 * BQ(x\n . , d P M 


The continuity equation derived in Section 7.2 for the probability density al¬ 
lows us to replace Hq/Hi by -dj/dx in the integral. The integration can then 
be performed explicitly to yield 

d.vp(f) 

as differential equation for the trajectory .*></). In terms of the velocity field 
iM.v, /) = jix, t)/Q{x, t ) of the probability flow we have 

d-v Pit) j(xp{n,t) 




= v(x . 


The initial position .\><fo) = .vi» needed for solving this differential equation 
is the quantile position at Ihe initial time /«. 


7.5 Error Function 


For later use we introduce the (complementary\ error Junction 

7 t°° 

erfc.t = - 7 = / e“ M da . 
y/n Jx 

Since the function c~ u ‘ is positive everywhere and the integration inter¬ 
val shrinks with growing lower boundary, the error function erfc.v is a 
monotonously decreasing function of \ For \ — :x* the integration inter¬ 
val shrinks to zero, the value of the integrand tapers off to zero; thus. 

lin) erfcA = t) 

,T—* 30 

Making use of the normalization of the Gaussian distribution tcf. Section 2.7), 
we get 

lim eric x=*-Z= f* tin = 2 —jL= [' e = 2 . 

*—» va- 7-x, y/27T J-ac 







Fig.7.5. Pint of the (complementary) error function crtc.i. 


Since the integrand is an even function, we have for a: = 0 

erfeO = -= / e “ dw * - -t= / c“" da = 1 . 

yjrt J 0 2 v/.T ,/-rx 

The graph of the error function erfc v is presented in Figure 7.5. 


7.6 Quantile Trajectories for Simple Examples 


Using the error function we have lor any Gaussian probability density with 
mean <.x(/>) and variance a *(0 

r 1 r /.trin-W/»\ 


-erfc 


s/2n t (M 


This equation determines v/«(f„i lor a given value of P and for a given initial 
time /,). For the three examples of Section 7.3 we then have tor the quantile 
position at time i 


v/.(M = iv(o) + ~~~(A'/• (fn) - (xUo))) 
<M' 0 ) 
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Fig.7.6. Quantile trajectories «>r a force-free Gaussian wave packet, t he upper plot 
presents the time development of the probability density, t he small circles on the < axis 
indicate the position expectation values. t he hatched areas correspond to the region 
< ir(n for F 0.3. t he thick line Ls the corresponding quantile trajectory. The 
lower plot exhibits the quantile trajectories for this wave packet for different values of 
F. t he trajectories correspond to /' - I) I (top line» and /' - 0.9 (bottom line! in steps 
of AF = II 1. The thick line Is the trajectory shown in the upper plot. 

For the particular value of P for which the initial quantile position .x/*(/|>) 
is equal to the initial expectation value (.v(/o)). the quantile trajectory v/»(f) 
is identical to the trajectory <.v</)> o! the spatial expectation value in these 
three examples. In this case the argument of the error function vanishes. Thus, 
the fraction of probability associated to this particular quantile trajectory « s 
P = \ erfc(0) = 0.5. For all other values of P the quantile trajectory differs 
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Fig,7.7. As Figure 7.6 but for the motion under the Influence of a constant forte. 


from the trajectory of the expectation value of position. In all three examples 
the trajectory of the position expectation value is the same as the classical 
trajectory for the same initial values. Thus, in our examples the quantile tra¬ 
jectory vo s(0 is the classical trajectory. 

Inserting (xU)} and n K U) from Table 7.1 into the equation above we can 
obtain explicitly the quantile trajectories x r U) for our three examples of Sec¬ 
tion 7.3. They are shown in Figures 7.6 to 7.8. 


7.7 Relation to Bohnfs liquation of Motion 
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Fig. 7.8. As Figure 7.6 but for motion in a harmonic-oscillator potential. The line 
for r - 0.5 is identical to the trajectory ; i </)! of the position expectation value. Only this 
curve is a cosine function. For all other values /’ p 0.5 the quantile trajectories deviate 
from the trigonometric functions. This deviation is due to the lime dependence or the 
width <!,</(, i.e,. due In the time-dependent broadening and shrinking of the squeezed 
stale. 

7.7 Relation to Bohm’s Equation of Motion 

In this chapter we have introduced quantile trajectories which are strictly 
based on the probability concept and are therefore quite natural in the frame¬ 
work of "conventional" quantum mechanics and its probability interpretation. 

David Bohm in 1952 has given an ‘'unconventional’' formalism ol quan¬ 
tum mechanics in which particle trajectories are possible. One can show that 
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Bohm's trajectories tire in fact identical to the quantile trajectories discussed 
above. Ileie we only sketch the prool without going through all its steps 
We begin with tlie equation 

d. v/.(M _ jjx /■(/),/> 
dr ~ Q(xp(/),/) 

from Section 7.4 Differentiating once more with respect to time and multi¬ 
plying with the panicle mass w we obtain 

i \ 2 xp(l) d j(xp{l). M rlf/U.Q 
M dr ? 3t 

We have written the right-hand side as the negative spatial derivative of a po¬ 
tential U {a . t 1 since the left-hand side is of die type mass times acceleration. 
Then the whole equation has the form of Newton's equation or motion. The 
potential V is determined by using the expressions for t? and j iu terms ot 
\fz and i/' * and by making use of the time-dependent Schrftdinger equation to 
eliminate expressions of the type and <H> '/dr The result is 


where Via) is the potenlial energy appearing in the Schrddinger equation and 

V(j{\ . /) is the time dependent quantum potential 

h 2 (a 2 o(x.n i / agUi/> y\ 

V Q {X - n - 4m0(x.l)\ dX 2 2q(.x.d\ a.( ) ) 

introduced by David Rohm. For a unique solution o! Newton's equation two 
initial conditions .v/*(/«) and d.\></o)/d! = t'o are necessary. The solu¬ 
tion of the differential equation for the quantile trajectory is uniquely deter¬ 
mined by the initial condition a = vo. for a given probability P fixed by 
the last equation of Section 7.4. The quantile trajectories xp(t) are identical 
to those solutions that satisfy the particular initial condition 


i'o 


d,Vf (/pi 
d / 


= u(xp</i)). r<i) 


The quantum potential of the free motion, the case of constant force, and 
the harmonic oscillator has the explicit form 

„ a 2 i r (*-<* ' ,1 

' yU •' l 2m 2oH» L 2a 2 U) J 
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Fig.7.9. Time development of 
the quantum potential Vq{.\. n 
of u force-free Gaussian wave 
packet. At any time it is a repul¬ 
sive. parulmlic potential. The 
force h\> - -UVyfd.x produces 
the dispersion of tlic Gnus- 
sian wave packet in Bohm's de¬ 
scription of quantum mechan¬ 
ics. At / =0 the maximum 
al v = < r< 0 )) of the poten¬ 
tial r ( ,i v O as well as its cur¬ 
vature are largest: both values 
decrease with increasing lime. 
The decrease or Uic quantum 
potential reflects the fact that 
the quantile trajectories of the 
force-free Gaussian wave pack¬ 
ets arc hyperbolas as functions 
of time approaching straight 
lines as asymptotes for large 
times. 


It is a repulsive parabolic potential having its maximum at the position {x{t)) 
of the expectation value and a curvature fixed in terms of the width fJ % it > of the 
wave packet. In the language of classical mechanics the quantum force Fq = 
—it Vq/Ba is the origin of the dispersion of the Gaussian wave packet. Figure 
7.9 presents the lime development of tlx; quantum potential V^(a , /) for the 
force-free motion of a Gaussian w ave packet. For t = 0 the potential has the 
curvature -h 2 /l4mo* n ). its maximum value is h 2 /{4mo 2 a ). With growing 
time the absolute value of the potential at a given location and the curvature 
decrease. 

The price one pays to gel a Newtonian equation of motion is to accept the 
existence of an additional time-dependent potential Vy and the fixing of the 
initial condition for the velocity by the initially chosen wave function, which 
is by no means plausible. We would like to repeal and stress here that Bohm's 
particle trajectories (which cannot be defined as solutions of Newton's equa¬ 
tion without the quantum potential) are identical to the quantile trajectories 
(which are defined in conventional quantum mechanics). 
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Problems 


7.1. Calculate the integral of the current density j(x, I) = A/(2wii Wcty/ 

tfrW/Bx] over the whole \ axis, hxpress it in terms of lire ex¬ 
pectation values of momentum or velocity. 

7.2. Instead of the integral of the density q(x, !) over the interval a < x f < 
o© we consider the interval x < v' < x\. Show that 

I Qix'.t) cb:'= f * 


with /1 determined by ) = ai leads to 

dxptt) 


eUriO.O 


dr 


= j(x/>(f), i ) 


Explain the meaning of ihe last hut one equation in terms of the quantile 
condition. 


7.3. In classical mechanics bodies of different mass fall with the same ve¬ 
locity. Is this statement true for the quantile trajectories of a Gaussian 
wave packet under the action of a constant force? 

7.4 Explain the obviously non-harmonic features of the lowest quantile tra¬ 
jectory of the lower plot of Figure 7.K. What is the condition to be sat¬ 
isfied by xp lO) for the dent in the top quantile trajectory to appear? 


8. Coupled Harmonic Oscillators: 
Distinguishable Particles 


So far we have always studied the motion of a single particle under the in¬ 
fluence of an external potential. This potential is. however, often caused by 
another particle. The hydrogen atom, for example, consists of a nucleus, the 
proton, carrying a positive electric charge, and a negatively charged electron. 
The electric force between proton and electron is described by the Coulomb 
potential. The proton exerts a force on the electron, ami - according to New - 
ton’s third law - the electron exons a force on the proton. The proton has a 
mass about 2000 times the electron mass. Therefore the motion of the pro¬ 
ton relative to the center of mass of the atom can usually he ignored. In this 
approximation the electron cun be regarded as moving under the influence of 
an external potential. Generally, however, we have to describe the motion of 
both particles in a iwo-particle system. For simplicity we shall consider one- 
dimensional motion only; that is. both panicles move only in the a direction. 

8.1 The Two-Particle Wave Function 

We have seen that the basic entity of quantum mechanics is the wave function 
describing a system, and we have discussed its interpretation as a probability 
amplitude. A system consisting of two particles is described by a complex 
wave function »// = il'(x\. xi, /> depending on time t and on two spatial co¬ 
ordinates V| and A‘ 2 * Its absolute square WUi, * 2 . /1 2 i* th c joint probabil¬ 
ity density for rinding at time f the two particles at locations ai and v* 2 - Of 
course, the wave function is assumed to be normalized, since the probabi! 
ity J'^ |*/'< v 1 . t». r > 2 cLv| d-v: of observing the particles anywhere in 

space has to be one. If the two panicles differ in kind, such as a proton and an 
electron forming Ihe hydrogen atom, they are said to be distinguishable. Two 
particles of the same kind, having the same masses, charges, and so on. as two 
electrons do. are said to be indistinguishable. For distinguishable particles the 
absolute square |^(X|..Y 2 . /)| 2 d.rj dr? describes the probability of finding at 





Fig.8.1. Join! prnlmhilily density /»j>« a:. -i.* I Tor a system of l«n particles. It forms 
n surface over the • ».• plane. ITie marginal distributions and />r>j<.» 2 l an* 

plotted as cunes over the margins parallel to the i avis and the \; avis, respectively. In 
each plot the classical position r|*.. »> is indicated l»> a hlack dot in the 11 . »: plane as 
well as hy iLs projections on the margins. Also shown is the covariance ellipse. The three 
plots apply to the cases of la) nnenrrelatcd vnriahles and (hi positive ami <cl negative 
correlation between i| and 
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time I particle I in an interval d.x■ around position iq and simultaneously 
panicle 2 in an interval dr: around x?. 

Figure 8 la illustrates the joint probability density 

/>T)Iai.^ 2.0 = h//(.ri. V 2 -/)l ; 

for a tixed time t, Here a Cartesian coordinate system is spanned by the po¬ 
sition variables x\.X 2 . and pj> is plotted in the direction perpendicular to the 
X ]. vs plane. In this way the function /?dUi- * 2 ) appears as a surface. On two 
margins of the coordinate plane, functions of only one variable. \\. or the 
other, v' 2 , arc also shown. They are defined by 

PD) U|, M = f PdU 1 . A‘2. 1 1 d.v 2 
J -CO 

and 

PD2(X2.I)= /J[)(.\|..V2,/)cL\| . 

J 00 

Tliese marginal distributions describe die probability of observing one parti¬ 
cle at a certain location, irrespective of the position of the second particle. 

The black dot under the hump over the x\. a* plane marks the expectation 
values (,V| ) and {* 2 ) of the positions of particles 1 and 2. respectively. From 
the shape of the surface as well as from the marginal distributions, it is clear 
that in our example particle 2 i 1 * localized mote sharply than particle I. 

The function shown in die three parts of Figure 8.1 is a Gaussian distri 
hulion of the two variables a |. a*:. The mathematical form of such a bivariate 
Gaussian probability density and of its marginal distributions was already dis¬ 
cussed in Section 3.5. 

8.2 Coupled Harmonic Oscillators 

As a particularly simple and instructive dynamical system, let us investigate 
the motion of two distinguishable particles of equal mass in external oscillator 
potentials. Roth particles arc coupled by another harmonic force. The external 
potentials are assumed to have the same form. 

V'U,) = . V(xz) = k -x; , k > 0 . 

The potential energy of dte coupling is 

Vc(*lr*2) = ^(-*1 - *2) 2 . K > 0 . 

The Schrodinger equation for the wave function $ (a i . vy. t) is then 

•j 

tb — \i/(X\,X2.t)= H\!/(X],Xi.l) , 
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where H is the Hamilton operator of the form 


/l- a 2 


A/=-—+ 
2 m dx 1 


2m !)x; 


• V{X2) + V^{x |, -Vi) 


This equation is written, in analogy to the single-particle equation, so that 
its right-hand side is the sum of the kinetic and potential energies of the two 
particles. 

The Sehrddinger equation is solved with an initial condition that places 
the expectation values of the two particles into positions tjo = (i|Do» and 
A 2 o - U:<h»l) at time / We consider the particular situation in which 
the expectation values of the initial momenta of die two particles are zero. 
In quantum mechanics there is an infinite variety of wave functions with 
the expectation values (V| (/q)) = x\q, (pi (to)) = 0. and \.t 2 (/i>)) = * 20 . 
(p,(/,))) = 0 at initial time to describing the particles. Kven il we restrict our¬ 
selves to the bell-shaped form of a Gaussian wave packet at to, we still have 
to specify its widths and correlation. For later moments of time / > to, the 
time-dependent solution evolving out of die initial wave packet according to 
die Sehrddinger equation for two coupled harmonic oscillators maintains the 
Gaussian form. Its parameters, however, become lime dependent. 

I 11 Figure S.2 the joint probability distribution Pn< vi,.t 2 ./) is shown 

for several times / — to. t\ . t y together with its marginal distributions 

ppjUi.O and />D 2 (* 2 .G. We observe rather complex behavior. The hump 
where the probability density is large moves in the V 1 ..V 2 plane and at die 
same time changes its form; that is. the widths oj. 02 as well as the correla¬ 
tion coefficient c are time dependent. The motion of the position expectation 
values (.v 1 :. ivy) is shown as a trajectory in the V|. o plane, and Ihe initial 
positions \m. v j,, at / = are marked as a black dot at the beginning of the 
trajectory. The last dot on die trajectory' corresponds to the time for which the 
probability density is plotted. A crude survey can be made by looking only al 
the marginal distributions. 

Figure 8.3a shows the time developments of the marginal distributions 
of the system in Figure 8.2. The left-hand part contains the marginal distri¬ 
bution /»pi (v 1 . / ). the right-hand part pmUl -/)• The symbols on the V| and 
-12 axes indicate position expectation values of the particles that are identi¬ 
cal to the classical positions. The initial momenta were chosen so that die 
particles are. classically speaking, initially at rest Particle 1 is initially in an 
off-center position, particle 2 in the center. It is obvious from Figure 8.3a that 
the position expectation values have the well-known energy exchange pattern 
of coupled oscillators. The oscillation amplitude of particle I decreases with 
time, whereas that of particle 2 increases until it has reached the initial am¬ 
plitude of particle 1. At this moment the two particles have interchanged their 





Fig.8.2. Joint probability density *j..»».r) and maruinal distributions z»nit* 1 . / U 
PU 2 (x;. t • Tor two distinguishable particles Tormina a system oT coupled harmonic oscil¬ 
lators. The difTcrvnl ploLs apply to various times 1 . in. 1 i l\. I he classical position 

of the two particles at the various moments in time is marked by a dot in the 11 . .12 plane 
and by two dots 011 the margins. I he initial dot for f, - in is black. The classical motion 
between /<. und 1 . Ls represented by the trajectory drawn in the » 1 , *2 plane. 
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roles, and the energy is now transferred from particle 2 to particle I. The time 
developments of the widths in Figure 8.3a are much less clear. 

For a systematic study of coupled harmonic oscillators, it is important to 
note the following. 

|. The time dependence of the expectation values {*>(/)) is de¬ 

termined by their initial values and it is identical to that of classical 
particles. It is independent of the initial values crju. 020 . and co of the 
widths and of the correlation coefficient 

2. The time dependence of the widths <7|(/). 02 ( 1 1 and of the correlation 
coefficient rU l is given by the initial values of these quantities. It does 
not depend on the initial positions .vjo, * 20 - 

The classical system of two coupled harmonic oscillators has two charac¬ 
teristic normal oscillations. They can be excited by choosing particular initial 
conditions. For one of the normal oscillations the center of mass remains at 
rest. This situation can be realized by choosing initial positions opposite to 
each other, xm = —*:<i. so Unit the center of gravity is initially at the origin. 
Since the sum of forces on the two masses in this position vanishes, the center 
of mass stays at rest. The oscillation occurs only in the relative coordinate 
r = X 2 v 1 . Its angular frequency is 

W r = >/(* + 2 K )/fM 

The second normal oscillation is brought about by initial conditions that 
make the force between the two masses vanish. That is. the two particles have 
the same initial position a i<i r a 20 = Rq, which is therefore also the initial 
position R of the center of mass. Since no force acts between the two particles, 
they stay together at all times. = .V 2 (/>. Now, however, because the 
sum of forces does not vanish, the center of mass moves under the influence 
of a linear force. Thus it performs a harmonic oscillation with the angular 
frequency 

ton = >fkTm . 


Hr. 8.3. Time development of the marginal distribution on the left and 

marginal distribution on the right for a system of coupled oscillators. The 

classical positions of the two distinguishable particles are plotted on the two axes as 
circles Tor particle 1 and particle 2. They coincide with the expectation values computed 
with marginal distributions. (u)The initial position expectation value of particle 2 is zero, 
(b) The particles are excited in a normal oscillation in which the center of mass oscillates 
and there is no relative motion, (cl The particles are excited in a normal oscillation in 
''hicli there is relntivc motion and the center of mass is at the rest. In all three cases the 
Initial momentum expectation sulucs of the two particles are zero. 
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Oscillations with arbitrary initial conditions can be desen bed as superpo¬ 
sitions of the two normal oscillations, causing such phenomena as the trans¬ 
fer »)f energy from one mass to the other. Normal oscillations can also be 
produced in the quantum-mechanical coupled oscillators by exactly the same 
prescription. Examples are given in Figures 8.3b and c. 

Figure 8.4a presents the oscillations of the expectation values (.vj(/)). 
( x 2 (i )), the widths rr,(/), o:(/). and the correlation c(t) for a rather general 
set of inilial conditions. All these quantities have heats. We already know th.it 
the beats in the time dependence of the expectation values come from super¬ 
position of the two normal oscillations. 

As we know from the example of the single harmonic oscillator (Sec¬ 
tion 6.4), the width of the probability distribution oscillates with twice the 
frequency of the oscillator. We may therefore stipulate that the widths r7j(/>. 
<T 2 (f) and the correlation coefficient c(/) will show periodicity with twice the 
normal frequencies if their initial values am, 02 n. and t o are appropriately 
chosen. 

Figure 8.4b shows such a particular situation. Here the dependences of the 
expectation values >x\ (f», {*?</)) and of the widths and the correlation coef¬ 
ficient are plotted. The initial position expectation values were chosen so that 
the oscillators have the normal frequency <o K . The initial widths and correla¬ 
tion coefficient were selected so that the frequency of these quantities is 2wr. 
As staled earlier, the time dependence of o,. rn, and i is totally independent 
of the initial positions. In our example the positions were chosen to oscillate 
with frequency toR h> allow' for a simple comparison between the frequency 
utR of the positions and 2 ior of the widths. 

Figure 8.4c gives the analogous plots for the other normal frequency Wr¬ 
it is interesting to note that preparing the normal modes in the widths requires 
an initial condition am = a relation which then holds for all moments in 
time The variation in lime of a\ and oi is actually a periodic oscillation of 
frequency 2 ojr or 2 to r added In a constant. Furthermore, it should be remarked 
that the initial value cr> of the correlation coefficient is different from zero in 
both cases. 

For one particular set of initial values cf \. a?, and <. these quantities remain 
constant independent of lime, as shown in Figure 8.5. In this situation the 
correlation coefficient is always positive, which is easily understood if w'e 
remember the attractive force between the two oscillators. If the coordinate 
of one particle is known, the other one is probably in its neighborhood rather 
than elsewhere. This probability constitutes the positive correlation between 
the variables .t| and-t 2 - 

In Section 6.5 we discussed the classical behavior of a bivariate Gaussian 
phase-space distribution under the action of a harmonic force. We pointed out 
that there is no difference between the temporal evolution of the uncorrelated 
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Fig. 8.4. Time dependences of the 
expectation values ai</»). <*’(/)). 
the widths nj(f). 02 (f),nnd the cor¬ 
relation «(/) for a system of coupled 
harmonic oscillators, (a) Rather 
general initial conditions were cho¬ 
sen. I hi The oscillation of the ex¬ 
pectation values corresponds to an 
oscillation or the center of mass 
with frequency wr. The initial val¬ 
ues 0 |(fQl, and '<fi» were 

chosen so (hat Uie two widths and 
the correlation oscillate with fre¬ 
quency 2 (hr. (c) The oscillation of 
the expectation values corresponds 
to an oscillation in the relative mo¬ 
tion with frequency u>,: the widths 
and the correlation oscillate with 
frequency 2o»,. 









Fig.8.5. Coupled harmonic oscillators. Tin- initial conditions : » ,</«»>. an- the 

same as in Figure 8.4c, corresponding to un oscillation in the relative motion. I In* 
parameters <r a irn»« and < </»•>. However, were chosen so that the widths and the 

correlation coefficient remain constant independent of time. Top: linn* developments of 
the marginal distributions. Bottom: lime dependences of the quantities (*’</) • 
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classical phase-space distribution of initial spatial width n*,, and momentum 
width a p = A/(2cr,u) and of the Wigner distribution <cf. Appendix D) of 
an uncorrclated Gaussian wave packet of initial spatial width A corre¬ 
sponding statement holds true also for the ease of coupled harmonic oscilla¬ 
tors of distinguishable particles, litis is to say that ihc figures of this section 
are identical to the ones derived from the temporal evolution of a Gaussitui 
classical phase-space distribution with the same initial position and momen¬ 
tum data and initially uncorrelated in position and momentum of each parti¬ 
cle with widths fulfilling Heisenberg s uncertainty equation = h/2, 

(J x 2 <*p2 = ft/2. 


8.3 Stationary States 

The stationary wave functions yare solutions of the time-independent 
Schrddinger equation 

H*pe(x\-X 2 ) — E<pt:(x |..t 2 > • 

The Hamiltonian is that given at the beginning of Section 8.2. As in classical 
mechanics. Ihc Hamiltonian can be separated into two terms. 

H = Hr + it, . 


where 


H 1 d 2 


H * = -2Mdir- +kR 

governs the motion of the center of mass 

K - SUi + vj> 


/)- d" I (k \ , 


determines the dynamics of the relative motion in the relative coordinate 


r = .i ’2 - x\ . 

Here M = 2m denotes the total mass, n = m/2 the reduced mass of die 
system. 

The separation of the Hamiltonian permits a factored imsat: for the sta¬ 
tionary wave functions. 


¥>#rU 1 ..T 2 ) = U\'{R)u„{r) 


with Ihe factors fulfilling the equations 
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Fig.8.6. Wave function q. > for stationary stales or u system of two coupled har¬ 
monic oscillators for low values of the <|uuu!urn numbers V and u. Note that ^7_(V]. -t? ) 
is symmetric with respect to the permutation m i. i • t -* (i \ |) for n even and antisym¬ 
metric for n odd. The dashed ellipse in the x\. plane corresponds to the energetically 
allowed region for classical particles. 


HrUhW) = (JV + \)ha>xUx(K) . 

H r u„(r) = (n + %)tUo,u„(r) 

For the center-of-mass and relative motions, respectively. The Functions Utf(R) 
and w„(r) are thus the eigenfunctions For harmonic oscillators of single parti¬ 
cles. as discussed in Section 6.3. The total energy E is simply ihc sum of the 
center-of-mass and relative energies: 

E = IN + + (n -I- i)tuo r . 

The energy spectrum now lias two independent quaniurn numbers. N for 
center-of-mass excitations, and n lor relative excitations. Figure 8.6 shows 
the stationary states ^eIai.-o) for the lowest values of quantum numbers ;V 
and n. 


Problems 


8.1. Determine the coordinate transformation and thus the new coordi¬ 
nates £|, £2 that transform the exponent of the Gaussian function for 
^n(.i|. -Vy>. as given in Section 8.1. to normal form so that we have 


Pd('i, a:) = /\ exp 


I 

■) 


<$1 -(^ l )) 2 . ( g 2 ~« 2)) 2 

> t 




n 



8.2. Give an argument why the shape ol the wave packel po(ai..V 2 . I) in 
Figure 8.2 changes with time as it does. Il may help you to look care¬ 
fully at Figure 6.6 for the single harmonic oscillator. 

8.3. Derive the relations given in Section 8.2 for the two normal frequencies 
at, and u)k fora classical system of coupled harmonic oscillators. 

8.4. Verify that the Hamiltonian for a system of two coupled oscillators can 
be decomposed into the Hamiltonian Hr for the center-of-mass motion 
and the Hamiltonian H, for relative motion, as given at the beginning 
of Section 8.3. 

8.5. In Section 8.2 the oscillators decouple for k - 0. The stationary Schrb 
dinget equation can be solved by a product ansatz in the variables 

V|,.V 2 , 


VF. I A* I. -*2) = <pEi U )(fiK 2 (*2> . E = E\ + F.2 . 

Show that tpF\(x 1 ). t 2 ) are then solutions of the stationary Schro- 

dinger equation for the one-dimensional harmonic oscillator 







9. Coupled Harmonic Oscillators: 
Indistinguishable Particles 


9.1 The Two-Particle Wave Function 
for Indistinguishable Particles 

The probability density /idC'i, •*},/) = t)\ 2 used in the last chap¬ 

ter described the joint probability of observing particle 1 at position \\ and 
particle 2 at x 2 . There is no difficulty with this notion as long as particle 1 can 
be unambiguously attributed to position x\ and particle 2 to \ 2 . lo so attribute 
them, however, presupposes that particles 1 and 2 have different identities, 
that they can be distinguished by properties other than being at different lo¬ 
cations or having different momenta. They must have different intrinsic prop¬ 
erties. for instance, different masses or different electric charges. A system 
consisting of an electron and a proton is one in which the two particles have 
different intrinsic properties. A system consisting of two electrons is not. lor 
such a system n is impossible in principle to distinguish the two particles it 
they are close to each other. 

To be more precise, we call two particles close to each other it their po¬ 
sition expectation values (x\), {x 2 ) differ by no more than the uncertainty to 
which these positions are known. As usual, we denote the uncertainties in the 
two positions by and a 2 . Then die two particles are close it 

({.vj) -<A 2 » 2 < rtf + of . 

|-or a system ol two indistinguishable particles close to each other, the two 
situations: 

1. Particle 1 is at x t. particle 2 at x 2 

2. Particle 2 is at vj, particle I at x 2 

cannot be distinguished, and we can only assert that one of the two particles 
is at x\ and the other at x 2 . 
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Thus, in general, the probability density for such a situation does not allow 
us to differentiate l>eiween the two particles. We therefore have to require that 
the probability density |\M.V|. \ 2 . remain unaltered if the two panicles 1 
and 2 are interchanged, that is. if their coordinates vj and v> are permuted in 
the argument of i\>. 

llK*i..V2,OI 2 = IV'Uj.ai.OI 2 . 

Nor can any of the measurable quantities distinguish the two particles. This 
means that the potential energy of the two particles must be a symmetric func¬ 
tion in the two position variables. 

V(xi.xj) = VU2.t|) . 

which, in turn, implies that the Hamiltonian of the two particles is also sym¬ 
metric not only in the momenta p\ = —iflO/Ox], p 2 -■ —\hil/Bx 2 but also in 
the two position variables a |. x 2 : 

h 2 3 2 h 2 3 2 

H{p\, pi.x\,x 2 ) = ■—-j - — t—? + V U1.A2) 

2 /;/ OaJ 2m 3 x; 

= HiP2-P\*X2*x\) • 

Therefore, togetherwith the solution qfir'tv 1 . o. r ) of the Schrddinger equation 

i h — T 2 - 1) = H\!i\x\,xiJ ) 

Ol 

the function \^ , {\ 2 .x l j) obtained by exchanging the arguments U 1 .A 2 ) is 
also a solution of the Schrddinger equation. Thus any superposition 

= tn/'Tv 1. x‘2,t) + b*l/\x 2 . A|. /) . 

where a and b are complex numbers, solves the Schrddinger equation 


ih — \j /{.vj. x 2 , r) = H 1//(ai. x 2 . 1 ) . 
ui 

The symmetry ol the probability density \tj/( v 1 , a?. Ol 2 under the permutation 
of v| and .13 puts constraints on the coefficients a and />. We have 

ltKvi.JT2.OI 2 = <I # Vl|^'(.V|.A2./)| 2 *f* b* h\*J f> {X 2 * A[. / )|“ 
a , byff ht (xi. xj. 1 (\ 2 , x \. / ) 

-P b*a\l/ u (x 2 , X ]. x 2 i I ) 

Comparing tliis equation with the corresponding formula for |i/'U \ V|, /)| 2 , 
we conclude that die equations for the coefficients are 

a*a = h‘h . a*b = b*a . 
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With factoring into absolute value and phase factor, 

a = |a|c” , b = IMc '' 1 . 


we find 


1*1 = \h\ 


= c 2»fl 


The periodicity of the exponeniial function fixes phase 2/1 relative to 2a mod¬ 
ulus 2n only, that is. 

== 2 a -f 2 wjt , n = 0 , ± 1 , ±2 . 

Thus only two values for the phase factor e l,H remain. 

= c »<«+nir) _ J. e kr 


and therefore 


b = ±a 


For the superposition we find 

=a\t\xi'X2'l)± V''(-V2,.t|,Ol - 

The overall phase c‘° is arbitrary for any wave function, and the absolute value 
a is fixed by the normalization condition for the wave function \ji U i, i>, / ). 
Putting everything together, we conclude that the wave function for two in¬ 
distinguishable panicles is either symmetric 

= |Rv>..Y| . f) 


or antisymmetric 

,/) = —\fri-X2. -Vi. /) 

under permutation of the two coordinates x\ and ai. 

flic behavior of these two types of wave function is characteristically dif¬ 
ferent. The particles having a symmetric two panicle wave function arc called 
Bose-Einstein panicles or bosons, those with an antisymmetric two-panicle 
wave function Fermi-Dirac panicles or fermions. The distinction between 
bosons and fermions becomes clear if we look at the values of their wave 
functions for the particular locations .v*i = * 2 - The symmetric wave function 
is not restricted for these locations, whereas the antisymmetric solution must 
vanish lor them: 

*U\JM)=0 . 

Titus, m particular, the probability density for two fermions at the same 
position vanishes. Furthermore, if the two-particle wave function * 2 . 1 1 
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is a product of two identical single-particle wave functions, the antisymmetric 
two-panicle wave function vanishes: 

tfr(*vI• a 2 »/) =^Ui,/M-V2.0 - = 0 . 

"ITiis result must be intcr|>reted as saying that two fermions cannot popu¬ 
late the same state, or that fermions must always populate different states. This 
phenomenon was discovered in 1925 by Wolfgang Pauli when he was trying 
to explain the fact that N electrons always populate the N lowest-lying states 
in atomic shells. The postulate of antisymmetric wave functions for fermions 
is called the Pauli exclusion principle. 

9.2 Stationary States 

As a first example, we look at the wave functions v^:U't, *:) for the stationary 
states of two bosons or two fermions. They are obtained from solutions of the 
time-dependent Schrddinger equation factored in time and space dependence 
in the form 

\J/ <x i, .12, /) = exp ^ j Em <pfA* i . * 2 ) • 

For the stationary wave function the result of the last section requires symme¬ 
try for bosons. 

¥>£t*l..V2) = V’A-U 2.A|) . 

or antisymmetry for fermions. 

¥>£U|..V 2 ) = - 

For the motion of two indistinguishable particles in a system of coupled 
harmonic oscillators, we start with the solutions obtained in Section 8.3 for 
distinguishable particles. The function tt„(r ). being a solution of the one- 
particle Schrddinger equation for harmonic motion in the relative coordinate, 
is itself either symmetric, u„< -r) = u„(r) for even n. or antisymmetric. 
M„(-r) = -u n (r) lor odd /;. Therefore the wave functions for two bosons 
are simply 

V 7 /? <*i. x 2 ) = U,\ (R )tf« (r ) . n even . 
and correspondingly the wave functions for two fermions are 

< 4 (ai..V 2 ) = U,\iR)u n (r) . n odd . 

The two sets of wave functions together constitute the complete set that 
we found for distinguishable particles. The symmetry or antisymmetry is ap¬ 
parent in Figure 8.6. The spectrum of energy eigenvalues of coupled harmonic 
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oscillators made up of distinguishable panicles splits in two. one describing 
the bosons. 

F = [N + -}-1// + 5 >tio) r , n even . 

die other one the fermions, 

F = (jV-F + (« + 3 )/lwr . « odd - 

9.3 Motion of Wave Packets 

In order to describe motions in our system of coupled harmonic oscillators, 
we have to solve the time-dependent Schrodinger equation 

,h t = H ‘ i ' ■ 

If \</{x\,X 2 *t) is a solution with the initial condition \M.ri,* 2 - /<i). then 
x \,/> is also a solution corresponding to the initial condition i, 
v i. /q). This is guaranteed by the symmetry of the Hamiltonian in coordinates 
and momenta of indistinguishable panicles, as discussed in Section 9.1. 

Again, by symmetrical ion or aniisymmeirization. we obtain still other so¬ 
lutions of the time-dependent Schrodinger equation. They are 

^rUi.a 2 ./| = + lAlvi.vi.nl . 

tM*|.*2.0 = c/|.-|^(.V|, *j.f) V'<*?T|,/)| . 

and correspond, of course, to symmetric or antisymmetric initial conditions 
The numerical factors </r. tip ensure normalization of the corresponding wave- 
packets. 

As a lirst example, lei us consider the motion of two bosons forming a 
system of coupled harmonic oscillators. In Figure 9.1 the joint probability 
density 

= WRUl.T 2 .nl 2 

and the marginal distributions /?bi(a|. f) and puj< \. /) are shown for several 
times i = /(>. f|.. t\< F.xeept lor the symmetrization of the wave func¬ 

tion. all parameters are die same as those for distinguishable particles, whose 
motion was illustrated in Figure S.2. In particular, the trajectory of the classi¬ 
cal particles m die A|, a 2 plane is identical in both figures. Since the position 
expectation values v n„ r>o at initial time t - /<i are fanher apart than the 
width of the unsymmetrized wave packet in Figure X.2, we observe for 1 = to 
two well-separated humps corresponding to points a i = V|<i. X 2 ■ V 2 n. and 
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\ i = a 2 <i. a: ak,. respectively. The marginal distribution pui(A i.ro). which 
describes the probability that one particle of the two will be observed at vj. 
irrespective of the position of the other one. also has two humps. The two 
humps again reflect the fact that the two particles cannot be distinguished. 
Then, of course, the marginal distribution /»b:< a 2 . 0 has to be identical to the 
marginal distribution pbi 1 v t- /). In pursuit of their motion, the particles attain 
a distance smaller than the w idth of the unsymmetrized wave packet. In this 
situation the two humps are no longer separated but merge into one For a 
later moment in time they are again separated, and so on. 

Figure 9.2 show s the corresponding motion of two fermions. For / = /<». 
when ihe two particles are well separated, the situation looks qualitatively 
similar, but it becomes strikingly different when the particles move close to 
each other. The hump splits along the direction x \ = A 2 . where the probabilily 
density is exactly zero as a consequence of the Pauli exclusion principle. In 
fact, for fermions the probability density vanishes for locations 11 = a: at all 
moments in time. At no time can two fermions be at the same place. 

Figures 9.3b and c show the time developments of the marginal distri¬ 
butions /» H >-<a. /) for two bosons and for two fermions forming a system of 
coupled harmonic oscillators. The difference between the two is much less 
striking than that between the corresponding probability distributions of Fig¬ 
ures 9.1 and 9.2. But still a trace of the Pauli exclusion principle is visible in 
the marginal distributions. Near the center of Figures 9.3b and c. where the 
particles are close to each other, the two humps arc farther apart for fermions 
than for bosons. For purposes of comparison, the time developments of the 
two marginal distributions for the corresponding system of tw f o distinguish¬ 
able panicles are given in Figure 9.3a. 

9.4 Indistinguishable Particles 
from a Classical Point of View 

The quantum-mechanical description of the motion of indistinguishable par¬ 
ticles poses ihe question whether the classical concept of the trajectory of a 
particle can still be upheld or whether it has to he given up. Looking at the 
joint probability distributions for indistinguishable particles in Figures 9 .1 and 

9.2, we observe two distinct humps as long as ihe classical positions are far 

apart. The center of either of them moves along its classical trajectory with 
the initial positions 

Tj = Ajo , T2 = *2(| . 

or 


A | = *20 , 


T2 = *1(1 , 



Fig. 9.1. Joint probability density and marginal distributions for two bosons forming 
a system of coupled harmonic oscillators. The joint probability density pbU|> 1 ) ls 
shown ns a surface over the 11 . i 2 plane, the marginal distribution lR|< vi. f > as m curse 
over the margin parallel to the.»i axis, and the marginal distribution pnzUz.' * as » curse 
over the other margin. The distributions are shown for various times i, — to. 1 1 .. . 'v* 
flic positions of the classical particles are indicated by dots in the plane and on the 
margins: their motion is represented hy the trajectory in the 11 »: plane. 
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Fig. 9J. <a»Time developments of the two marginal distributions for two distinguishable 
particles forming a system of coupled harmonic oscillators. Time developments «»f the 
marginal distributions />h.i n. r Tor the corresponding systems or th) two bosons and 
let two fermions. 
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where .i id, a 20 itrt* the position expectation values of the probability distribu¬ 
tion for distinguishable particles This observation suggests that although the 
particles are indistinguishable in their intrinsic properties, they can under the 
given circumstances he distinguished by their position. Thus if we eall the 
particle that ai / — / ( , is in the neighborhood of vm particle I and the particle 
that is close to x 2 o particle 2 . it is perfectly consistent to say that particle I 
stays in the neighborhood of the trajectory (.\ [< 0 ) and particle 2 in that of 
(x 2 (t)). as long as the two humps are well separated. Here. <.V|(r» is the ex¬ 
pectation value of the coordinate ,i| for the wave packet of distinguishable 
particles ami also the classical position ol particle I at time /. As soon as the 
particles come closer to each other than the widths of the humps, there is no 
longer a clear correspondence between the classical trajectory and the struc¬ 
ture of the probability density. Once the positions are separated again, a new 
correspondence can be established 

A look at the relevant formulae justifies this reasoning. The wave functions 
V/r. for bosons, and if/?, for fermions, were obtained from that for distinguish¬ 
able particles, V'. by symmctrizalion and aniisymmetrization. 

The probability density is found by taking the absolute square. 

PB.fUi.-V 2. M = *2. Ol 2 

= K.H 2 [PdUi ■ - v 2* / > + Pd(* 2. 0 ± r(.V|,.r 2 ./)| 

Here 

PdUi»-V 2.0 = IV f (vi..v 2 ./)| ; 

is die joint probability disirihution for distinguishable particles with coordi 
natc x\ corresponding to particle I anil coordinate \ 2 to particle 2 . I he density 

Pd(*T2.*|,M = 

describes the situation in which particles I and 2 are interchanged. 

The term 

Tl.V|.A 2 .r) = ^•(A‘|.A 2 . ^ * (v 2 . x\,t)lr (x i. .v>, /) 

is called the interference term. This term is practically zero unless the two 
particles are closer to each other than the width of the single hump. To show 
this, we consider the particular point x\ = A|», .v 2 y 2 o in the top lelt-hand 
comer of Figure H. 2 . Clearly here ^('io. * 20 . r) and its complex conjugate 
have large amplitudes, whereas V'Uzo. -vn>. t » and ii** complex conjugate prac¬ 
tically vanish. Figure 9.5. which shows the interference temi r(.v|..v 2 .M for 
various times t = to. f|.... . /,v. verifies the nature of the interference term. 
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Fig.9.4. Symmetrized probability density for two distinguishable particles forming a 
system of coupled harmonic oscillators. All initial conditions are the same as those for 
Figure 9.1. 
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The figure corresponds in all conditions to those of Figures 9,1 and '>.2. In 
fact, these figures were obtained using the complex formula for />n f< vi. * 2 - 1 1 
given earlier. In Figure 9.4 only the sum of the first two terms - the interfer¬ 
ence term is excluded - is plotted. We see that the interference is comparable 
to die sum of die other two only when these overlap, that is. when the panicles 
are dose to each other. 

The probability densities for bosons in Figure 9.1 and For fermions in Fig¬ 
ure 9.2 are obtained from die symmetrized probability density for distinguish¬ 
able panicles given in Figure 9.4 and die interference term given in Figure 9.5. 
We summarize this discussion by emphasizing that the probability density for 
indistinguishable particles is obtained by symmetrizing the probability den 
sity for distinguishable particles and adding or subtracting the interference 
term. This term contributes only it the particles are sufficiently close to each 
other. Thus the concept of classical trajectories can lx* maintained as long as 
we arc ahlc to distinguish the particles by their initial positions and as long as 
we refrain from localizing them individually in the overlap region. 

Finally. figure 9.6a gives the marginal distribution for the symmetrized 
probability density for distinguishable particles, which, of course, is nothing 
hut the sum of the two marginal distributions lor distinguishable particles. 
Figure 9.6b shows the marginal distribution for the interference term. Again, 
the marginal distributions for bosons can be constructed by adding the distri 
billions of Figures 9.6a and b. those for fermions by subtracting the distribu¬ 
tion of Figure 9.6b from that ol Figure 9.6a. 

In Section 8.3 we pointed out that for distinguishable particles there is no 
difference between the classical time evolution of a Gaussian phase-space dis 
tribution of two coupled harmonic oscillators and of the Wigncr distribution 
(cf. Appendix D) of a corresponding Gaussian wave packet. This correspon¬ 
dence no longer holds true for indistinguishable particles because of the ap¬ 
pearance of the interference terms. The classical description of indistinguish¬ 
able particles in terms of a phase-space distribution amounts to symmetrizing 
PdUi . /1 and is thus given by 

As(-V|,.t 2 ./) = {|PD(A|. VJ./) + A)(-V 2 .A|.f)| . 

cf. I igure 9.4. for the initial data of the situation under consideration. 


Problems 

9.1. Which eigenstates of the system of two coupled harmonic oscillators, 
as plotted in Figure K.6. can he occupied by bosons, which by fermions? 


FIr. 9.6. Time development of the marginal distribution for the symmetrized prob¬ 
ability density for two distinguishable particles and (bf the marginal distribution for 
the interference term fur two indistinguishable particles. The particles form u system of 
coupled harmonic oscillators. Ml initial conditions are the same those* for Figure 9.3. 
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9.2- Show that the eigenfunctions for the coupled harmonic oscillators must 
have the symmetry properties with respect to the permutation of' V|. x? 
observed in Figure 8.6. 

9.3. Compare Figures 9.1 and 9.2 with Figures 9.4 and 9.5 and characterize 
the role of the interference term in distinguishing bosons and fermions. 

9.4. Electrons are fermions. They possess intrinsic angular momentum which 
is called spin s and can assume the two projections ±h/2. The wave 
function for an electron in a one-dimensional potential is fully charac¬ 
terized by the spatial wave function ^(.\ > and the spin projection. The 
Pauli exclusion principle then allows two electrons to occupy the same 
spatial state since they can assume two spin projections. 

A number N of electrons is to be accommodated in a potential well 
of width d with infinitely high walls. What is the minimum total en¬ 
ergy of all electrons? For the minimum total energy, what is the highest 
energy an electron assumes? Express it in terms of the ground-state en¬ 
ergy! How does this compare to the situation in which the potential is 
occupied by N bosons? 

9.5. Solve the preceding problem for the harmonic-oscillator potential. 


10. Wave Packet in Three Dimensions 


10.1 Momentum 

The position of the classical particle in three-dimensional space is described 
by die components x . v. z of the position vector. 

r = (r. y. z) - 

Similarly, the three components of momentum form the momentum vector: 

P = <P.',PyPz) • 

Following our one-dimensional description in Section 3.3. we now introduce 
operators for all three components of momentum: 


P ' = l8Tx 


Pr = 


P: = 7 iic 


The three operators form the vector operator of momentum, 

* » ( '<' !l {l \ n V7 

P = ( „ J . Pv . / ,, = T j = -v . 

which is the differential operator V. called nabia or del. multiplied by h/\. 
The three-dimensional stationary plane wave 

* <r) = i^ ex Ki , ''0^2^ exp (/T , '°) 

x <dW exp (iM 
= i 2 ^ U exp G '’ r ) 




p r = p,x + p v y + p : z 
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is simply the product of three one-dimensional stationary waves ot' the mo¬ 
mentum components \> x . />,. and /».- corresponding to the three directions a. 
s. and : in space. The surfaces of constant phase A are given by 

Vr = <5 . 


They are planes perpendicular to the wave vector 

The wave vector is the three-dimensional generalization of wave number I 
in one dimension, as introduced in Section 2.1. It determines the wavelength 
through the relation 

2 rr 

The three-dimensional stationary plane wave is a simultaneous solution 
also called a simultaneous eigenfunction - of the three equations 

PxV p(r) = Px* P (r) . Py<Pp(r) = p y v plr) . p z y p { r) = p z y p (r) 

The three numbers p x . p x . and p z forming the vector p are called the momen¬ 
tum eigenvalues of the plane wave «/> p (r). 

The three-dimensional lime-dependent wave function, like the one-dimen¬ 
sional, is obtained by multiplying the stationary eigenfunction by the 
energy-dependent phase factor. 


(-H • 


E = 2M = 2' '' * /r) ■ 


that is. 


= ^,(-v . 

Here M is the mass of die particle. This time-dependent expression for the 
three-dimensional harmonic wave also factors into exponentials correspond¬ 
ing to the three dimensions. 

The three-dimensional free, unaccelerated motion of a particle is again 
described by a superposition of these plane waves with a spectral function. 


/«I Px I fy(P\ )/r ( P: I . 


UI ’ J = a^r^= exp 


< /'.i PiiO)~ 


a = x, v. z 


10.2 Quantile Motion. Probability Transport 
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which is the product of three Gaussian spectral functions centered around 
the expectation values <p,o. p v o. P-. o) = Po with the widths o r . a r> . <j p .is 
introduced hi Section 3.2. The superposition of the functions ^ p (r - r ( ). r) 
with the spectral function f<pi is given by 

i'/(r,/) = 

It represents the moving wave packet that starts at / = 0 around point r ( > 
with the average momentum p ( ». Because of the product forms of /(pi and 
v'/pir - rii, /). the equation can also be written in product form, 

(fr(r.f) = . 

where the meaning of the symbols can easily be inferred from die one-dimen¬ 
sional wave packet of Section 3.2. 

The set of the upper three plots of Figure 10.1 shows die probability dis- 
tribution |^(.v, y, 0, /) : in the a . y plane of the moving wave packet for the 
initial moment in time, to = 0 and two later ones. The straight line in the 
.v. y plane marks the classical trajectory that has been chosen to lie in this 
plane. The dots indicate the positions of the corresponding classical parti¬ 
cle at the three moments in time. The probability distribution shown is a 
two-dimensional Gaussian dispersing in time. The ellipse encircling the hell 
shaped bump comprises a certain fraction of the total probability. It is the 
covariance ellipse, which was already discussed in Section 3.5. As the wave 
packet disperses, this ellipse grows in size. For a Gaussian wave packet this 
ellipse completely characterizes die position and the degree of localization 
of the particle in the y plane. The complete three-dimensional Gaussian 
wave packet is then characterized by a covariance ellipsoid. The lowest plot 
of Figure 10.1 shows the ellipsoids that correspond to the three situations of 
Figure 10.1. 

10.2 Quantile Motion, Probability Transport 

In Section 7.1 the quantile motion was introduced for one-dimensional prob¬ 
lems. We consider two different probabilities P\ < Pi with the two quan¬ 
tile trajectories a/>,(/). a/*,U). Then, the difference Pi P\ is the time- 
independent probability contained in the interval .v/» : (0 < r .*/»,(/>. i.c.. 

/ <?(*,/) d.V = Pi - P { . 

iv/stn 

For three-dimensional systems a corresponding statement holds true. We 
denote by V, the image at lime t of the volume V,„ at time to under the trans 
formation 


j /(p)tM r ~ r o- Od’p 



IHIlfilllll 


flflHIUi 


T: i !U 
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r = r(r, x) 

of every point x in V, 0 into r g V,. The transformation r(r. x) is the solution 
of the different ini equation 


art/, x) 

at 


v(r(f. x). t) 


with the initial condition r(/ () . x) = x. Here the velocity field v(r. i ) is the 
quotient v(r, t) j(r, /)/£»(r. M of the probability current density j(r, /) and 
the probability density ptr, t) of the quantum-mechanical system. With these 
provisions the statement reads: The probability P contained in the volume V, Q 
at time to is contained in the volume V, at lime /. 


/ Q(r,t)d\=P . 

Jv, 

We consider the force-free Gaussian wave packet of the last section. If for 
simplicity we choose all momentum widths equal. o r> o Pt = a !>: = o p . il 
has the probability density 


g<rf) = (2 ff )3^(,) exp ( 


(r - r» - vu0 2 \ 

2n'-U) } 


w ith the initial expectation values of position ro = Uo. yo, zo) and of velocity 
vo = (iji,, i»o v . to?) at t = 0. The square of its time-dependent width is 
C7 : </) = -f (o p t/m)‘, where on = /i/(2rr r ). 

In Figure 10.2 we show quantile trajectories for this wave packet. They arc- 
curved lines, even though the motion of the wave packet is force-free. This is 
due to the fact that the dispersion of the Gaussian wave packet follows the 
width o[t). which is a non-linear function of time. 

In fact, the quantile trajectories for the force-free Gaussian wave have the 
form 

n(t) 

r(/, x) es ro 4- vof +-(x-r n ) 


Fi^. 10.1. A three-dimensional (i mission wave packet moves freely In space. Its position 
expectation value moves on a straight line in the ». y plane. The first three illustrations 
show for three equidistant moments in time the probability density in the >, v plane as 
a bell-shaped surface, the expectation value as a dot on the plane, and the trajectory of 
the corresponding classical particle as a straight fine in the plane. The covariance ellipse 
encircling the surface comprises a fixed fraction or the total probability. It contains the 
complete probability density information for the i. v plane. The complete information 
for the three-dimensional probability distribution is given by the probability ellipsoid. 
It is centered around the position expectation value and shown at the bottom for the 
three moments in lime that arc depicted separately in the first three plots. The classical 
trajectory in space is also shown. 
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y 


i 



I-i*;. 10.2. The expectation value of a free three-dimensional spherically symmetric (luus- 
sian wave packet, which initially (nl lime / = f„| lies in the < v plane, moves in the positive 
i direction. As initial volume l‘ f , comprising the probability /' a sphere anmnd the ex¬ 
pectation value is chosen. Quantile trajectories x/»(f > of points which at f /<> lie on the 
surface uf V ( , at later limes lie on the surface of volumes which also comprise the same 
probability P. In this simple example all volumes V, are spheres. The plot shows the 
cuts r = 0 through three spheres V',„. \ r , V, 3 which are circles and trajectories in the 
». « plane. All parameters an* as in Figure 10.1. 


For a given probability P the initial sphere V tlt with the radius Ay/• consists 
of all points x which satisfy the inequality x i*o| = x • Ko,p Al times 
i > 0 the points x arc mapped inlo the points r(/. x). The mapping r</. x) 
satisfies the above differential equation. Also images V, of V l(t are spheres. 
They contain all the points r(/. x) with x € V h . 

The initial radius /y/* of the sphere is determined through the quantile 
condition, i.e.. 



<2.t> 


•V2„ 3 


exp 


»o 



x‘ cLr d cos d d(/> = 


P 


which leads to the equation 




where erfc.t denotes the error function discussed in Section 7.5. I he time- 
dependent radius of the sphere is determined by 


Hp{t) = U A‘o /• 

rr.. 
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10.3 Angular Momentum, Spherical Harmonics 


Three-dimensional motion is further characterized hv angular momentum. For 
a classical particle it is simply the vector product of the position vector and 
the momentum vector. 

h = r x p , 


or m components. 


a* = ypi - zp\ . 


A v = ZJ) I - xp z . L : = Xpy - yp X 


The quantum-mechanical analog is obtained by inserting the operator of mo 
mentum p = i///i)V into the classical expression for L. I'his yields the vector 
operator of angular momentum. 

L = r x p -r x V 
i 


or in components. 



Whereas the components of momentum commute with each other, (hat 
is. | p x . pvl - p.<p> P\P* = and so on. the components of angular 
momentum do not. In fact, the commutation relations are 


[A,.AJ = iAA : . lly. A-J = i/>A, . [L, L x ] = \hL> . 

Because the commutators do not vanish, an eigenfunction ol /. cannot in 
general be an eigenfunction of l, x as well. If. in addition to the eigenvalue 
equation 

i. : Y = F.y . 

the relation 

L X Y = ( V Y 

would also hold, we would in general have a contradiction lo the commutator 
relation [A v . A,-) - \hL, when applied to the eigenfunction Y : 

(A v /. ; - l : l. y )Y = ( i\i : -t J y )Y = 0* ihLjtY 

This observation is tantamount to the statement that noncommuting operators 
do not have simultaneous eigenfunctions, except for trivial ones. 

There is. however, another operator, the square of the vector operator of 
angular momentum. 


£* = £? + £* + « . 
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which does commute with any of the components: 

|L 2 , L a \ = 0 . n = x, z . 

This relation is easily v erified with the help of the commutation relations, for 
example. 

17-i + iJ + iliz ) 

= + +L y \L<,i\i + iLy,L:\L > 

= Ly) - i l)L v L x + Lyl\h)L x +i hL K L v =0 . 

Thus, simultaneous eigenfunctions for 1/ and any of the components, for 
example. / , can he found. For the following discussion it is convenient to use 
polar coordinates r. 0, and tf> rather than Cartesian coordinates .v, v, and z- 
In a polar coordinate system a point is given by its distance r from the origin, 
its polar angle 0. and its azimuth The relations between the coordinates of 
the two systems are 

x = rsinflcos 0 . 
v = r sin d sin 4> . 
z = r cos »’> . 


In polar coordinates the operators of angular momentum are 



We can write eigenvalue equations for the two operators 1/ and 

Vr lm = + n/rK,„, , 

= mhY tm . 


Both operators have as eigenfunctions the spherical harmonies )'r m (0.0). 
which are discussed in the next paragraphs. The eigenvalues of the square of 






Iij». 10.4. Graphs of the associated Lcgcndrr functions /*f n I n I, lop, and of the absolute 
squares of the spherical harmonics bottom. Except Tor a normalization fac¬ 

tor. the absolute squares of the spherical harmonics are I he squares of the associated 
Legendre functions. 
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angular momentum are C(C 1 1 h : . This quantum number of angular momen¬ 
tum ( can take on only integer values I = 0. 1,2.Thus, in contrast to 

classical mechanics, the square of angular momentum can take only discrete 
values that are integer multiples of /r. Correspondingly, the eigenvalues of the 
z com/nm cut I. of angular momentum are mh The quantum number m can 
var>' wily in the range —i < m < ( . In fact, m takes on only integer numbers 
in this range. For historical reasons quantum number m is sometimes called 
magnetic quantum number. 

The spherical harmonics <f>) have an explicit representation which 
is commonly based on Ihc Legendre polynomials 


I d' r 1 , /I 
P|,( " > = 2 7 f!du 7 [ ( " _1 J • 

Figure 10.3 shows the plots «>l these polynomials for f =0, 1.2.9. and 

the domain — I < u < 1. 

The Legendre polynomials arc special cases of the associated Legendre 
functions P™, which are defined by 

Pfdl) = (1 . ,,,=0.1.2. ( 


The lop pari of Figure 10.4 gives their graphs for f = 0. 1. 2, 3. 

Finally, form > 0, ihc spherical harmonics Y (m have the representation 


VuuW.Q I - (-0* 


I 

I 

I 


V 


2( -F 1 

4.7 


if-m)l 
U • m)! 


rf'iCOS,} )£*** 


For negative tn - — I. 2. . . t I he spherical harmonics are 

Whereas the Legendre polynomials P,(u) and the associated Legendre 
functions P”(u) are real functions of the argument u, the spherical hnrmon 
ics Y( m arc complex functions of their arguments. As an example. Figure 10.5 
shows the real and imaginary parts as well as the absolute square of Yj m (&, <p\ 
As the definition and the plots indicate. | | J depends only on 0 In fact, ex¬ 
cept fur the normalization factor, it is equal to [ P™ (cos fl)|\ For comparison, 
lltc bottom of Figure 10.4 plots | Yf m | 2 below P' ( n for i = 0. 1.2. 3. 

Since the variables of the spherical harmonics arc the polar angle i> and 
Ihe azimuth <t> of a spherical coordinate system, it is advantageous to repre¬ 
sent | Yfm I” in such a coordinate system. This is done in Figure 10.6 where 
\Y tni (i>, </>)| 2 is the length of the radius subtended under the angles and </> 
from the origin to the surface. In this way | Kuol’ - l/(4;r) turns out to be a 
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Fig. 10.5. The spherical harmonics > i m arc complex functions or tile polar angle i', with 
O - if < a, and the azimuth*, wilht) < 2rr. They can be visualized In shnvring tlieir 
real and imaginary parts and their absolute square over the d. plane. Such graphs are 
shown here for i - 3 and rn 0. I. 2. 3. 


1*1 



Fig. 10.5. (continued) 

sphere. For all possible values t and m the functions \ Y im \ : are rotationally 
symmetric around the z axis. They can vanish for certain values of \J. These 
called nodes if they occur for values of other than zero or 7r. It should 
that \Y(t\' does not have nodes, whereas IK/,,,)' possesses f |m| 
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Hu. 10.6. Polar diagrams of llic ubsoluti* squares of On* spherical harmonics. The distance 
from (hr urigin of the coordinate system to a point »n the surface seen under the angles 
• and ^ is equal to >| J . Different stales are used for the individual parts or the 

ligure. 


I <1.4 Means and Variances of the Components of'Angular Momentum 


187 


The Legendre polynomials possess the following artlumomalityproper- 




( " ,d " = 27T7®" 


Here <!>,, is the Knmcckcr sxinbol 


= 


f = e 
t * *' 


(The expression orthoHonnality steins from the similarity of the integral with 
a scalar product, cf. Appendix A. so that Legendre polynomials with different 
index can be considered orthogonal to each other, i 

For the spherical harmonics the orthonormality relation reads 


/ / ^Z*( | MMw(0.0)dcos0d0 = Sit - 

J COS l» - | 

Since the integral is extended over all possible angles t> and (p one eau say 
that integration is performed over the lull solid angle Q = 4jt and one writes 
the above integral in the somewhat abbreviated form 

I y 4>)Yl m W. >t> I JJ? = StrSmm’ ■ 


10.4 Means and Variances of the Components 
of Angular Momentum 


In Seciion 10,3 we discussed the eigenvalue equations for the spherical har¬ 
monics 

t 2 Ytm = ^'U' + D^ , 

L-.Y(m = hniY rm . 

Application of the operators L x and L v y ields 

/i /- 

L i 1 on — * y 4- I ) — fl|(W! 4- 11 Yfm r I 

n ,—.- 

- - */f<f + 1) -m(m- 1) r„n -1 . 

. ti - 

= —y€(f 4-1) m(/« 4- I)T^+| 

• -l»V™ i . 

showing that the Y tm are not eigenfunctions of L x , L v . 
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With the help of the orthononnality relations of the spherical harmonics 
given at the end of Section 10.3 we calculate the expectation values of the 
three components and of the square of angular momentum. 


(L x ) tm = 

1 Y; m fa<l>)LiY, m W,t) dI2=0 . 

{Ly)tm = 


(/-;)»« = 

1 Y; m 0.<t»i t Y lm {(l.<t>UiS2 = mh . 

(1- 2 )#m = 

f <t»L 2 Y lm {0- <p)dn = ai + m 2 


Obviously, the expectation values of the three components (O.O.ih) cannot 
be interpreted as the three components of a vector, since the modulus square 
of such a vector is nr. which is always smaller than the expectation value 
({(+ I )h 2 of L 2 , 

<£.,)L + (i-.v)L + (ML = »< : lr S Hi + I )tr . 

The reason for this astonishing result becomes obvious if we calculate 
the expectation values of the squares of the angular momentum components. 
Since Y tm is an eigenfunction of L : . we find 

= j = h : »r ■ 

For the two other components we make use of the equations lor L v and 
L y Ytm given above and get 

= j Y;„{t>.<t»Li y Y lm (0.t)>U2 = y [f(f + I) - »r] - 

The non-vanishing of these two expectation values resolves the 

above difference. 

(£;>/,„ 4- „ 4- {Lz)( m 

= — [w + I) - wr] + [((f + !) - in'] + »V = *<*+•> • 

With the help of the results for the expectation values of the squares of the 
components we calculate the variances of the angular-momentum components 

<var(Z.;)) f(n = [l\ - = < L l)«* ~ h = 0 • 

(var(L, = T + 11 ] ’ 

(varlL,.))^ = (4-=(/.;>(„ = y[f(f+I)-'"'] • 


10.5 Interpretation ol ihe Liigcnfunciions ol Angular Momentum 


The uncertainties 


UW., v ;lr>. = (var(/., v 


of the three components of angular momentum for the eigenfunctions turn out 
to be 

(AL x ) lm = {ALy)t m =tl-j=[Ht+U--m 2 ] . = 0 . 

This shows that the eigenfunction Y, f belonging to the eigenvalue w = f 
plays a particular role among the set t < ni < i: 

(i> For YuU't. <p) the value of die c component m = ( is closest to the 
expectation value of the modulus y/t(f 4- I). 

(ii) The uncertainties ol the three angular-momentum components are small - 


For these reasons we shall take (he eigenfunction Yu{0, tp) as the quantum 
mechanical ‘•tale corresponding most closely to the classical vector 

L = (/-,>„e- = /J to¬ 
ol angular momentum. Here e- is a vector of unit length pointing in the : 
direction. 


10.5 Interpretation of the Eigenfunctions 
of Angular Momentum 

In Section 10.3 we found the eigenfunctions of angular momentum to be com¬ 
pletely specified by the eigenvalue fit 1 >/r of the square L of the angular- 
momentum vector operator L = (/-*. L v . L : ) and by the eigenvalue nth of 
L the : component of L. Ihe choice of this particular coordinate frame is of 
no special significance. In order to distinguish tins frame from others we shall 
indicate the : direction e — (0. U. 1 1 explicitly in ihe corresponding spherical 
harmonics by replacing the notation. 

— Y lm (d.<l>,e z ) . 

We choose another direction denoted by Ihe unit vector n - (n.,.n v . n : ) as 
the - direction of another coordinate system. In this frame the polar angle is 
denoted by O’ and the azimuth by tf> r . The eigenfunctions of I. and = 
n L = n x i x 4 r n y L y 4- n z L : are then <f>\ n). We shall denote the 
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polar and azimuthal angles of the direction n in the original coordinate system 
by 0 and <t>. 

n = <sin H cos <J > . sin H sin <P. cos 0 ) 

In Section 10.4 we found that the eigenfunction Y lt {d.<p. n.i is the quan 
tum-mechanical state which most closely resembles the classical angular-mo¬ 
mentum vector 

L = {/.'),, n = fun . 

We now analyze the wave function 0, i\ > of total angular momentum 

ifl and c component nth hy the wave function 0. n> Al this moment 
die reader is encouraged to turn to the discussion in Appendix C about the 
analysis of a wave function by another wave function. In the present case the 
analyzing amplitude is 

■ - *n> . <£>. n i Yr m {&. </». c -1 d cos & <10 
= A'O$(0,fc>.O) . 

These functions and the notation were introduced by Eugene P. Wigner 
and are known in the literature as Winner functions The normalization con¬ 
stant V will he determined in the sequel. 

We consider the absolute square of the analyzing amplitude 

al-’ = /■„„(«. «/>) = 1AM 2 1= !M 2 [■/-(«,]- 

Here, (<-)) is also referred to as a Wigner function in the literature. It has 
the explicit representation 


in (20! / V ( . &V 

ri) 


These functions are shown m Figures 1U.7 and 10.8. In our discussion in Ap¬ 
pendix C we found thal |r/ : is a probability density describing the result of 
the measurement performed on a physical state described by one wave func¬ 
tion with a detector characterized by another wave function. In the partic¬ 
ular case at hand the physical state is described by the spherical harmonic 
0. e ) The detector with which wc want to measure the direction n of 
angular momentum is characterized by the spherical harmonic >(i‘>. 0. n). 

By an appropriate choice of the normalization constant 

, (2t+l)U + D r # . . . 

.V|" =--— - for T = 1.2.3. 


the quantity 
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Fig. 10.7. Polar diagrams of the Wigner functions <^','<(9). Lines I and 2 show the 
functions for i' I 2 and m t, t - 1. — Lines 5 and 4 give them for > — 3. 4 

and m — t. r L , 0. Tile functions are independent of «#». The) have large values 
only in u restricted region of (-). Thai region Ls near H U Tor m - > and decreases in 
regular steps via & = n/2 form — 0 to <-) = n for m = -f. 












m 
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Fig. 1».S. Polar dlaRHims of the directional distributions '/M for t - I. 


is turned into a directional distribution fulfilling the normalization condition 

flX f\ 

(n ) lf = I n{&.<P)frt((~). videos H dd> = e 

The distribution defines the probability for the observation of a 

direction within the sofid-an^le element 

df2 = d cos (-) dd> sin (~) df) d<P 

positioned about the direction n characterized by the polar angle (-) and the 
azimuth <t>. 

d P - - - - /<,{&, *P)dS2 . 

We now introduce the “classical" angular-momentum vector with integer 
length ft I: 

[„((r),(P) = hm<V,<P) . f = 1,2. 3,... 


Calculating its expectation value with the distribution d*) yields 
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(L, )r, = I <P) /«< ti. <P) dJ? = f/ie.- 

Normalizing the functions f fH ,(W. */>> with the same constant |.V| : . 


, _ _ (2f + 1 )(£ + 1) 


K'H 2 . 


we find that 


(Lt>/m = j L,<e. 0)h„,{(->, <P)<in = m/te ; . 


Therefore, we can also interpret the functions <P) as a measure for 

angular-momentum probability densities. The probability of detecting in the 
state the angular-momentum vector L, within the solid angle df? posi 
tioned about the direction characterized by & and <i> is 


dr = — . 

The “classical” average values {L, - mtu? T arc the same as the quantum- 

mechanically calculated expectation values. 

(!.)/„. = J Y;jD. 0, i\- <l>, e ; )d n = mht : , 

as obtained in components in Section 10.4. Also the expectation value 

<L 2 U=ru + l)/i 2 

of the square of the angular-momentum operator I. is reproduced by the dis¬ 
tribution <P) of angular momentum. 


/ Lft®. 


df2 = tit I Dir • 


We may now ask what angle (-) the angular-momentum vector L, forms 
with the - axis in the state Y (m . As a lirst step we form the marginal distribu¬ 
tion with respect to cos H of the distribution ). 

ftm cos ^<COS H) = j f/vdt-K <P)d<t> = 2-t/,0) . 

We turn this into an annular distribution in (-) by using the transformation 


//W«(0) = ftm conN(COS^) 


d cos (-) 
d(-J 


2nfr n ,{&. 0) sin <-) 


Polar diagrams of these densities are shown in Figure 10.9. 






Fig.10.9. Pnlur diagrams of the distribution far the polar angle h «*r the 

direction of angular momentum. Fines I and 2 slum (hr functions for i 1,2 and 
m — (, ( I. -f. Lines 3 and 4 give them for t - 3, 4 and m - t . i 1. 0. 
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Fig. 10.10. Polar diagrams of Ihe angular distribution The lop left plot contains 

all polar diagrams for t I. In addition each polar diagram contains a line from Ihe 
origin to the point I. where is the angle for which . has its maximum. 

The second plot from the left in the lop row shows the seniiclassical angular-momentum 
vectors I.] c w which have polar angles similar to Pairs of plots or and 

are also show n for > 2. 3. and 4. 

The figures show clearly that the distribution is concentrated 

about a max i mum value at With the explicit form of ihe C (6») given 
before, the angle <$f„, can be calculated from the above formula in the form 
of 

m 

cos = - - 

e + 2 

We compare tins with the angles ol the seniiclassical vector model as in¬ 
troduced by Arnold Sommerfeld before the advent of quantum mechanics to 
account for the quantization of angular momentum. I le postulated Ihe angular- 
momentum vector in atomic physics to be of length y/t{f + 1 )ft. and z com¬ 
ponent mh as shown in Figure 10.10. The angles of the various semiclas- 

sical vectors ol z component mh are determined by 



which for t » I approaches the above lormula for if one neglects terms 
of order (I/O' and higher in the denominator. Also for small values of f I 
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Fin-10.11. Polar diagrams of llu* directional distribution >P ) for £=1.2... .6. 


the angles (~) fm and 0} c m do not differ very much; for ( = 1, m = 1. we find 
= 45° as compared to (r) (nl ^ 48°. 

To conclude this section we turn back to the directional distribution 
(P). In Figure 10.11 wc show polar diagrams of <t>) lor in¬ 

creasing values ol i I he distributions become more and more concentrated 
around the z direction. In the classical limit i — the distribution is differ¬ 
ent from zero only in die z direction. 

10.6 Schrodinger Equation 

As we did for the one-dimensional harmonic wave in Section 3.2, let us com¬ 
pare time and spatial derivatives of the three-dimensional harmonic wave 
<^ p (r. t ). which was introduced in Section 10.1. They are 
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Mere A7 is the mass of the particle. 1 Hie tuiplacc operator V- is simply the 
sum of the three second-order derivatives with respect to the coordinates: 

. a 2 a 2 a 2 

V “ = »-/» + 7T1 3 * Tji • 

3a t)y~ 3 z- 

Making use of the relation £ = p~/(2M ) between energy £'. momentum p. 
and mass M of a free |>artiele. we obtain the Schrodinger equation for three- 
dimensional unaccelerated motion. 

We may consider the operator on the right-hand side ol this equation as 
the operator of kinetic energy, 

r = .4 = 2 + 

1 ( n 2 , » 2 . a 2 \ 

~ 2 M \ dx 2 dy 2 9z 2 ) 

= - —v- . 

2 M 

Thus the Schrodinger equation for three-dimensional free motion has the sim¬ 
ple form 

o7^p( r ’ , > = • 

dr 

The equation can be extended to motion in a force held represented by a 
potential energy IT r) by substituting for the operator of kinetic energy T the 
Hamiltonian operator of total energy. 

H = T + V . 

The Schrodinger equation for motion under the influence of a force therefore 
reads 


i/1 — V^p(r.f) = Hijr p {r.r)= - — V + VTr) * p (i\l) 


I) 2 


With the ansatz 


fp(r,/) = exp^£/jp t (r) . 


'From Chapter 10 onward wc denote the moss of u particle by lhe capital letter Af Tliis 
is done to avoid confusion with magnetic quantum number m. 
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which factors the wave function 0 p (r. /) into a time-dependent exponential 
and the time-independent, stationary wave function y>£(r». we obtain the sta¬ 
tionary Schrodinger equation 


-U v!+ ™ 


vitri = Eft tri 


10.7 Solution of the Schrodinger Equation of Free Motion 

Besides the solutions 0,,(r. /) of the free Schrodinger equation, which repre¬ 
sent harmonic plane waves with momentum p. there arc equivalent solutions 
which are determined by the quantum numbers i and m of angular momen¬ 
tum and energy E. To find these solutions, we express the I.aplace operator in 
polar coordinates r. i>. and 0 : 

I | | 

VV(d = -rr^(r)- - 

r dr- r- n - 

Since the operator L : of the .square of angular momentum, as discussed 
in Section 10.3. depends only on i) and 0. we now solve the Schrodinger 
equation using an ansatz, 

m/n(r> = R(r)Y, m {i).d>) , 


which is a product of two functions. The first function Kin depends only 
on the radial coordinate. The second function is the spherical harmonic 
0). which was recognized in Section 10.3 as the eigenfunction for L 2 . 
We obtain 




tr n b 2 , 
"2M -r^ rm 


M + 1 ) 


> Ytmi*. 


- ER{r) Y,„, (d, 0 > 


and conclude that 

riii 

2M Lr iir- r 


M +1) 

r- 


Ruir) = ERtAr) 


is the eigenvalue equation for the radial wave fimetion Rndr) for positive 
values of r Here we explicitly indicate the dependence of the radial wave 
function on energy E and total angular momentum i We call yt hniT) — 
Rtt(r)Y[ m {)), 0) a partial mnr of angular momentum > and - component m. 
The solutions of this "free radial Schrodinger equation” are discussed in some 


detail in the next section. 
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10.8 Spherical Bessel Functions 

Lei us consider the solutions of the linear differential equation that depends 
on the integer parameter f. 


1 d 2 tiC 
P d/?‘ t 




//</>) = 0 


For p - kr. k — < \/h)v2Xf E. it is equivalent to the free radial Schrodinger 
equation. 

The complex .volutions of this linear differential equation are the spherical 
Hankel functions of the first H-) and second ( — 1 kind. 

hf'ip) « Cf— , 

where the complex coefficients C, are polynomials of /> ! of the form 




The first few of the Hankel functions are 


*“-Sr • *“-( Tl+ i) 


I \ e*' 


An equivalent set of solutions are the spherical Bessel functions, which 
are simply ihe linear combinations 


j(ip) = r: h': ) tp)-h > r'{p) 

J,\ 


The spherical Neumann functions 

„,... * r 


nt(p) = - h'/ V) + V)] 


are also solutions of the linear differential equation. In terms of the spher¬ 
ical Bessel and Neumann functions, the spherical Hankel functions can be 
expressed as 

=Mp) 

The lirst few spherical Bessel and Neumann functions arc 


yi(p> = 


sin /> cos p 


cos p sin p 
P 2 + ~ 


nMp) 


/i|(p) 



tJ 
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FlU-10.13. For purely imaginary arguments in. v real, the spherical Bessel functions 
the spherical Neumann functions ri/, und the spherical Hankel functions h\ 1 are either 
purely real or purely imaginary. The functions shown, that is. <-W jtK »;>•'' * 'wrinh and 
i' f, /ij* , (if),are purely real. 
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The behavior of the spherical Bessel and Neumann functions for small 
values of tiie argument is 


and for large p. 


hip) ^sin(/>-if?r) . 


"(ip) ;• cos (p - jf-T) . 

Since the sphencal Neumann functions nt(p) diverge at the origin, only 
the spherical Bessel functions _/,!/•» are physical solutions of the free ra¬ 
dial Schrodinger equation. The n t (p) as well as the spherical Hankel func¬ 
tions h\ l) ip). however, are needed for die discussion of the radial Schrodin- 
gcr equation for a square-well potential. Figure 10.12 plots the jr(p) and the 
n/ip) for t = 0, .. .4. 

In connection with the wave functions for a square-well potential, we 
encounter negative energies £, that make values of wave number k, - 
y/2ntEi/h imaginary. Therefore die functions /,. n,. and arc needed for 
imaginary arguments p = i//. I sing the original definition, we can write 

The j({v]) and n,i\ip are again given by the linear eombinatinns of the 
h\ ’' i i /;) and the ii) '(i;/>. The values of these functions for such arguments 
are either real or purely imaginary. Figure 10.13 presents the functions 


(— : i) # /f(i»|» . i' '/t/tir/J 




for ( = 0. 1. ,4 Tlie powers of i in front of jtiifjh l h (i//L and h\ 1 < ir;) 

ensure that the functions plotted in Figure 10.13 are real. 

The h\ n (iif) play a role in describing bound states outside the potential 
well. Their asymptotic behavior for large ij is 


xf+liJ-H/: 


I*, On) — , 
n 


10.9 Harmonic Plane Wave in 

Angular-Momentum Representation 


The spherical waves jt(kr)Y, m X&, </>). like the harmonic plane waves, form a 
complete set of functions which can also he used for constructing wave pack¬ 
ets by superposition or for decomposing stationary solutions into spherical 
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Fin. IU. 14. The polar coordinate system used throughout the Imuk fur functions of the 
type/ = /D, i M. Tlie admissible range «»r variables, (t • r :o,l) < •> jr, corresponds 
to a half-plane. Here a half-circle around the origin, r = ii, is viewed perspective!} from 
a point outside the half-plane. The polar angle t> is measured against Ihe ; axis, which 
points to the lower right. Lines of constant i' ure straight lines beginning at the origin. 
Lines of constant r are half-circles. Using the direction perpendicular to the half-plane 
to define an / coordinate, wc can represent a function fir. *') as a surface in <. ' / 
spuce. Figures 10.15 and 10.16 show lines of constant r and constant i? on this surface. 

waves. In particular, we decompose the stationary harmonic plane wave into 
partial waves, 

o& 

e .kr _ e H.- = gltrcmrl = ^ (2 f + | )\'j,(kr)PdCOSif) . 
t=n 

where the z axis was chosen to be parallel to k and i> is therefore the angle 
between k and r Since the left-hand side of this relation doe s not depen d on 
Ihe azimuth <f >. only the spherical harmonic function )', n v/(27 I I >/4 tt P, 
occurs in the sum. 

Figures 10.15 and 10.16 illustrate this decomposition. The polar coordi¬ 
nates r and P are used ut plot functions over the r. 0 half-plane. The po¬ 
lar coordinate system used throughout the book for functions of the type 
f = /(r. 0) is explained in Figure 10.14. 

In the top right comer of Figure 10. 15. the function cos {kz) = Re {e‘* | is 
presented. The left column contains the functions 


(2f + \)\ r j,(hr) Pg {cost) . 


f = 0. 2 


8 . 





a e «2uni , i l <Mi s ,<cos’:>i 




J„!Rel<2l-1)l , |,fUr)n | (cosO))‘ 


J 


Fig. 10.15. Decomposition i»r a plane wave into spherical waves. The real pari 
Re |e ’ i - cosiA'.*) of a plane wuve is shown in the lop right enmer. The left column 
contains the terms of tile decomposition lhal are purely real. The right column contains 
the sums of the lirst two terms (.V 2). three terms i V - J>, and so on. of the left 

column. 


Fir. 10.16. Decomposition of a plane wave spherical waves. The imaginary part 
Im |c'* c | — sin(A:> of a plane wave is shown in the top right comer. The left column 
contains the terms or Ihe decomposition that arc purely imaginary. The right column 
contains the sums of the lirst two terms l N three terms I /V - 5). and so on. of the 
left column. 
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which are the lirsi few real terms in this decomposition. The right column 
shows the sums of'the first two terms, three terms, and so on. In the neighbor¬ 
hood Of the origin, the plane w ave is described well by the first lew terms of 
the sum. Farther away from the origin, more terms have to be added Near the 
origin the first few terms are adequate because the functions j,{p) are sup¬ 
pressed there for increasing t iscc I igure 10.12). A similar illustration for the 
imaginary part of the plane wave is given in Figure 10.16. 

10.10 Free Wave Packet and Partial-Wave Decomposition 

In Section 10.1 we discussed a three-dimensional unaccelerated wave packet 
moving with group velocity Vq = pi»/.W The wave packet was represented as 
a superposition of plane waves that are eigenfunctions for the momentum op¬ 
erator. Tlie details of the superposition were determined by the spectral func¬ 
tion /<p) which specifies the contribution of the plane wave with wave vector 
k = p/7). Analogously, the same wave packet can be understood as a superpo 
sitiod of the eigenfunctions }', /r ,(i7. </>) for angular momentum multiplied by 
appropriately chosen weight functions r/,,„(/•, 0) for the radius variable r and 
at time i - 0. In this kind of representation, the weight function regulates the 
relative weight contributed by the various angular momenta. 

The representation of the wave packet at initial time has the form 

% i 

\Mr.0) = ^ ^2 0)K,,„(/?. (p) 

t~0 m--t 

In an additional step we may decompose the radial functions 0> into 
purely wave number, that is. energy-dependent, coefficients. 

htm(k) = 

2 r x , 

a, m (r. 0) = - / bt m (k)j/(kr)k~ dk , 

* J o 

so that tlie free wave packet u! I = 0 is now 

1 ^ 1 r X 

i/r(r.0) = - V V / b lv ,ik)j,(kr)Yf m {i>.4>)k 2 (\k . 
n # =<l m=-t J" 

In this decomposition of the free wave packet in terms of the eigenfunctions 
of the free Schrodinger equation fot the eigenvalues E. > . and in. the functions 
b, m (k) play the role ol spectral coefficients tor angular momentum and spec 
iral functions for energy E - In Section 10.1 the spectral function 


jtlkr)«i m [r.0)r'dr 


ID M) Flee Wave Packet and Partial Wave Decomposition 


207 


/(p> played a similar role in decomposition of the wave packet in terms of 
eigenfunctions of the three momentum components. 

The moving wave packet is described by the time-dependent wave func¬ 
tion V'tr. /) which is obtained from the initial wave function by taking into 
account the time-dependent phase factor exp(-i/:7//J). that is. 

“ J2 V] / />/»/, lA ) exp [I j/{kr)Yf m {fi.4>)k 2 dk . 

The angular-momentum content of the free wave packet is given by the spec¬ 
tral coefficients h fm (k I. They arc time independent because angular momen¬ 
tum is conserved. 

If w e ask for the contribution having angular-momentum quantum number 
t and magnetic quantum nuniher m irrespective of wave number k. we have 
to integrate the probabilities b* m {k)b( m (k dA. over all wave numbers: 

Wtm= 2 [" b;jk)b,n,(k)k 2 dk . 

x J o 

Tlie probabilities Wg n fulfill the normalization condition 

EE.*—' • 

/oOwir- ( 

As an example, we consider the wave packet shown in Figure 10.17a. 
Its center moves with constant velocity in the negative .t direction keeping a 
constant distance b from the x axis. That is. it behaves like a classical particle 
with time-dependent position vector 

r(r) = (xir).h, 0) . 

and constant momentum vector 

p</) = (—/?. 0 , 0 ) 

The angular-momentum vector of the classical particle, 

L = r x p = (0.0, bp) . 

is independent of lime and is oriented along the z direction. The absolute value 
of the angular momentum is 

L = |L| = hp . 

We now consider a panicle of constant momentum p which travels along an 
arbitrary straight line. The shortest distance of this line from the origin is 
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Hr. 10.17. <a) The probability ellipsoid, here u sphere, ofa free wave packet moving in the 
i. i plane antiparallel to the v axis, shown at two moments of time. The dispersion of the 
wave packet is apparent ihroufili the grow th of the sphere with time. (bl Decomposition 
of tiie wave packet shown in part a into angular-momentum states. The height of the 
column drawn at point <. m l is proportional to the probability U',,„ that the particle, 
which is described by the wave packet, lias angular-momentum ipiantum number » and 
i|uanluin number m for the component of angular momentum along the i|uunti/:ilion 
axis n. In this figure n was chosen to be the avis. Also shown, on the upper margin, are 
the probabilities H,, that the particle possesses quantum number r irrespective or the 
value of m. 
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called the imfxict parameter b. Obviously, for reasons of symmetry, ihe abso¬ 
lute value of angular momentum for this particle is again L = bp. 

Let us now study Ihe probabilities W lm for ihe wave packet of Fig¬ 
ure 10.17a. We quantize Ihe angular momentum in ihe : direction, that is. 
we use the eigenfunctions of L : and L : in decomposing ihe wave packet. 
In Figure 10.17b the probabilities \V (m are plotted for various values of t 
and m. In the graphical representation each probability is proportional to the 
height of the column sitting on top of point U.m) in the coordinate grid 
Obviously, the probabilities can be different from zero only in points lying 
within a sector between two straight lines, for which m = i’ and m We 

note that, in contrast to the classical point particle, various angular momenta 
contribute to the wave packet. In fact, for the quantization axis chosen, the 
probabilities at points i = m are by tar the largest for every' f. This is not sur¬ 
prising since the ungular momentum of the corresponding particle has only 
a z component. Nevertheless, values in < L also contribute. The contribu¬ 
tions W( m form = t - 1, ( - 3_vanish. Because of the mirror symmetry 

of the wave packet with respect to die x, y plane, functions with 

m = t - I. i - 3. ... do not contribute. They are antisymmetric in with 

respect to point 0 = .t/2. 

The probabilities that a certain quantum number L will contribute irrespcc- 
live of in are 

i 

W,= Y. W "n ■ 

m=—l 

They are plotted on the upper margin of Figure II). 17b As a function of f. the 
probabilities H' t have a bell-shaped envelope reminiscent of a Gaussian. The 
maximum of the marginal distribution corresponds to the angular momentum 
of the classical particle. 

We now study the dependence of the H',, fJ distribution on the quantization 
axis. Instead of the z axis, we first choose an axis n that forms an angle of 
tt/ 4 with the v axis in Ihe z. y plane. Figure 10.18a shows that many more m 
values now participate in the superposition of the wave packet. The marginal 
distribution, however, remains unchanged. There are changes in the m distri¬ 
bution because the new quantization axis does not point in the direction of 
the classical angular-momentum vector. The distribution H' ( of the modulus 
of angular momentum is independent of the quantization axis. 

Finally. Figure 10.18b shows the probabilities Wt m for the v axis as the 
quantization direction of angular momentum, and Figure 10.18c shows litem 
for the v axis as the quantization direction. Since in both figures the quantiza¬ 
tion direction is perpendicular to the classical angular momentum vector, we 
foresee that the expectation value of m will vanish Indeed, the two distribu¬ 
tions arc symmetric around in = 0. 
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Fiy. MUX. All 
threr figures ap- 
pl> t« till- silii- 
ation of l iyure 
10.17a. Like Kie- 

urv 10.I71», they 
show the decom¬ 
position or the 
wave packet in¬ 
to angular-mo¬ 
mentum states. 
The quantization 
axes are differ¬ 
ent. however. 






Problems 

10.1. Assuming that the components oi the momentum operator in the three 
spalial dimensions are given by 

h 8 ..... 

/>, = . P = (PI. />2. Pi) . 

show that the simultaneous stationary eigenfunction for the three mo¬ 
mentum operators /», is the product of three one-dimensional momen¬ 
tum eigenfunctions. 

10.2. Calculate the probability density p(r. /) - jjf *(r. / )rp (r. /) of the three- 
dimensional Gaussian wave packet of .Section 10.1. using ihc explicit 
form of A/(.v, /) as given in Section 3.2. In w hich direction does the 
wave packet move? What is the square o! its velocity ? Wtiai determines 
in w hich direction the wave packet disperses fastest ? 

10.3. Verify die commutation relations of the components of angular momen¬ 
tum as given al the beginning of Section 10.3. 

10.4. The spatial rcHection is the transformation r — -r. How is this trans¬ 
formation expressed in spherical coordinates? How do the spherical bar 
monies T,, n <tf. </») behave under reflections? 

10.5. Calculate the commutators of the angular-momentuni-componcnt oper¬ 
ators L\. L v . / and l. : with the coordinate operators a. y. and ^ and 
with the momentum-component operators />,. />•,., and p : . 

10.6. Calculate die commutators of / ,. l. v . /.-. and 1/ with the radial co¬ 
ordinate r = yfx 1 -r y 2 4- and with p : Use the results to compute 
the commutators of angular momentum with a Hamiltonian for a spher¬ 
ically symmetric potential, 

«-55 + vw ■ 

10.7. Show that the three-dimensional free wave packet, as given by its spec¬ 
tral representation in Section 10.1. 

^(r./>= j /(p)Vyr-r„.nd'p . 

is a solution of the Schrodinger equation for three-dimensional free mo¬ 
tion. 
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10 .K. What is the difference between the classical and the quantum-mechan¬ 
ical centrifugal term \?/2Mr 2 in the Hamiltonian for a given angular 
momentum? 

10.9. Verify that the explicit expressions of the spherical Bessel functions 
j () (p) and ji(p) and the spherical Neumann functions rto(p) and 
satisfy the free radial Schrddinger equation given at the beginning of 
Section 10.8. 

10.10. The explicit form of the spherical Hankel functions h\ A '( p) is given at 

the beginning of Section 10.8. Show that the asymptotic forms of the 
spherical Bessel and Neumann functions for p — 0 and /> - arc as 

given in this section. 

10.11. Calculate the expression Lyi p (r). Explain why the result does not imply 
that v'ptr) is a simultaneous eigenfunction of die angular-momentum 
operators L x , L y , L : . 

10.12. Calculate the expressions L\ jt(kr)Yf,„(0. $)) for i = 0. 1. What dis- 
linguistics the two cases £ = 0 and t = I ? 

10.13. What is the expectation value of angular momentum of a Gaussian wave 
packet as given in Section 10.1? Explain why the result is lime indepen¬ 
dent. 

10.14. Why is the m distribution in Figure 10.18b wider than that in Fig¬ 
ure 10.18c? To find the answer, consider the v and z comp<inenis of 
angular momentum for the classical assembly of particles imitating the 
wave packet. 


11. Solution of the Schrodinger Equation 
in Three Dimensions 









In Section 10.6 the time-dependent Schrbdingcr equation for three-dimen¬ 
sional motion under the influence of a potential was separated with respect to 
time and space coordinates with the help of the an.satz 


r) = exp 



VfA*) 


The three-dimensional stationary Schrddinger equation for the function ^f(r) 
obtained at the end of that section is 


l? v,+ ™ 


Vf.’iri 


EfPEi n - 


We now restrict ourselves to spherically symmetric systems, those in 
which the potential V(r) depends only on the radial coordinate r. Following 
the same line of thought used in Section 10.7. we separate radial and angular 
coordinates. 

VEtmir) = W'*) >%,<#. 0) . 

and arrive at the radial Schrddinger equation for the radial wave functions 
Ri(k,r): 


2M |^r dr- r r 2 


2Xt 


Rrik.r) = EHtik.r) 


Because the potential has spherical symmetry, this equation does not de¬ 
pend on quantum number m of the r component of angular momentum. There¬ 
fore the Rt(k, r > do not depend on m. Besides tlie kinetic and potential ener¬ 
gies. the terms on the left-hand side of this equation represent the centrifugal 
potential 

fi 2 W + 1) 


2M r 2 
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which is aiiribuiable to ihc angular momentum. This and the potential teem 
V'(r) are often combined to give the effective potential for a given angular 
momentum f. 

The radial Schrbdinger equation then reads 

l’ 1 ,1 "1 

TT7 ~T~t r ^ v T^r) Rt(k,r I = ERfik.r) 

2 M r d /- 


This equation is a differential equation with one variable. Its solution for 
potential functions that tire simple in structure proceeds along the same lines 
used to solve the one-dimensional Schrbdingcr equation in Chapter 4. Since 
the radius variable r assumes positive values only, here we are looking for 
solutions R,{k.r) only on the positive hall-axis At the origin the solution 
Rtik. r) must be finite Again, we have to distinguish the two types of solu¬ 
tions. those for scattering processes jnd those for hound stales. 

In contrast to the three-dimensional Schr5dinger equation, which does not 
refer to a particular angular momentum, the radial Schrbdingcr equation de¬ 
scribes a particle of a given angular-momentum quantum number /. The ccn 
trifugal potential acts as a repulsive potential, also called a t enrnfu^af barrier, 
and keeps Ihc particle of momentum /; sufficiently distant from the origin 
of the polar coordinate system. This way the impact parameter h - see Fig¬ 
ure 10.17 - remains sufficiently large to guarantee that angular momentum 
L = bp is conserved. 


11.1 Stationary Scattering Solutions 

As in Section 4.2, we have to formulate the boundary conditions for the so¬ 
lutions ihut describe elastic scattering of a particle on a potential. In Sec¬ 
tions 10.7 and 10-8 we have seen that the solutions of the radial Schrodin- 
ger equation of free motion are the spherical Bessel and Neumann functions 
jiik.r > and n,[k.r) From Section 4.2 we learned that for forces of finite 
range the particles move force free at distances far from the range ol the force. 
For clastic scattering on a potential of finite range J, the radial wave functions 
A rt must therefore approach a linear combination of spherical Bessel and 
Neumann functions for values of r large compared to range </: 

Ri(k,r) > A(j/(kr) + BtnAkr) . r » d 

For some potentials the solution of the radial Schrbdinger equation can be 
given explicitly. As a particularly instructive example, we consider a square- 
well potential: 
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Vj 0 < r < d\ f region I 

V (r) = Vu . tl\ < r < di . region 11 

Vjjj = 0 . ih < r < yj . region 111 

Since the potential vanishes in region III. we sav that it has die finite range 

(l = ife- 

Scattcnng solutions of the radial Schrbdinger equation have energy E > 
(). The solution in inner region I consists of Mk\r) only, since n/(kv ) is 
singular for / = (I. In regions 11 and III the solution can he written as a 
superposition of j, and n, : 

Rt i = A, \j f (kir) 

R ( {k.r) = Rt ii = Ainjt <*IF*) + Bf iknr) 

R* tn = uijt ( kr) -r B, ui/i< (kr) 

Here the wave numbers k, in regions / = I. II arc 

k, = '- S /'2M(E - V,) . 
tl 

In region III 



is the wave number of the incident particles. 

For every value of i. four of the coefficients A(,\ and If, \ are determined 
in terms of the fifth bv the continuity conditions for the w ave function and its 
derivative at r =d\ anti r = d 2 \ 

R, \{k, ii[) = Rt \\(k,d\) . ( k,/l\) = —-— <k.d\) 


Rtnik.dz) Rtm(k.ih) 


d/?/ ii dtf, m 

—— {k.d 2 ) = —-— \k.d 2 
dr dr 


The coefficient A, m can he chosen equal to unity, thus fixing a normalization 
for the incident wave. For this choice the four coefficients A, \. .Tu. B, n, 
and in calculated from the continuity conditions as functions of the inci¬ 
dent wave number k are real coefficients. Therefore ihc radial wave function 


R t (k. r) is real. Figure 11.1a presents the solutions R f (k. r ) as functions of 
r for a fixed-energy value, that is. a fixed value of Eq, and for a number of 
angular-momentum values f. 

Figure 11. lb shows for comparison the functions jt(kr). which arc in fact 
the functions Rt(k.r) for a vanishing potential, that is, for die undisturbed 
plane waves. Because ji(kr) < kr)* is strongly suppressed near the origin 
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KiR. 11.1. la) Solutions R, lA. r i of the radial Schriklingcr equation for u potential that 
is negative in region I. V, < (); is positive and larger than the particle energy in region 
II. IH ;• t ; and vanishes in region 111. The shape of the potential V'<r> is Indicated b> 
the long-dash line, the particle energy £ by the short-dash line. The short-dash lines 
also serve as zero lines for the functions A\ii.r). The energy is kept constant. I he 
various curves correspond to different angular*momentum quantum numbers '. lb) 
The situation is the same as that in part a except Unit the potential Is zero everywhere, 
fin I). Here the solutions R,yk.r\ are identical to the spherical Bessel functions 
hikr)ik « JfijEftl. 


11.2 Stationary Bound Stales 


217 



for high L the wave function ft, ill lor high enough i is approximated well by 
the lerm Atm jtikr) s ° that If ,m is numerically small. Therefore the cases 
wilh and without a poientiiil do not differ substantially for high enough t. 
Wc obtain a rough idea of the si/e of the value of l above which the radial 
function ft, is only slightly changed by the potential. 

The argument rests on the discussion in Section 10.10. In Figure 10.17b 
we showed ihe distribution of the angular-momentum components of a Gaus¬ 
sian wave packet representing a classical particle moving with momentum 
ft = hk and impact parameter h . The classical angular momentum has the 
value ft = />/>. We found that the spectral distribution of the angular momenta 
or the wave packet peaks at this classical value ft. If the impact parameter h is 
larger than the range d of the potential, b > </, that is, if the classical angular 
momentum ft is high enough. 

L > l.{ i . L( i = hkd , 

the trajectory of the classical particle will not be changed by the potential. By 
implication, the radial wave functions R,(k.r) with angular momenta ht > 
L\>, that is, f > kJ. are essentially unaffected by the potential. Comparing the 
wave functions of Figures 11.1 a and 11 .lb shows that they are very similar 
for high values of r 


11.2 Stationary Bound States 

The bound-state solutions occur for discrete values of negative energies E. 
Let us study the “spherical square-well" potential, the simplest situation: 

_ I V\ < Q » 0 < r < d , region I 
(r) “ ( V\\ = 0 . d < r < oo , region II 


The wave number 

k, = v/2M(E - vD/h 

is real in region I for ft > V\ and imaginary in region II for ft < 0: 

= iA'ii . fc’ii = J—2M E/h 

The wave function has tn be proportional to jtik\r) in region I. again 
because Hf(k\r) is singular at r = 0. in region II the solution has to be pro¬ 
portional to ftj +, (i*iir). for only this function converges toward zero for large 
distances r: 

_ , Rr\(k,r) = Aujtifor) 

R,(k.r) = ... 

Ri ii (*. r) = A,uft t (itciir) 









21X II. Solution ol the Schrtkhnger Filiation in Three Dimensions 



FiE-11.2. Mound-state solutions K .iri ol tlu radial SchriMlingcr equation Tor a 
square-well potential for two nngular-mmnctiluiii values, ( — 0, • = I. The form of 
the potential V'tr) is indicated by the lone-dash line. On tlu* left side an energy scale is 
drawn, and to the right of it the energies E, or Hie bound states are indicated by hori¬ 
zontal lines. These lines are repeated as short-dash lines on the rigid. They serve as zero 
lines for the solutions K n /\r ). For / - I) the radial dependence or the “effective potential" 
l "in shown as a short-dash curve indicates the influence or angular momentum (see 
Section 13.1 K 


Problems 


The coefficient .A, u is determined in terms of A 1 1 as a function ofeneigy 
by ihc two continuity conditions for the wave function ami its derivative at 
r = </. The continuity can be achieved only for certain discrete bound-state 
energies. The constant An is fixed by the normalization of the wave function. 


f \R,(k. r)| 2 r~ d; = 


Because the wave function falls off exponentially in region II. the particle 
is essentially confined to region I. the region of die potential. This confinement 
is the typical signature of a bound state. Figure II.2 shows for low angular 
momenta the wave functions for ihe bound slates in the square-well potential 
described. 


Problems 


11.1. Explain by a wave-mechanical argument resting on the potential of the 
centrifugal burner why the radial wave functions R f (k. r) for higher 
values of f do not penetrate into the potential region in Figure 11.1. 

11.2. Show by direct calculation that the spherical wave tp(r) = sin (kr)/r is 
a solution of the three-dimensional Schrtidinger equation 


fi 2 

- —V^tr) = Ecp{r) 
IM 


e - 5 * 

2 M 


11.3. A bound-state solution of vanishing angular momentum in a square- 
well potential of finite depth V„ is given by 

A / c' kr c~' kt \ . sin(kr) 


2i \ r r ) ~ r 


k = Z) • 

Outside the well the r de penden ce of the wave function is given by 
exp(-fc-r)/r. k = (l//))>/2A7£. Therefore the function sin(Ar) must 
have negative or zero slope at the edge r = d of the well. I-sc this 
information about the slope to find a minimum value for die potential 
Vu within the well so that there is at least one bound state. Explain why 
there is always at least one hound slate in a one-dimensional square 
well. 
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12. Three-Dimensional Quantum Mechanics: 

Scattering by a Potential 


12.1 Diffraction of a Harmonic Plane Wave. Partial Waves 

In Section III wc found the solutions R,(k. r) of the radial slat ionary Schro- 
dinger equation for spherical square-well potentials. Since the radial Sehrd* 
dinger equation is linear, its solutions ire determined up to an arbitrary com¬ 
plex normalization constant, which lias to be inferred from the boundary con¬ 
ditions of the three-dimensional problem we want to solve. As wc have found 
in Section 5.5. a harmonic plane wave is an appropriately chosen idealization 
of an incoming wave packet representing a particle with sharp momentum We 
want to apply this finding to the three-dimensional ease, that is. the scattering 
ox diffraction of a three-dimensional harmonic plane wave which represents a 
particle of sharp momentum. Then the normalization of the radial wave lunc- 
tion has to he chosen in such a way that, for great distances from the region 
of the potential, the three-dimensional wave function consists of an incoming 
plane wave expt i k r» and an outgoing wave 

In Section 11.1 the solutions R t (k,r I of die radial Schrodinger equation 
lor spherical well potentials were chosen to be real so that in particular the 
coefficients A, m and ft, m are real. To help us find the correct normalization, 
wc turn to the physical interpretation of the solution R f (k. r) in region III. 

#/iti(A. r) - A, in/,<*/ ! + . 

using the decomposition of the spherical Bessel functions j, and n, into I he 
spherical Hunkel functions h\ ' of Section 10.8. 

jt(kr) = ^ [/r} H (kr)-/rJ~'(Ar)] . 

rtf(kr) = ^ |//|' '(kr) f- h\ 'U*rlj 

The spherical Hankel functions have the asymptotic behavior of complex 
spherical waves. 


.,- tc -Texp[±i(tf -|,]=( T i)'lexp,±i*r, 

In Section 4.2 wc learned that wave packets formed with a stationary wave 
expfiA- v) move in the direction of increasing x. whereas those with exp( ikx ) 
move in the direction of decreasing t values. For spherical waves this im¬ 
plies that a stationary wave exp(-i*r» describes a particle moving from large 
values of r toward the origin r = 0. that is. an incoming particle. By the 
same token exp(i kr) describes an outgoing particle. Thus, except for an r- 
independent factor, the decomposition of A\ m into spherical Hankel func¬ 
tions 

^ [fAnu - (Amii+ 'j 

describes an incoming, h\ . and an outgoing. h\ *part of the wave function. 
Wc now divide the radial functions R, by m i H, m and obtain 


R[+\k,r) 


RAk.r) . 


A, in - i If, in 

which takes in region III the explicit form 

O*. r) = + • 

Here S,ik) is the scattering-manix element of the t th partial wave 

A mu -+ i Bt in 


s,a-) = 


A, in - i lit in 


Now. finally, we have achieved the decomposition of A] j, 1 , into the t'lh com¬ 
ponent jt(kr) of the plane wave and the outgoing spherical wave h] ' (kr) 
This structure becomes obvious if we add to the first term and subtract from 
the second (l/2il//| * [kr): 

= jtlkr) + f f {k)k { f ~ '(kr) . 


Here ft is die partial scattering amplitude 

ftlk) = Us,[k) l> . 

2i 

it determines the amplitude of the outgoing spherical wave in relation to the 
£th component j,\kr) of the incoming plane wave. 
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The recipe for constructing the three-dimensional stationary wave func¬ 
tion is indicated by the formula for decomposing the plane wave exp(i k ri 
into partial waves: 

oc 

e ,kr = £j2t + l)i'./,(Ar>fi<costf) . cos i) = k r/U;) . 

(-o 

Replacing the free radial wave function j(ikr) by the solution ff] + (k, r) of 
the radial Schrridinger equation for a potential V(r). we obtain 

n"« r » = E | 2 < 1 l>i'<"<Cr)P,(costf) - 

f=(l 

Figure 12.1 gives the real and imaginary parts and the absolute square 
of <4 +> for the scattering of u plane wave from a repulsive potential that is 
constant within a sphere around the origin: 


V(r) = 


Vo > 0 . 
0 . 


0 < r < d 
r >d 


The energy E of the wave is two-thirds of the height of the potential, that is. 
E = 2 Vo/3. The two upper plots of Figure 12 1 for the real and the imaginary 
parts show that the plane wave coming in from the left is strongly suppressed 
within the sphere of the repulsive potential and that its pattern is modified, 
particularly in the forward direction, by interference with the outgoing scat¬ 
tered spherical wave. The patterns in these figures bear a certain resemblance 
to those of water waves diffracted on a cylindrical obstacle in a ripple tank. 
The real and imaginary parts ot>£ +> are dominated by the incident plane wave 
exp( ik r). The pattern of the absolute square |<, k 1 1", however, stems entirely 
from the superposition of the incident and scattered waves, since the absolute 
square of the unscattered incident wave |exp(ik rl|- = I would produce a 
Hal sheet. In particular, the ripples to the left of center in the bottom plot of 
Figure 12.1 are caused by the interference of the incident wave and the scat¬ 
tered wave in the backward direction. This interference pattern accordingly 
exhibits .i wavelength half that of the incident wave. It tapers off with l/r 
because the outgoing spherical wave itsell hills olf with I// There are no 
such ripples in the forward direction because the exponentials in the scattered 
spherical wave and the incident wave are identical 


12.2 Scattered Wave and Scattering Cross Section 

II we insert into the right-hand side of the formula lor ’(r) the function 

in terms of j, (Art and the outgoing spherical wave h\ ‘ \ we obtain the 


1 2.2 Scattered Wave and ScaUcring Cross Section 
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superposition 

v4 4 'ir) =e ,kr + r/ k <r» 

of the incoming plane wave anil the scattered spherical wave 

30 

IJI t(r) = rjf{r, ih . 

/=o 

where //, is the Uh scattered partial wave: 

JU = (2f + Di' [/?} +) (Ar> “ M kr >] ^< c4,s e> > • 

In region II! this scattered partial wave has the explicit form 
rfr - <2f + lii , /MA»/i^ , lAT)/ J /tcosi , >) , 
which, for far-out distances. Ar » I. is dominated hv the asymptotic term for 

v, =<2(’+ l)/,<*)^-/ , ,<cos>?) . 

In external region III the scattered spherical wave has the explicit representa¬ 
tion 

'lkiu(r) = ]T (2 ' + I )i' fi {k)li' f + \kr)P,(cos 0) . 

For far-out distances, kr » 1. this expression becomes 

e*' 

'lklli( r )-175T*/0>l— . 

where the scattering amplitude 

I * 

fV>) = - £]<2f 4- \ )f ( (k)P f (costt) 
k t =o 

modulates the amplitude of the scattered spherical wave for the various polar 
angles . 

Figure 12.2 plots the real and imaginary parts of the till scattered partial 
wave r/ t for values I =0. I. 2. 3. 4, 5. This partial wave is the product of 
an / dependent factor responsible for the variation along lines •> - const and 
a //-dependent factor responsible for the variation along lines /• = const. As 
expected from the Legendre polynomials P/{ cos/?), there is no P variation 
for < 0. whereas the increasing complexity of the higher P, is signaled 

bv their t nodes in /?. The pictures indicate a 1 fr falloff for large values of 
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r. as expected from the asymptotic form of the t),. As already mentioned in 
Section III. the deviations of the radial wave functions from the free radial 
wave function j, are substantial only for (' < kd. Indeed, we observe that 
•15 is essentially zero, as are t)(„ r)?, and so on. In our example ktl equals 4. 
We may wonder why the scattered partial waves tj, for low ( have important 
contributions within the potential sphere. They are expected to contribute, 
however, for die superposition of the r/ f has to compensate for the harmonic 
plane wave in diis region since ^ +> (r) is small in the sphere of a repulsive 
potential. 

Figures 12.3a and b give the real and imaginary parts of the scattered 
spherical wave i/^(n obtained by summing the scattered partial waves for 
II < £ < 5. The //, essentially vanish for t > 5. Whereas the scattered par¬ 
tial waves t/, have the symmetry of the corresponding P t . their superposition 
'/k' r) shows a definite forward structure, indicating that the scattering occurs 
for the most part in the forward direction. Obviously, also falls off with 
l/r for large r. 

Figure 12.3c gives the absolute square ;/u(ri; : This function falls off 
asymptotically with l/r 2 . The physical significance of 1/jk 2 is the average 
particle density for the scattered particles moving with velocity v = tik/M 
radially away from the center. In experiments the scattered particles can be 
detected only at distances that are large compared to the size of the scatter¬ 
ing center. The average number An of scattered particles passing through the 
sensitive area Aa of the detector during die time interval At is the quantity 
usually measured. For a given sensitive area Aa, this number is the product 
of the current density |tfo(r)| 2 i; of the particles and the area Aa times At: 

An = 

The detector is located at r. 

for fixed experimental conditions Aa. At. and v. the quantity r, k <r >| 2 is 
directly proportional to the number of scattered particles observed. Wc as¬ 
sume that many detectors are distributed evenly along a half-circle of radius r 
around die scattering center. The direction of the incident particles forms the 
diameter of the half-circle. Then wc have only to compute ; i/k<r>| ; to predict 
the counting rates in all detectors. Figure 12.4a illustrates this situation The 
function i?it(r)|* is plotted in a half-circle band in the region where the de¬ 
tectors could be placed. To overcome the l/r 2 suppression in ; t/u |- die values 
of this function have been blown up by a scaling factor. It becomes obvious 
from this ligure that depends to a considerable extent on the scattering 
angle if. that is. the angle between the incident and the scattered particle. 

Actually, the asymptotic form of */k, that is. of fjktti. which wc found to be 



'/kin 


Ar»| 
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Fig. 123. Ri*ul pari, imaginary purl, and absolute square of the scattered spherical wave 
'lk resulting from Ihe scattering of a plane wave In a repulsive potential, as shown in 
Figure 12.1. 
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Hr. 12.4. ia) Intensity of the scattered spherical wave resulting from the scattering of 
u plane wiivi: by a repulsive potential, as shown in Figure 12.1. The intensity at a lived 
radius far outside the scattering region and for a given scattering angle 0 is indicated 
by Ihe height of the hand. The band corresponds to the outer rim of Figure 122c. blown 
up by a scale factor, lb) Energy dependence of the differential scattering cross section 
drrti'f i/<M? for Ihe scattering of a plane wave by a repulsive potential. The differential 
cross section is proportional to the intensity of the scattered wave, as we can see by 
comparing the curve in the middle of part b with Ihe band in part a. Both correspond to 
the same energy. 


12.2 Scattered Wave and Scattering Cross Section 
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shows that the quantity 

Irffcinl 2 

is dependent only on the scattering angle 0. Its physical interpretation in terms 
of the counting rate An becomes clear if wc observe that Att/r 2 = Af2 is the 
sensitive solid ancle of the detector. Furthermore, the incident current density 
is equal to the incident average particle density limes the average velocity. 


Thus the number of scattered particles An can be re-expressed in the form 

Aa , 

An = 

= }\fvr)\ l AQAt . 

which slums that |/UM| : has the following physical meaning. It is the aver¬ 
age number of particles from an incident particle current of density I scattered 
per second at angle t) per unit solid angle. 


I/0»I 2 = 


I An 
i An At 


In a classical experiment in which a panicle beam is incident on a hard 
sphere, the quantity on the right-hand side is the differential scattering cross 
section. This notion is derived from the elastic scattering of a beam of point 
particles with current density / incident on a rigid sphere of radius d. As 
Figure 12.5 indicates, the impact parameter b is related to ihe scattering angle 
\J by 

i‘> 

h = d cos — 


The number An of particles incident during At in the azimuthal sector A<f> 
with an impact parameter between b and b -f Ah is 

An = j At b Ah Aip 

This number of particles is scattered into the solid angle AG A cos 0 Aip 
where A cos d corresponds to Ab through the relation 

d/> _ d 0 d b _ \_ 

d cos 0 ~ d cos d di? 4 cos tf/2 


The number of particles scattered at angle 0 per unit solid angle and unit time 
is then 


An 

\n.-\t 






2 *0 12. Three-Dimensional Quantum Mechanics: Scattering by a Potential 



Fig. 12.5. Tin* classical elastic scattering of a point particle by u rigid sphere. 


This rate of particles for a current density one is completely determined by 
the properties of the scattering center, here a rigid sphere. The rate per unit 
current density is the differential scat nr mi; cross section da/di?. For a rigid 
sphere it is 

d a _ 1^2 
df? ~ 4* 

In general, the differential scattering cross section is not constant but de¬ 
pends on the direction of the scattered particle. When the scattering center is 
spherically symmetric, the differential scattering cross section is a function 
only of the scattering angle it. Integration over ihe full solid angle 4.7 yields 
the total scattering cross section . When classical particles arc scattered off a 
hard sphere, it is obtained by multiplying !</ : by ihe full solid angle 4,7. 

< 7 lo , =7ttl 2 . 

As expected, it is the geometrical cross section of the rigid sphere. 

Coming back to out quantum-mechanical discussion, we can identify the 
differential scattering cross section as 


do 


= l /(*)| 2 
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Ihe function /'it? > as calculated earlier has the form 

I 70 

/(.?) = -£(2« + 1 )fi <*) P, (COS 0 ) . 

* r=<i 

which shows that it depends not only on the scattering angle hut also on 
the energy K = [hkr/2M of the incident particles. It is customary to plot 
d (j/<IS2 I /(0 1 | ? as a function of cos it rather than t?. In Figure 12.4b this 
is done lor a range of energies and for the potential used in the earlier figures 
of this chapter. For very low energy the differential cross section is constant 
in cost?. With increasing energy it acquires a more complicated angular de¬ 
pendence. This dependence is easily explained by observing that for very low 
energy only the lowest partial wave, t - 0. contributes to the scattering ampli¬ 
tude /(it) through the Legendre polynomial /^(cost?). which is a constant. 
With increasing energy more and more partial waves contribute, allowing a 
richer structure in cos 0. 

The total cross section is obtained by an integration over the full solid 
angle 

= J ^ dS7=2n f t l/<0)| Jda >51> ■ 

For the following we need the orthogonality of different Legendre polynomi¬ 
al*. 

r +l 2 

/ l\ (cos 0) l\ (cos it ) d cos it = —— -H, t , 

J i ‘ • 

which can be inferred from the orthonormality of the spherical harmonics >’* o 
and their relation to the />,. as discussed in Section 10.3. If we insert the series 
for /(&) into the integral for<7 lol , we obtain 


= jy £<2*+ | >l/,(* ) l :! = X> - 


The terms in this sum are called partial cross sections. 

a, = ^(2f+D|/ f (l»)l 2 • 

Figure 12.6 shows the various partial cross sections as functions of energy. 
We notice that the partial cross section for < > 0 starts at zero for k - 0. 
Furthermore, the contribution of the cross sections for increasing / sets in 
with increasing energy so that for a given energy the sum over the partial cross 
sections can be truncated ui 1^ - kd , the maximum value of the classical 
angular momentum at which scattering lakes place. The total cross section 
obtained by the summation is plotted as the topmost diagram of Figure 12.6. 
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Fie. 12 . 6 . I he partial crus* 
sections <7 ,(£‘i for i - (I, I. 

. . 5, and ih»* total cross 
section a, ol i/ *. which is ap¬ 
proximated hv the sunt over 
the lir.sl five partial truss sec¬ 
tions for the scattering of a 
plune wave by a repulsive 
potential. 



12.3 Scattering Phase and Amplitude, Unitarity, 

Argand Diagrams 

In Section 12.1 we obtained as a representation lor the radial wave function 
A/jjit*' r ) the form 

K'.ma.r) = [/il"'<*r)-Si<*>/ii +, «*r>] . 

We interpreted litis solution as the superposition of the incoming spherical 
wave h\~ and the outgoing spherical wave /j} + \ which is multiplied by the 
.V-matrix element S,. Potential scallering conserves particle number, angu¬ 
lar momentum. and energy E = (hk) : /2M so that the magnitude of velocity 
hk/M remains unaltered. Therefore the current density of the incoming spher¬ 
ical wave lias the same si/e as the current density of the outgoing spherical 
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wave As a consequence, the particle densities in the incoming and outgoing 
spherical waves in region III have to he the same. Since particle densities are 
determined by the absolute squares of amplitudes, the scattering-matrix ele¬ 
ment S, . representing the relative factor between the incoming and outgoing 
spherical waves must have absolute value one. 

In lad. the representation for S,. found in Section 12.1. 


A , in - \H, m 
•'1*111 'fldii 


satisfies this requirement. 


^ _ A, in - i/2, in At tn I ifyill _ | 

A, in + iff, in At in — i/2/ in 

which is called the unitarity relation for the S matrix elements. Thus S, can 
he represented .t% a complex phase factor 

A, in - tor in 

The scattering phase 6, determining S, can Ik‘ calculated directly from 
A, in and li, m if we observe that 


A, hi ± i/2, in 
V ^7 111 ~ ^dll 


allows the identification 


sin 6, = 


\ A n\i^ R t 


y^rm 1 in 


These relations can be used to show that 6, is a phase shill produced by 
the potential. To this end we use ihe asymptotic representations, kr » 1. for 
ji(kr) and n f (kr), as given in Section 10.8. In fact, the solution K, m of the 
stationary Schrbdinger equation presented at the beginning of Section 12.1 
has the form 

/frill = yf aJ|„ + tf“ UI (cds j,(kr ) + sin/i, /i,(*/)| . 

which asymptotically becomes 
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Hr. 12.7. Definition of the scattering phase shirt <s,. The solution R, of the radial Schrti- 
diiigvr equation for a given •. here i = ft, is shown for the scattering of a wave of energy 
E by a repulsive potential Hop) and for vanishing potential (bottom). Asymptotically, 
that is. far outside the potential region. Imtli solutions differ only by a phase shift V 


i.e.. _ 

III i * 111 + III Yr sin (* r “ ( 2 h *') ' 

Figure 12.7 plots l <,. together with j ,. the fth partial wave of the harmonic 
plane wave. The scattering phase shift 6, is easily recogni/cii as the phase 
difference between the two in the asymptotic region. In Figure 12.8 the energy 
dependence of the various phase shifts S, is shown lor the repulsive square- 
well potential used as our example. We have chosen the phases ft, so that 
they are equal to 0 for /. - 0. For the potential of our example, they fall oil 
smoothly with increasing energy. 

In terms of the scattering phase S f ik) the partial scattering amplitude can 
be represented as 

/,<*) = [S,U) - l| = - l) = c“' - e 

= e* 4 * sin St - 
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Idg. I2.H. Knrrgy depen¬ 
dence of the phase shifts 
An £). fli(E) . Ao /-’» for 
scattering by a repulsive 
potential. There is an ambi¬ 
guity in the definition of S,, 
which is resolved by choos¬ 
ing A/tOl = 0. All phase 
shirts vary slowly with en¬ 
ergy for .scattering by a 
repulsive potential. 

The relation expressing that S, has absolute value one. reflects itself in the 
equivalent unitarity relation for the partial scattering amplitude f ,. 

Im ff(k) = |//(A)|~ . 

As a complex number, the partial scattering amplitude can be plotted in an 
Argand diagram similar to the one in Section 5.5. Here, however. /, slays on 
the circumference of the circle with radius I /2 centered at i/2 in the complex 
plane because the unitarity relation can be written as 

(Re f/)- + (lm /, - j = - . 

This relation is the equation for a circle of radius 1/2 centered at i/2 in the 
complex plane. Il is shown in Figure 12 .9a. 

As the wave number k = ( X/hiJlME of the incident wave changes. 
ft moves on the circle. The scattering phase S f is the angle between the ar¬ 
row representing the complex number f,. and the real axis. The energy de¬ 
pendence of the complex scattering amplitude f, is shown in detail in Fig¬ 
ure 12.9b. The real and imaginary parts of /* as a function of the energy are 
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Fig. 12.M. ia 1 1 nilarlly circle. lb) Through the unilarit) relation Im f t - // the elastic 
partial-nave amplitude is am fined li» a circle in an Argand diagram. The angle between 
the vector U in the complex plane and the real axis is the phase shill h, . As the energy t 
increases the point J>\ l > moves on the circle starting at /,<()) = 0. Points equidistant in 
energy an- marked off by small circles < top left). Projections union vertical and horizontal 
axis yield graphs of Im /,(/:") Hop right) and Re f(\L) (bottom left), respectively. The 
function ,< F.\ is also shown (bottom right i. 



Problems 237 

then obtained by projecting the Argand diagram onto the real and imaginary 
axes. Finally, for completeness, we also show the energy dependence of the 
scattering phase shift 5,. 

There is an interesting relationship between the function /, (it ) in the for¬ 
ward direction and the total cross section. We have 

, ^ 

/=o 

Using the unitarity relation for the partial scattering amplitude. 

|/,U -)| 2 = lni/(<*) . 

and the particular value of /’, (cos t) l in the forward direction [if = Oj. 


we obtain 

« i x 

K <=0 
Att 

(j m = — Im/(0) . 

if we use the partial wave representation of f{0) for if = 0. 

This equation is called the optical theorem. It scales that the total cross 
section is directly given by the imaginary part of the forward scattering am¬ 
plitude. The optical theorem reflects the conservation of the panicle current in 
the scattering process. In fact, the total current contained in the scattered wave 
has to be supplied by the incident c urrent. That is done through the interfer¬ 
ence between the incident and the scattered waves in the forward direction, 


Problems 


12.1. Why is the wave function <* k “’<r> in Figure 12.1 suppressed beyond 
the potential region indicated by the dashed circle close to the center? 
Which effect makes it recover along the positive : axis? Use Huygens’ 
principle to draw an analogy to the scattering of light by a black disk. 

12.2. Why must the scattered spherical wave i/jjr) as shown in Figure 12.3 
be unequal to zero in the region of the repulsive potential and have a 
wave pattern there? What can be said about its wavelength within the 
potential region? 
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12.3. In Section 12.2 the classical elastic scattering of point particles by a 
rigid sphere of radius d was discussed. Replace the point particles by 
spheres of radius a . Show that the results for the differential and total 
cross sections slay valid if d is replaced by d + a. 

12.4. Verify the unitarity relation for the partial scattering amplitude /■, 

Im ft = St St . 

using die unitarity relation for the scatteringmatrix element .SV. 

s t s; = i . 

as derived in Section 12.3. Put the unitarity relation for f, into the form 
of an equation for the unitarity circle as given in Section 12.3. 


13. Three-Dimensional Quantum Mechanics: 
Bound States 


13.1 Hound States in a Spherical Square-Well Potential 


Figure 11.2 has already shown the radial wave function of bound states in a 
three-dimensional square-well potential. Now in Figure 13 1 wc plot the radial 
wave function tf„ f together with its square R; u and the function rtf*, for the 
low angular-momentum quantum numbers (. = 0. 1. 2. The reason for show¬ 
ing r* tf;, is that r ’ tf (r > dr represents the probability that a panicle is within 
a spherical shell of radius r and thickness dr. Also shown in Figure 13.1 is 
the energy spectrum of the eigenvalues. We observe that the number of bound 
states is finite. The spacing between the different eigenvalues increases with 
increasing energy. For a given i value the lowest-lying state has no node in 
r, the next one has one node, and so on. We can enumerate the eigenvalues 

E„ ( . n = 1.2.for a given t by the number/i I of nodes they possess. 

In Figure 13.1 the square-well potential T(r) is drawn as a long-dash line, 
the effective potential as a short-dash line The effective potential, as we have 
learned, is made up of the centrifugal potential and the square-well potential. 



fl 2 tU + I) 
2 M r- 


+ V{r) 


The repulsive nature of the centrifugal potential suppresses the radial wave 
function. 


*,<(') = A,y f »T)-* /* I kr)' , kr « I . (2i + l)U = I • 3. ., (2f + 1) . 

for small values of r and t > 0. It is also responsible for the increase in energy 
E„c for given n and increasing <. This suppression of I he wave function For 
f "> I near the origin is easily verified in Figure 13.1 For f = 0 the wave 
functions start with values larger than zero at the origin, l or i - I the wave 
function is zero at the origin; however, it increases linearly close to r = 0. 
For t = 2 the growth of the wave function from zero at the origin is only 
Ihut of a parabola. The slopes close to the origin become steeper with higher 








I *.13.1. 
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quantum numbers n at fixed r Thus for fixed i the particle comes closer to the 
origin for higher values of r. Higher values of n correspond to higher values 
of the energy and of the momentum />. For a given angular momentum /. the 
classical relation /. = bf> shows that larger momenta ft correspond to smaller 
impact parameters b. In this respect the quantum-mechanical behavior of the 
particle corresponds to classical mechanics. 

The plot of r 2 R- t {k. r) allows a particularly simple discussion. I ct us start 
with the value l 0. The radial wave functions within the potential region 
r < il are 

mii k\ n r 

R,,u<r) = A\Mku,r) = Ai —— . 

k\„r 

ki„ = yfimiErt- Vn> , 

so that the function 

A 2 

r 2 R;,o<r) = ~ sin 2 h,r 

k \n 

behaves in a simple sine-squared manner. For the higher angular momenta we 
recall the asymptotic relation 

jf(kr) — ^ sin (kr - £*) . kr » I . 

so that for r » I /k\ n the behavior is again sine-squared. 

,7 

r 2 R 2 t (r) — sin 2 (k\„r - , *i„r » I 

Again, looking at Figure 13.1. we recognize the approach of the quantity 
r R] u toward this behavior. In region I close to ihe edge of the potential at 
r = d. the centrifugal barrier is low for low values of i: il can therefore be 
neglected in a coarse approximation. Thus, close to the outer rim of the poten¬ 
tial. the wave functions for different C, but equal n should look almost alike 
and behave in a sine-squared manner. This is easily verified in Figure 13.1. 

I’ig. 13.1. The radial eigenfunctions K u i of hound slates in a square-well potential 
for three angular-momentum values. > - 0, I. 2, are shown as continuous lines in the 
left column. The form V(/■ > of (he potential is indicated b> the long-dash line. Also 
shown for i - 11 is Ihe effective potential V " i r i which contains Ihe in Hue nee of angular 
momentum. Un the left is an energy scale and to the riglu or il ihe energy eigenvalues 
r., are indicated by horizontal lines. These lines arc repealed as short-dash lines on 
the right. They serve as zero lines for the platted functions. In Ihe middle column the 
squares A ir \ of the radial eigenfunctions are shown. Along a lived direction away 
from the origin, this quantity is proportional to the probnhility that the particle will be 
observed within a unit volume element around point ». o. In the right column arc 
the functions / 2 A’*, ir >. I heir values are a measure for the probability of observing the 
particle anywhere within a spherical shell of mdius r and unit thickness. 





242 


13. Three-Dimensional Quantum Mechanics: Hound Stales 



Fig. 13.2. Dependence of the eigenvalue spectrum of a square-well potential on Hop) the 
width and (bottom) the depth of the well. The function shown is >' “ r (rI for Ihe lixed 
angular-momentum quantum number t — 2. 


Figure 13.2 shows the dependence of the eigenvalue spectrum on the 
width and depth of the potential. The number of eigenvalues grows as the 
potential widens and deepens. 

The full three-dimensional wave function is obtained by multiplying the 
radial wave function (r) by the spherical harmonic 4>), 

tPnimW = . 

Since the absolute square p n i m tr, i>) of this wave function is independent 
of «£. 


Pntmir.O) = |Vnrm(l*)r 

2 2f + 1 if - M»! 

n,ir) *\tt {f f |m|)! 
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Fig. 13.3. Absolute squares > - Kv«d'- "-4»)|' of the lull three-dimensional 

eigenfunction or a square-well potential. Here />„/,„(/-. iDdl represents the probability 
of observing Ihe particle in Ihe volume element «Jl at location i», 0. «;•). It is a function 
only of the distance r from Ihe origin and of ihe polar angle •••. (a) In this ligure, which 
applies to zero ungulur-inomeiituoi quantum number i. Ihe function «.-(ri depends only 
on r. For values n — I. 2. 3 of ihe principal quantum number it has n - 1 = 0, 1. 2 
nodes in r indicated by Ihe dashed half-circles. ICach plot gives Ihe probability density 
Tor observing the particle at any point in a half-plane containing the axis. Here and in 
Figure 13.4 all plots have the same scale in / and >. They do, however, have different 
scale factors in /*- <b» The functions p n in ir, | as given in (a) but for * — I and m I). I. 
'Hie •> dependence is given by the Legendre functions /, (cos i? 1 which have i m| 
nodes in 0. indicated by Ihe dashed lines if — const. 

il can be shown in an r. 0 plot In Figures 13.3 and 13.4 litis function is plotted 
as a surface over a half-circle (0 < r < /?; 0 < 0 < ji) in the x, z plane. It is 
the probability density for observing a particle at location (r, i>. 0); that is to 









is the probability of finding the particle in the volume element dV = r~ dr 
d cos 0 d0 at (r. i? t </>). In Figures 13.3 and 13.4 we recognize the nodes in r 
as half-circles in the plane at which the probability density vanishes. They are 
attributable to the nodes in the radial wave function R„(ir). In addition, there 
are t - |/?i! nodes in l? along rays P const in the plane originating from 
zeros of P’ t H (cos 0 ). 
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13.2 Bound States of the Spherically Symmetric 
Harmonic Oscillator 

For many model calculations in nuclear physics, a harmonic-oscillator poten¬ 
tial has proved to be useful. The potential energy of a spherically symmetric 
harmonic oscillator is 

k •) k i i 

V'(r) = -r’ = -(.vj- + x; + .x\) . 

The stationary Schrddinger equation for a particle of mass M moving in this 
potential has the form 

fl 2 , k 

- — V- + -/" U(r) = £><r) . 

Instead of the separation of variables in polar coordinates, as discussed 
in Section 10.7, we may just as well carry out the separation in Cartesian 
coordinates, for the potential is a sum of terms, each of which depends on 
only one of these coordinates. We start with the factorized ansalz 

V’tri = q>|(A|)V>2(.V2)^3(.V3) 

and arrive at three Schrddinger equations for one-dimensional harmonic os¬ 
cillators in the coordinates V|, vj. and v> which arc identical to the equation 
discussed in Section 6.3 for the coordinate \. 

Ejtp,(Xj) . i = 1 , 2.3 , 
y/I/Xi . 

From Section 6.3 we know that the energy eigenvalues are 

E, = Bin ,) = (fi/ -F -)/kri , ri( = 0. 1. 2,.., , 

with independent integer quantum numbers «,• for the three oscillators The 
total energy £ depends on die three quantum numbers /i|. ni. and ny, 

= £(«i)-F £(/»2) + £(/»3> 

3 

= (n\ +/f 2 *F«j 4- -)flw . 

The eigenfunctions Wi,< v< t are normalized products of Hermitc polynomials 
and Gaussians. They were shown in Figures 6.4 and 6.5. 


/ h z d : M , ,\ 

{-w^ + T* x ‘r M 
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The eigenfunctions ol the three-dimensional harmonic oscillator are 

with the eigenvalue £0i|, n 2 . m). Figure 13.5 slums, as an example, the 
eigenfunction 

yiin(x|. -V 2 . v.O = TO(xi)(M*2)tt>(*3) - 

Since it is a function of the independent coordinates t|, . 12 . and xj. we 
represent it by plotting it for various planes xj = const in ri.Xj.xt space. 
Since the vj dependence is given hv the simple Gaussian factor 


V*)(.vQ = const • exp 


(-4) ■ *-j 


the function is symmetric in xj and is damped away as \ \ increases in magni¬ 
tude (see Section 6.3). It is also symmetric in x|, and antisymmetric in . 12 - 
Obviously, all the different quantum-number triplets w 1 . 112 . having the 
same sum correspond to different eigenfunctions <*>,' 1/l: „_. dial is. to different 
physical states of the system. All these physical states, however, have the same 
energy eigenvalue. They are therefore called degenerate states . 

The usual separation of the three-dimensional Schrtidingcr equation in 
polar coordinates yields the radial Schrodinger equation 


* 2 I 1 2 

—r + V, c "(r) R„, (r) = E„ R„, (r) 
2 M r dr- 


with the effective potential 


k M+ I) , * 2 


The solutions of this equation arc 

/ 


where the functions 1 ‘ arc the Laguerrepolynomials. 
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Fig. 13.5. Eigenfunction^; ,U|. «.*..«* 1 = \\ >v>iU.*)<riil.v«) of the three-dimensional 

harmonic oscillator expressed in Cartesian coordinates t j, .vj, .1 » and written as a prod¬ 
uct or three one-dimensional liuriuonic-oseillutor eigenrunctions. For tills figure the 
w idUi parameter'T ( | " I was chosen. The function is plotted for three planes vi =0, I 2. 
Because y.,i(»i i is symmetric, the plots remain unchanged ir the substitution i» -* \, 

Is performed. This figure should be compared with Figure 6.4. 
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Fig. 13.6. I.agucrrc polynomials of half-integer upper index. The lower Index is equal 
tn (lie degree of the polynomial and to the number of its zeros. All zeros are at positive 
values of (lie argument x. 


The normalization constants arc 

I ri,'.2°+- 

Nnl ~ V |2(f + Hr) + UHv^Oo 

The energy eigenvalues are given by 

3 

E n = (n + - )flw 

with 

n = In, -f ( . 

Before studying the radial solutions R nt . we first present die Laguerre poly- 
nomials in Figure 13.6. Tlie degree of the polynomial is equal to its lower 
index and to the number of zeros on the positive v axis. 

The radial solutions R n , are shown in Figure 13.7. Their zeros are deter¬ 
mined by the zeros of the corresponding Laguerre polynomial. Because ol die 
relation between die integer quantum numbers n.n r . ami i . quantum number 

n takes the values £, f + 2. t -f 4. 

In Figure 13.8 the functions R ni . R; ir and r 2 R;„ are shown together with 
die potential V'(r>. the effective potential and the eigenvalue spectra 

for tlie lowest eigenstates of the harmonic oscillator and the lowest angular- 
momentum quantum numbers < - 0, 1.2. With increasing energy the tune- 
tions reach out farther in r since die potential increases with r The functions 


Fig. 13.7. Kudial eigenfunctions >, u - 2u, -i for the three-dimensional harmonic 
oscillator. Their zeros arc the i»i - h/.* zeros of the l aguerre polynomial / j :'r 2 '- 
The argument /• is the distance r from the origin divided by the width n , of the ground 
State of the oscillator. Graphs in the same column belong to the same value of n,. Graphs 
in the same row belong to the same value of r. 


are again suppressed near r 0 for t M 0 by the centrifugal harrier. The sup¬ 
pression is strongest for low energy E but high angular-momentum quantum 
numbers (. 

The three-dimensional stationary wave functions are 
VWjtri RntirWtm • 

Their absolute squares |y>„ (WI | which arc independent of the a/imutli i*>. are 
plolled in Figures I3.M and 13.1(1 lor low values of n and t 0. I. 2. Since 
the energy eigenvalues E„ depend on one quantum number only, there arc 
again degenerate eigenfunctions. From the properties of die spherical har¬ 
monics. we know that for every t there are 2/ F I slates of different quantum 
number in. Moreover, for a given energy eigenvalue L r , there are eigenstates 
with different angular momenta / . Because of the relation n = 2it, + I , the 
number n of quanta of energy hoi above the energy Ihio of the ground state 
is even or odd. depending on whether i is even or odd. Actually there are 
Of + I l(n I 2)/2 degenerate eigenfunctions to a given energy eigenvalue E„. 
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Fie. 13.8. Radialeigenfunctions K„, irl, ilieir squares R;,\ r ). and the functions» R;,(r 
for the lowest eigenstates or the hurmonic oscillator und the lowest angular-momentum 
quantum numbers I = n. I. 2. On the left side are thedgcnvalue spectra, The Turin of m 
harmonic-oscillator potenthil V{r) is indicated by n long-dash line. and. for / w «. » 

Of the effective potential Vf'Ur , by a short-dash line. The eigenvalues have equidistant 
spacing. The eigenvalue spectra ore degenerate for all even . values and all odd « values. 
except that the minimum voluc of the principal quantum number is n — t. 
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Fig. 13.9. The absolute squares if l - Wn.tmir, «>. *i , n, in - l i/2 of the full 

three-diiueiLsional eigenfunctions for the harmonic oscillator. The absolute squares arc 
functions only of r and d. There are n, radial nodes, and 1 »i I polar nodes, indicated 
by dashed half-circles and rays, respectively. Each ligure gives the probability density 
for observing the particle at any point in a half-plane containing the : axis. All pictures 
have the same scale in r and ->. They do. however, have different scale factors in p. In 
this figure the p nr ,„ : are shown for t — 0 (left) and • = I 4right). 


How arc the two different sets of solutions ^ )|i(l , n . and related? 
Obviously, wc have to be able to describe the same physical slates by either 
set. In fact, we are able to do so because most of the states are degenerate; 
dial is, a large number of slates have the same eigenvalue. Obviously too, 
a linear superposition of degenerate eigenstates is again an eigenstate of the 
same energy. Thus it is possible to express the eigenstates of a given energy 
in one set by a linear superposition of the eigenstates of the same energy in 
•he other set. The only nondegenerate eigenstate is the ground state 
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Fiji. 13.111. As Figure 13.9 but for t ^ 2. 


ip’ mi (r) = jT y \ 3/2 exp f-^-j 

which has Ihc ground-state energy £<, = xAw. This eigenstate is the same in 
both sets. All other slates are degenerate. As an example of a superposition of 
Cartesian eigenstates v ; ,' r „ w,lich foims a “ angular-momentum eigenstate 

u „,„ f , we hx»k ai /( = 2. I 2. and m — 0 We have 


j = WKKdr) 


= —^v*2ixi (r> ‘ y=W>:«>( n + V 3^ l02<r> 


Figure 13.11 demonstrates this particular superposition. Figures 13.11 a. 
|>. and c give tlie three terms of this superposition in the V|. ti plane. In Fig¬ 
ure 13.1 Id the sum ^^(ri is shown. In Figure 13.1 le its absolute square is 



Fig. 13.11. \n eigenstate V/.fm" -K<P) of the harmonic oscillator can be written as a 
linear superposition or the degenerate eigenfunctions v\ i.ul having the same 
energy eigenvalue in b. c>. The three eigenfunctions for n — 2 in the « . v< plane each 
multiplied by the appropriate factor; (cl) the sum; (e) its square; (f) the function ■. 
in ». *> representation as known from Figure 13.10. Parts e and f are identical except thal 
part e bus Cartesian coordinates, part f polar coordinates. 


plotted in the x\.xj half-plane lo facilitate comparison with the r. 0 plot of 
this same function |^ 22 fl(r)| : . which is given in Figure 13.1 If. 


13.3 Harmonic Particle Motion in Three Dimensions 

In Section 6.4 we described the motion of a Gaussian wave packet in a 
one-dimensional harmonic-oscillator potential. We obtained for the absolute 
square of the time-dependent wave functions a Gaussian distribution with an 
expectation value oscillating like Ihc classical point particle. Its width os¬ 
cillates with twice the oscillator frequency. We therefore anticipate that in 
the three-dimensional oscillator the expectation value of a three-dimensional 
Gaussian wave packet moves on an elliptical trajectory as a classical point 
particle does. The shape of the three-dimensional wave packet is completely 
described by its covariance ellipsoid, which we introduced in Section 10 I, 
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Hr. 13.12. A thref-dinunslonnl Gaussian wave packet, represented hy its probabil¬ 
ity ellipsoid, moves under the influence or an attractive force described by a hnr- 
moiiic-oscilkUor potential. Its expectation value, that is. the center or the ellipsoid, 
describes an elliptical trajectory. The initial conditions were chosen so that the ellipsoid 
does not tumble, that is. its principal axes keep constant orientations. The magnitudes of 
the principal axes oscillate with twice the oscillator frequency. Two examples are shown. 
Top: The ellipsoid stays rotationally symmetric with respect to the axis. Bottom: All 
three principal axes of the ellipsoid are different. 

The shape of the covariance ellipsoid itself oscillates, that is. it changes peri¬ 
odically with time, its frequency being twice die oscillator frequency. 

Figure 13.12 shows two examples for such a motion The classical tra¬ 
jectory is chosen to he identical lor both. For simplicity the covariance el¬ 
lipsoid has two of its principal axes in the plane of motion Moreover, the 
initial conditions were chosen so ihat the directions of ils principal axes do 
not change while the ellipsoid is moving. Because the harmonic oscillator is 
spherically symmetric, the oscillation in magnitude of all three principal axes 
has the same frequency but may have different phases. In Figure 13.12 (top) 
the covariance ellipsoid stays rotationally symmetric with respect to the axis 
perpendicular to the plane of motion The si/e of the ellipsoid changes dra- 
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matically with time. So does its shape: it oscillates between prolate and oblate. 
In Figure 13.12 (bottom) all three principal axes of the ellipsoid are in general 
different: the ellipsoid docs not have rotational symmetry. 


13.4 l'he Hydrogen Atom 

The most fundamental application of quantum mechanics is atomic physics. 
The simplest atom is thai of hydrogen; il consists of a simple nucleus, die 
proton, and one electron hound by the electric force acting between them. 
Since the mass of die proton is nearly 2000 times that of the electron, M. the 
center of mass of the atom, for our purposes, coincides with the position ol 
the proton. We choose it to be the origin of our polar coordinate system. The 
potential energy of the electron, which carries the charge -e in the electric 
field of the proton of charge 4«\ is given by the Coulomb potential ol the 
proton. 

e 1 

U( r)=--, 

4,tei> r 

multiplied by the charge of die electron: 


V(r) = - 


4,Tftj r 


Here the .‘o = 8.854188 x 10 ,: v ( m is the electric field constant also called 
the permittivity of free space. The constant < ,2 /t4,Tfi.) has the dimension of 
action times velocity. It can therefore he expressed hy a multiple of two fun¬ 
damental constants of nature, namely Planck's constant /) and the speed of 
light c. Inserting numbers, we obtain 


= ahe 


The dimensionless proportionality constant u is called the fine structure con¬ 
stant. It was introduced by Arnold Sommerfeld in Id 16. 

The stationary Schrodinger equation for the hydrogen atom then has the 
form 


- he - ) v»(r) = E\p{r) 

2 M r / 


with M the electron mass We solve this equation with the separation ansaiz 
in polar coordinates, 

ip(r) =s R(r)Y la ,{0, <p) . 

which yields the radial Schrodinger equation tor the hydrogen atom, 
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(r) = EnRntM) . 


It is an eigenvalue equation lor die radial eigenlunetions R,a u ill* energy 
eigenvalues E n . The effective potential is the sum of the centrifugal potential 
and the Coulomb potential: 

H . /rW + l> .a 

- " r r • 

The energy eigenvalues £„ depend on the principal (/minium number n only 
We hav e , 

E n = . n=\.2 . 

They form an inlinitc set of discrete energies. The coeflicient in this equation 
has the value ,V/cV/2 = 13.61 eV. 

The normalized radial wave functions A’„, have the form 

*"' = A '"C5) (mj • 

. i. t A ft 


n = I. 2. 3... 
with the normalization factor 


( = 0. I. 2. n - I , 


Here the parameter 


I 2 /(«- f- D! 

A ”' “^72^V < w + €)! 


a = — =0.5292 x 10“ 10 in 
ai Me 


is the Rohr ratlin a of the innermost orbit. In the model of the hydrogen atom 
that was put forward by Niels Bohr in 1913. the electron can turn around the 
nucleus in circular orbits. These orbits can have only certain discrete radii 
r„ irh/(a\tc). Hie innermost orbit for n - I is r\ = a. 

The function ( U ) is a particular Laguerre polynomial. 




with the integer tipper index k = 2f + I. Some of these polynomials with 
low values of /> and k are shown in Figure 13.13. We note that the number 
of zeros equals p , and that all zeros occur for positive values of the argument 


rij*. 13.13. I.aj>ucrre polynomials «f inlcuvr upper index. The lower iiides is equal to the 
degree of Ihc polynomial and to tlie number of its zeros. All zeros are at positive values 
of the argument i. The graphs look rather similar to those or l-iuure 13.6, which shows 
the l.agucmr polynomials of hair-iuleger upper index. Thai they are in fact different 
cun he seen, for example, from the positions ol'llie zeros. 

x. In Section 13.2 we found that the radial wave functions of the spherically 
symmetric harmonic oscillator contain the Laguerre polynomials ~(.v) 
of half-integer upper index. They were plotted in Figure 13.6 for a few val¬ 
ues of the indices. A comparison «»l Figures 13.13 and 13.6 reveals a strong 
similarity between the two sets of polynomials. 

The radial wave functions R„, for the electron in the hydrogen atom are 
shown in Figure 13.14. Their behavior for large v alues of r is dominated b> 
the exponential exp| r/{na) J. Near r 0 it is determined by the power 
|2r/(/m) |*. Their zeros are those of the corresponding Laguerre polynomial, 
that is. die radial wave functions R„,ir) possess //—/—! zeros. 

Let us compare the radial wave functions of die hydrogen atom with those 
of the harmonic oscillator. We realize that with increasing energy eigenvalue 
the wave functions of the hydrogen atom spread much taster to larger radii 
than do those ol the harmonic oscillator. Obviously, the reason is that the Cou¬ 
lomb potential becomes wide with total energy much more quickly diait die 

harmonic-oscillator potential dives. This difference manifests itself in the ana¬ 
lytic form of the wave functions of the two systems. The radial wave functions 
of the harmonic oscillator, as presented in Section 13.2. contain the factor 
cxp|— r 2 /{2afi)\, which varies little for r 2 /{2ctfi) *r< I and approaches zero 
very quickly for values r : /(2og) > I. The radial wave functions of the hy¬ 
drogen atom contain the factor exp|—r/(wn)l, which varies more strongly for 
r/(na) 1 and falls off to zero much more slowly in the region r/{na) > I. 
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Fig. 13.14. Radial eigenfunctions for the electron In the hydrogen atom. Their 

/cnis are the »i r I zeros of the Lngutfrrv polynomials L;\ ,(2/»/r;». Here the 
argument of the Lagucrre polynomial is 2 f >/n with n being the principal quantum 

number and p -- r/a the distance between electron and nucleus divided by the Bohr 

radius 


I he spectrum of energy eigenvalues is highly degenerate because, for a 
given quantum number n. the angular-momentum quantum number t can take 
any one of the values 0 < f < n I. and. for a given I . quantum number m of 
die ; component /. of angular momentum runs between -i < m < t . Thus 
lor a given n there arc 4- |) = ,r different slates, all having the same 

eigenvalue £„. 

In Figure 13.15 Ihe radial wave functions R n( (r) are shown together with 
the Coulomb potential V{r) and the effective potential VjPir) for the lowest 

values of the principal quantum number, n = 1.5. and for the lowest 

values of the angular-momentum quantum number. ( = 0. I. 2. Figure 13.15 
also contains the plots for R^ l( ( r I and r - £;„</). 

It is interesting to compare the radial wave functions and the energy spec¬ 
tra for the three types of potentials discussed in this chapter, namely the 
square-well potential (Figure 13.1). the harmonic-oscillator potential (Fig¬ 
ure 13.8). and the Coulomb potential (Figure 13.15). For the square-well 
potential, which vanishes in the external region, the wave functions fall off 
like an exponential function in this region. The Coulomb potential approaches 



13.4 The Hydrogen Atom 



Fig. 13.15. Radial eigenfunctions ir i. their squares K*,<r i.and the functions < *>> 
for the lowest eigenstates of ihe electron in the hydrogen alum and the lowest angu¬ 
lar-momentum quantum numbers * 0. I. 2. Also shown are the energy eigenvalues 

ns horizontal dashed lines, the form of the Coulomb potential V(r». and. for » + 0, the 
forms of the effective potential Vf 11 (r). The eigenvalue spectra are degenerate for all < 
values, except that Ihe minimum value of Ihe principal quantum number Is n = t + I. 
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zero with increasing r. The wave functions are products ol polynomials and an 
exponential function, so that they taper off for large r like a power of r times 
the exponential fund ion. Finally, lor the quadratic-ally increasing potential of 
the harmonic oscillator, the falloff‘of the wave functions i> more pronounced. 
They behave like r n exp(-r 2 /2ff^> lor large / This behavior reflects the in¬ 
tuitive expectation that an ever-increasing potential confines Ihe particle best 
and that attractive potentials that approach zero better confine the particle the 
faster they reach zero. 

Now. looking at the energy spectra, we observe that the spacing between 
levels increases with energy for ihe square-well potential, is equidistant for 
the harmonic oscillator, and decreases for die C oulomb potential. 

Finally, we turn lo the three-dimensional wave functions for the electron 
in the hydrogen atom, 

¥Wm(r) = R ,,/ <r )>', </») • 

The probability density 

/>(r> = (r. 0) = 

contains the complete information about the probability for the election in a 
particular eigenstate (w. I. ml of the hydrogen atom to be at a given position r 
in space. Then, of course. Ihe graphs of p(r, t')) in Figure 13.1 6 again contain 
the full information. I he graphs can be understood as surfaces in v. p space 
depicting the function p(x.z) as a surface over the x . : plane (more exactly a 
half-plane bounded by theaxis). Since the function is rotationally symmetric 
with respect to the r axis, the surface looks die same over any other plane 
which contains die c axis. e.g.. the v, - plane. 

However, the surfaces shown in Figure 13.16 arc still a somewhat abstract 
representation of the probability density p„tm since they are constructed in 
v, c, p space and not in the three-dimensional position space, i.e.. in .v. y.r 
space. We will therefore construct plots which give a direct impression of the 
probability density in space although they cannot contain the full information 
about fla/wt- We start with die different states for n 2. 

The left-hand column of Figure 13.17 again shows the surfaces represent¬ 
ing p 2 , in over the v. c plane, < Note that the scale in /> is different for the three 
plots, such that the maximum of p appears at the same height in each plot.) 
Cuts through these surfaces by planes p = const (i.e.. planes parallel to the 
v. c plane) yield lines p = const. Such lines in ihe x.z plane are shown for 
p = ().02 m the right-hand column. <The units used lor the spatial probability 
density is <i~ \ a being the Bohr radius.) The interpretation of these contour 
plots is simple. If we compare the two plots in the top row of Figure 13.17 we 
see dial p 2 on > 0.02 inside the inner circle in ihe contour plot and in the ring 
between the two outer circles. Similarly. /> 2 ii» > 0,02 inside the two contours 



Flu. 13.16. The absolute squares /)„/», (r. ») vvifmO. >\*»f the full three-dimen¬ 
sional wave functions for the electron in the hydrogen atom. They arc functions only 
of r and i?. All eigenstate* having the same principal quantum number have ihe 
same energy eigenvalue E„. The possible angular-momentum quantum numbers art* 
t - 0. I, 1. The wave functions have/: t l nodes in r and i - ”< nodes in •>, 

indicated by dashed half-circles and rays, respectively, luicli figure gives the probability 
density for observing the electron ut any point in a half-plane containing the axis. All 
pictures have the same scale in r and t>. They do. however, have different scale factors 
in p. 








262 13 Three-Dimensional Quantum Mechanics: Bound Slates 



Fiji. 13.17. Left: Spatial probability density ,< :fm far un electron in the hydrogen atom 
shown over a half-plane hounded by the ; axis. Dittm-nt scales in p 2 t* are used in tin- 
three plots. Right: Contour lines in/m 0.02 in the x, plane. Numbers are in units or 
the Bohr radius. 
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Fig, 13. IK. Surfaces of constant probability density p 2 / m = 0.02 in full y. space 
i right I and in the half-space \ - 0 1 left). 
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Kfe. 13.23. Contour lines = 0.00002 in the .. r plane. Numbers are in units uf .be 
llnlir radius. 
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;v^',TiV.v 


Fig. 13.24. Surfaces «if eiMLStanl probability density , . r , - (1.0001)2 in • * spare. 


above and below the a axis which are symmetrically traversal by the : axis, 
aiul f> 2 11 > 0.02 inside the two contours situated symmetrically with respect 
to each other to the left and to the right of the - axis. 

The generalization of contour lines in die \. r plane to surfaces of con¬ 
stant probability density in three-dimensional .i.y,- space is now simple. 
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The surfaces are created by rotation of the contour lines around the : axis. 
The surfaces of constant probability are shown in Figure 13. IS. In the nghi 
hand column they arc shown in all of space, in the left-hand column only in 
the half-space v > 0. i.c.. they are cut open to reveal a possible inner structure. 
Obviously, the lines generated by the cut are the contour lines of Figure 13.17 
Regions of high probability density (/> > 0.02) are enclosed by the surfaces. 
Outside the surfaces the probability density small ip < 0.02). I he region 
of high probability density is a kind of torus for p 2 \\. it consisLs ol two lobes 
symmetrical to each other with respect to the v.y plane for pi i... and ol a 
sphere around the origin and a spherical shell further outside lor /> 2 ou- ln lhe 
cases where regions of high probability density consist of separate volumes 
in space they are separated by node surfaces on which the probability density 
vanishes. These are surfaces / = const (spheres) or i) = const (cones about 
the - axis and. for 0 t/ 2 , the .v. y plane). 

In summary we can say that surfaces of constant probability density in 
v. v. - space allow a rather direct visualization of the probability density al¬ 
though. in contrast to other plots, they do not contain the lull information 
about that quantity. 

We conclude this chapter by showing plots of the probability density 
pnf m (r) for the principal quantum numbers n = 3 and n = 4. Figures 13.19 
through 13.22 apply to n = 3 and contain the probability density in the \. c 
plane or - equivalently r. ft plane, the contour lines px ( ,„ = 0.0002 in the 
x,z plane and the corresponding surfaces in v.y,c space. For n = 4 we 
only show the contour lines p At m = 0.00002 and (he contour surfaces in Fig¬ 
ures 13.23 and 13.24. respectively. 

13.5 Kepler Motion in Quantum Mechanics 


In classical mechanics motion under the action of a central lorce is greatly 
simplified by the conservation of angular momentum in addition to energy. 
Also in quantum mechanics time-independent central lorces conserve energy 
and angular momentum. We decompose the initial Gaussian wave packet 


V'(r.0> = 


(2.t)-W-V2 


lr-ror . 

? exp- t i— -H ko • r 


into u linear superposition of eigenfunctions of the hydrogen atom. We choose 
the initial position ro, the initial momentum pa = Aku. and the spatial width 
a such that the initial wave packet »//<r. 0) can to a sufficient approximation 
be superimposed by bound-state eigenfunctions tr). 


■x « -1 r 

0) - bntm*Pntm(T) 

»i=l (t=0 m=—t 
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The r) are eigenfunctions of the Hamiltonian containing the Coulomb 
potential to the eigenvalue (cf. Section 13.4) 

E„ = -~.i . n= 1.2.3. 

n- 

Here 

E) = ] -\fc 2 a 2 = 13.61 eV 

is the modulus of the ground-state energy. 

The time-dependent wave packet can be obtained from \lt( r. 0) by mul¬ 
tiplying the members of the sum with the time-dependent phase factors 
exp(-iftV l with the angular frequencies 



The wave packet at time t is given by 

n -I ( 

<lnr,D = H t(r) • 

;»-l f=Qm=-l 

As discussed in Section 10.10 the angular-momentum content of a Gaussian 
wave packet is described by the probability W tm for tile total angular momen¬ 
tum C and the z component m in the direction of classical angular momentum 
L d = r 0 x po. In terms of the coeflicients b„ tm the probabilities W,,,, of 
angular momentum are given by the sum W,„, = ^J^-i b, u ,„ l“. 

In Figure 13.25 the plot of the probability W,„, for the Gaussian wave 
packet chosen is shown. As already remarked in Section 10.10 tor fixed / the 
probabilities H',, are at maximum if the quantization axis n is chosen in the 
direction of classical angular momentum. The marginal distribution W t has 
its maximum close to the value = L c i/A given by the classical angular 
momentum. 

The distribution of the principal quantum number n and total angular mo¬ 
mentum L is given by the probabilities 

l*nt — y \ 
m~—t 

Additional summation over i yields the marginal distribution 

t=o 
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He. 13.25. Distributions of the probabilities VI of the quantum number of total an¬ 
nular momentum * and its . component w for the wave packet shown in Figures 13.27 
through 13.30. The quantities are defined for integer values of t , rn only. Their gniphieul 
representations are connected by straight lines. Also shown is the marginal distribution 
IV,. The inlay is a magnification of the central part of the figure. 


of the energy eigenvalues, while by summing over n we obtain the marginal 
distribution W*. 


iv, = £ i>„ 


Figure 13.26 exhibits the distribution of P n , for the same wave packet together 
with the two marginal distributions P n and W, The maximum ot P „ is close 
to die value 

f-c i 


nd= * 


given by the classical energy 


_ PH ahe 

*-cl — -ui 

2 M r« 


in terms of the initial expectation values pn and r„ = ri>| of momentum and 
position of the Gaussian wave packet. 
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Fig. 13.26. Probability distribution of the principal quuntum number n and the 
angiilar-moincnluni quantum mimher i «*f the wave packet shown in Figures 13.27 
through 13.30 together with the marginal distributions W, and /’ r . The probability is 
set equal In /cm if ■: II) 

Figure 13.27 presents the first revolution ol the wave packet at the time 
instants i = 0. iv K . i/k. and r K . where 7’ K is the classical Kepler period. 
The solid line represents the classical elliptical Kepler orbit for the initial 
conditions n,. pn. The dot on the ellipse marks at time t the position ol the 
classical particle with the initial conditions r,,. p ( >. The function shown is the 
spatial probability density 

/>tr, /) = |^(r. 01 2 

over Ihe plane r = tv, v. 0) of the classical orbit. 

We compare the behavior til the quantum-mechanical wave packet with 
the lime development of a classical phase-space distribution which has at / = 
0 the form 









pig, 13.27. Plots in the left column show the time evolution of an initially Gaussian wave 
packet in the plane 0. i.e.. the plane of the classical Kepler orbit indicated by the 
ellipse. The full dot represents the corresponding position or the classical particle. I lie 
temporal instants shown arc the thirds of the first Kepler period l K . Plots in the right 
column show the lime evolution of the spatial probability density or the corresponding 
classical phnsc-space distribution. 
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of the product of two Gaussian distributions in space and momentum. The 
momentum width n r is chosen according to Heisenberg's uncertainty relation 
for a Gaussian wave packet, 

a r = h/{2a) . 

The time evolution /> J (r. p. t) of the phase-space distribution is calculated 
with Newton's laws. The classical probability distribution in space is the 
marginal distribution 

/>j'(r.n= { oVp.nd'p 

obtained by integration over all values of the momentum. 

The time development of the classical spatial probability distribution is 
shown also in Figure 13.27. For computational reasons the plots are not 
smooth bui look as composed of columns. They are called histograms. The 
height of each column is proportional to Ibe probability per rectangular region 
in a and v. 'The histogram shows only columns which correspond at least to 
a certain minimum probability. The main features of the classical probability 
distribution are very similar to the quantum-mechanical distribution. 

The deformation of the Gaussian wave packet showing at r = 7k/3 for 
live first time is thus seen to be a purely classical effect. It is in particular due 
to the distribution of momentum in classical phase space initially of Gaussian 
shape about the point p.> For example, the distribution at any given point r in 
the a. v plane also contains momenta po + pi. where pi is pointing toward 
the center of force. The time of revolution for a particle with this momentum 
is shorter than for one with pu. Therefore the spatial distribution will have a 
forerunning part inside the classical ellipse. Analogous arguments show that 
momenta po- pi are responsible for a delayed tail located outside the classical 
orbit. These features catch the eye at first glance in the plots of Figure 13.27. 

As time elapses the distributions widen anil finally wind around the orbit. 

As soon as the bow of the quantum-mechanical wave function overlaps with 

its stem we expect and observe interference phenomena. Figure 13.28. An 

earlier example of this phenomenon we have met in Section 6.2 of a wave 

packet in a deep square well. There, the interference leads to a revival of the 

wave packet at ihe revival time / = 7 rt v and to fractional revivals at times t - 

j T ti jv. k, i integer. The same phenomenon of the revival of the wave packet 

exists for the wave packet on a Kepler orbit with the revival time given by 

... "cl T 
'rev = -T- IK > 

where u c i = E^/E\ is the classical value of the principal quantum num¬ 
ber. The existence of a revival time in the quantum-mechanical Kepler prob¬ 
lem was pointed out by Parker and Stroud (Physical Review Letters 56. 
716 (10X6)). Figure 13.29 exhibits die distribution p{x.y\Q,t) at the times 
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Hr. I3.2‘>. Re¬ 
vival of the 
wave packet 
for the times 

' = T nv - 
7k/2. Trev, r^v 









Fig. 13.30. Fractional revivals or the wave packet. 

/ = (>i,,/3- i>7k.Wd7k/3.(«ci/3+j)7k.It is surprising lh.nl there is a time 
difference between the positions of the revived wave packet and the classi¬ 
cal particle. A more detailed discussion of the origin of the quasiperiodicity 
in the quantum-mechanical hydrogen atom as carried out by Averbukh and 
Perelman in Physics Letters A 139,449 (1989) reveals the reason. 

Figure 13.30 exhibits the fractional revivals of the wave packet. At T rev /2 
we have two. at T nv /3 three wave packets, etc., on the Kepler orbit. They 
are equidistant in time as a consequence of the second Kepler law, i.e.. of 
angular-momentum conservation. 

As expected, the classical spatial distribution //' shows no such revivals. 
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Problems 

13.1. Calculate the energies of the states of angular momentum zero for an 
infinitely deep potential well in three dimensions. Compare this spec¬ 
trum with the one in Figure 13.1. Explain the deviations 

13.2. Why are the energies of the same quantum numbers n for / = 1, 2 in 
Figure 13.1 larger than those for ( = 07 

13.3. Why does the energy of the lowest (in general, the wth) state decrease 
with increasing width of the spherical square-well potential of the same 
depth (Figure 13.2)7 

13.4. Why does the difference K\, - V\ t of the state of lowest energy for a 
given angular momentum ( increase as the potential well deepens? 

13.5 Explain the structure of the product function *:• A*)’ as plot¬ 

ted in Figure 13.5. in terms of the structures of the harmonic-oscillator 
functions in one dimension, as plotted in Figure 6.4. 

13.6. Why does the average probability density in a spherical shell of unit 
volume, given by r 2 R; ;( ir) as plotted in Figure 13.8, increase toward 
the harmonic oscillator wall? 

13.7. What do you expect the harmonic-oscillator probability densities for 
n = 5,1 = 0. I. 2. 3 to roughly look like? Describe their nodes in r 
and in analogy to those in Figures 13.9 and 13.10. 

13.8. Verily by explicit calculation that the angular-momentum eigenstate 
V ? 22«»< r» of the harmonic oscillator can be decomposed as was done in 
Figure 13.11. 

13.9 Let us consider time-dependent motion in a rotmionally symmetric 
harmonic oscillator. The wave function of the initial state ^(r.O) at 
I = o U given explicitly in terms of a decomposition into eigenfunc- 

i//(r,0) = Y. . 

corresponding to the eigenvalues E„ = (#i + ^)hw, n = ii\ -\-ni~\-n 3. °f 
the harmonic oscillator as described in Section 13.2. Hie are the 
spectral coefficients of the initial state in the harmonic-oscillator base 
^/ 1 ,/iwic Show that the time-dependent wave function (n = n \ 
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V Vir.M= Y. e 




is a solution of the time-dependent Schrcidinger equation 

ifl ^ lr,,= (- 2 A 7 V2 + H V ' <r ’ n 

and fulfills the initial condition. 

Analyze the behavior of the three-dimensional wave packet under the 
influence of a harmonic force, as plotted in Figure 13.12. in terms ol the 
behavior of three independent one-dimensional oscillators, as plotted in 
Figures 6.6 and 6.8. Describe the initial conditions of these independent 
oscillators in terms of classical mechanics. 

Show that the general solution \Mr. M for the motion in a harmonic 
oscillator, 


0 <r.n= ]T «P„Ui. 




with the energy of the state yi' 

3 

E n = (w + - )htu . 


n = + n 2 + . 


possesses the following periodicity proper!} 




= c“ w,7r ^(r.f). rfl = I. 2. 3. 


The periodicity property implies that 


& ^r. t = li/r(r. i 


This result can be read off Figure 13.12. 

13.12. Calculate the minimum of the effective potential, lor / = 2 ol 

the hydrogen atom. 


Find the differences between the eigenvalues E„ of the electron in the 
hydrogen atom and this minimum. F.„ - V^L. Kx P ,ain wh >’ S[MCS 
with ft > 3 exist for angular momentum f = 2 in the hydrogen atom. 
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13.13. Show that the Bohr radius u as given in Section 13.4 is at the position 

of the maximum of / that is. show that, at r = it. 

d 

|r/?n>(r)J = 0 . 

dr 

13.14. The energy of the ground state of a two-particle system bound by a 
Coulomb force is 

r l j ? 

E| = - * . 

where n = M\M 2 /(M\ + A#:) is the reduced mass of the system of 
two panicles of masses <V/| and Kh. For A/| « A/ 2 . n tends toward 
A/ 1 . Using this formula, calculate the ground-state energy £| for the 
hydrogen atom and for a positronium. w hich is a system of an electron 
and a positron, that is. an electron of positive charge. 

13.15. Muons are particles similar to the electron but possessing a mass 

wij, = 105.6 MeV/c : 

The Bohr radius, that of the innermost orbit, of a system made up of a 
positive and negative charge is 

/I 

a =- . 

UftC 

where ft is the reduced mass of the system, as given in the preceding 
problem. Calculate the Bohr radii for a hydrogen atom: for a muonic 
hydrogen atom, whose electron has been replaced by a muon; and far 
positronium. a hvdrogen-like system in which the proton has been re¬ 
placed by a position 

13.16. 1 lie Bohr radius u ol the innermost orbit of a nucleus with atomic num¬ 
ber Z is 

h 

<• = ~— • 

Zafu 

where // is the reduced mass of the system. For the uranium nucleus, 
Z 92, the reduced mass can safely be taken as the mass of the particle 
in the innermost orbit. Calculate the Bohr radius fora muonic uranium 
atom and compare the result with the radius of the uranium nucleus, 
n, = 6 x io ,;i in. 
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14. Three-Dimensional Quantum Mechanics: 
Resonance Scattering 


14.1 Scattering by Attractive Potentials 

We now return to the discussion of scattering in ihrce dimensions. In Chap¬ 
ter 12 we looked only at scattering by repulsive potentials. Now we shall study 
Ihe effects of an attractive potential. 

In Figure 14.1 the wave function ^ +> (r) is shown in terms of its real part, 
imaginary part, and absolute square. The figure is analogous to Figure 12.1. 
except for the sign of the square-well potential in region I. In comparing Fig 
ures 12.1 and 14.1, we observe no striking differences except that in region I 
where the potential is nonzero the probability density |y^' <ri|' is apprecia¬ 
bly larger for the attractive potential!. This larger probability density w as to he 
expected since for the repulsive potential the panicle can enter region I only 
by the tunnel effect. 

Figure 14.2 presents the scattered spherical wave as defined in Sec¬ 
tion 12.2. Again we observe that the plot of |v£ +, (r)i 2 has a ripple structure 
whereas the plot of | >/k(r)l* does not. As discussed at the end of Section 12.1. 
Ihe ripples of |y k ‘ 1 < r > | : are caused by the interference of the incident wave 
expfi k r) and ihe scattered spherical wave The absolute square of ij k (r) 

shows no such ripples, and for larger r there is only a \f(fi)\ 2 /r falloff. 

Comparing the two sets of pictures for the attractive and repulsive poten¬ 
tials |Figures 14.1 and 12.1 >. we realize that the forward scattering, the scat¬ 
tering into angles close to zero, is lor the repulsive potential only shadow 
scattering. In other words, immediately beyond the repulsive square well there 
is very little probability of finding ihe particle, whereas there is considerable 
probability that the particle has traversed the attractive square-well region. 





Kir. 14.1. Sea Hiring 
of u plane wave in¬ 
cident fn»m tile left 
along the direction 
by an attractive po¬ 
tential. The potential 
is conlined to region 
• i/ indicated h> 
the small half-circle. 
Shown are the real 
part, ihe imaginary 
part, and the abso¬ 
lute square of the wave 
function • I he fig¬ 
ure corresponds ex¬ 
actly to the situation of 
Figure 12.1. except Tor 
the change V ( , — V'„ 

in the scattering po¬ 
tential. 
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Fig. 14.2. Real pari, 
imaginary pari, and 
absolute square of 
the scattered spheri¬ 
cal wave »/k resulting 
from the scattering of 
a plane wau* by an 
attractive potential. a.s 
shown in Figure 14.1. 


Hi 
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14.2 Resonance Scattering 

In the preceding example the energy of the incoming wave was chosen ai 
random. Lei us now consider the scattering of a plane wave ai a particular 
energy /: a -5 by the attractive potential used in Figures 14.1 and 14.2 A sys¬ 
tematic way for determining the particular energy £.c, will he presented in 
Section 14.3. 

Real and imaginary parts of the wave function 1 r) with particular cn 
ergy /: lc> are plotted in Figure 14.3 together with |y? k 41 1 *. I nlike the situation 
in Figure 14.1, there is now a rather symmetric structure in the region of the 
atlraclive potential. This symmetry is also apparent in the plots of the scattered 
spherical wave //k<r> in Figure 14.4. 

To clarify the origin of the dominating symmetric structure, we inspect the 
scattered partial waves »/, as introduced in Section 12.2. Their real and imag¬ 
inary parts are plotted in Figure 14.5. revealing the dominant contribution of 
the scattered partial wave for angular momentum i 3. Since scattered par¬ 
tial waves are significantly different from zero only for low values of t in 
our example for f = 0 . 1 . 2. 3 clearly close to die potential region wave 1/3 
dominates the wave function ' as well as the scattered spherical wave nu¬ 
ll.} Phase-Shift Analysis 

lit this section we investigate the energy dependence of the partial cross sec¬ 
tions a ,(£). the phase shifts &,{E). and the partial scattering amplitudes 
f ,(/: 1 fot scattering by an attractive potential. The parameters of the potential 
arc the same as those already used in Figures 14.3 through 1-1.5. 

In Figure 14.6 the partial cross sections are shown as a function of energy 
for 1 = 0. 1.5. The striking feature of this figure is the rather pro¬ 

nounced maximum in the energy dependence of 03 . This maximum produces 
a peak in the total cross section shown in die top plot of Figure 14.6. The 
energy value of this maximum is very near the energy l- ICs at which we oh 
served the striking structure in in Figure 14.5. It was this structure dial 
dominated die functions v» k +, (rl and i/kir). To investigate this phenomenon 
further, we study the behavior of the phase shifts />,(/: 1 in Figure 14.7. Except 
for ( = 3. the phase shifts show a rather smooth energy dependence. The 
phase shift A 3 , however, rises sharply in the neighborhood of E, cs crossing the 
value 3 . 7/2 at £, e> . From the phase shifts A, we now construct the complex 
partial scattering amplitudes f,. as described in Section 12.3. 

Figure 14.8 shows the corresponding Argand diagrams for die complex 
functions //(/: >. The Argand diagram for f\i E) shows a swift counterclock¬ 
wise motion of point fy in die complex plane as the energy passes through 
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R? ie ,k, 4 K Sn.^.-"> 



In 


Fig. 14.3. Real pari, 
imaginary pari, and 
absolute square of the 
wave function ^'|* for 
the scattering of a 
plane wave by an at¬ 
tractive potential as 
given in Figure 14.1. 

hut fora resonance en¬ 
ergy £ £‘,c* °f Ihe 








wave. 


» 
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In :,.nT ,tH . L - ' 




l it*. 14.4. Real part, 
imaginary part, and 
absolute square of 
the scattered spher¬ 
ical wave ;/i. result¬ 
ing from the scatter¬ 
ing of a plane wave 
uf resonance energy 
A = Are* •»> the same 
attractive potential as 
in Figure 14.3. 












Fig. 14.5. Real nnd 
imaginary purl*, of 
the scalleml par¬ 
tial waves jj, result* 
ing from the scatter¬ 
ing nf a plane wave 
of resonance energy 
E = by the at¬ 
tractive potential as 
in Figures 14.3 and 
14.4. The resonance 
Is in the partial wave 


1 1 " n 5 lr.$> 


Wn n.tf.C 
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Fig. 14.6. The partial 

cross sections n, (/: I 
and the total cross sec¬ 
tion rj l( „i£> approx¬ 
imated by the sum 
over the first few par¬ 
tial cross sections for 
the scattering of a 

plane wave of en¬ 
ergy E by the attrac¬ 
tive potential used in 
Figures 14.1 through 
14.5. For resonant en¬ 
ergy F. = £ IC , there is 
a sharp maximum in 
tr i which is reflected 
in n u .. approximated 
hv the sum over the 
first six partial cross 
sections and shown in 
the lop diagram of the 
figure. 


the energy £ rcs , As we have learned fmra the examples of one dimensional 
scattering (Section 5.5). this is the signature For a resonance-scattering pro¬ 
cess. As (he phase ascends through t/ 2. the real part passes through zero in a 
sharp decrease, whereas the imaginary part reaches its maximum. Im f, = 1 
Figure 14.8 indicates that none of the scattering amplitudes /i>, f\. and /» has 
a resonance. 

Of particular interest is the differential scattering cross section 
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Fin-14.7. Tin- phase 
shifts . 1 / • for the sit¬ 
uation of Figure 14.6. 
For E = 0 we pul 
Ar<0) - 0. All phase 
shifts except & van 
only slowly with en¬ 
ergy. Near E ti ¬ 
the phase shill 1 
rises sharply, passing 
IIIrou|>h hi/ - /- 
— r, /2, see also the 
hoiloni right diagram 
in Figure I4.H. 



with 

I % 

fun = x 2f + 1 M, {k)P< tens a) . 

* i =11 

The differential cross section is used lo measure the ungulur momentum of 
resonances. II near the resonance energy the absolute values of all partial scat¬ 
tering amplitudes /, except the resonant one arc small, die differential cross 

section is determined by the square of the I .egendre polynomial corresponding 

to die angular momentum ofthe resonance. This is the case tor our example. 
At the resonance energy we expect the differential cross section to be approxi¬ 
mately proportional to | /Mcos fl ))'. Figure 14.% shows the differential cross 
section as a function of cost) for various energies. For the resonance energy 
it is indeed very similar lo l #\) 2 . as we can see by comparing tins figure with 
Figure 10.3. In Figure 14.9a the intensity of the scattered wave at the reso- 
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Fin- I4.H. Argand dia¬ 
grams. Ihiil is. diagrams id 
the energy dependence i»r 
lhe complex partial scatter¬ 
ing amplitudes /, (£|. Tor 
Ihe scattering of a plane 
wave of energy / by llie 
attractive polenlial used in 
Figures 14.1 through 14.7 
for i — m I. 2. 3. The am¬ 
plitude /« moves on a cir¬ 
cle in tile complex plane. 
Small circles are placed on 
the circle al points equidis¬ 
tant in energy. For Ihe 
nonresonant partial waves. 

f - 0. 1. 2. only Ihe Ar* 
gand diagram Itself and its 
projection on the Ini./ . E 
plane are shown. The func¬ 
tion I in /.. i /. > is closely rc- 
laled lo the partial cross 
section o, 1 /. 1 . For resonant 
wave i - 3 both Im J,ik) 
and Re f t < E) projections 
and the phase shift .li<£> 
are shown. Near resonance 
energy / E n . the partiul 
scattering amplitude /,</ 
performs n swift counter¬ 
clockwise motion through 
point It). I) in the complex 
plane, giving rise In (1) 
the pronounced maximum 
in Im /j<£ ,.l, (2> Ihc steep 
drop or Re /,</ i through 
Re niE, c ,> = 0. and (3) Ihe 
sharp rise of Si/ > through 
&!<£**) = W2. 
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Hr. 14.9. (Ml Intensity »f Hie smtlrred spherical wave resulting from the scattering of u 
plane wave incident in the direction unto an attractive potential restricted to a small 
region r < ,7. indicated by the small dashed half-circle. The intensity far outside the 
potential region is a function or Hie snittering angle The energy of the incident wave 
is the resonance energy h = /•:.«. <•»> Energy dependence of the differential scattering 
cross section do >1X2 shown over a linear scale in cos *. The differential cross section is 
constant in > >>s -'.indicating Isotropic scattering, for / 0 (background). At resonance 

energy E /; lr * (fourth line from the hack! it is given approximately by the square of 
the Legendre polynomial /Mens «> •. since the partial scattering amplitude f i dominates 
the cross section. 
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nance energy is plotted over a half-circle in a plane containing theaxis The 
detectors measuring the llux <>t scattered particles could be situated on this 
half-circle. 

Often the background from nonresonanl amplitudes is not smuil. By care¬ 
ful analysis ol the angular distribution, it is often possible to separate resonant 
and nonresonanl partial-wave contributions in the differential cross section 
and thus to measure the angular momentum of a resonance that has already 
been seen in the total cross section 

So far in this section we have studied the phase shills 7>, and the quantities 
derived from them that describe the scattering globally. We now tu rn to t he 
detailed features of the radial wave functions ft, I*. r). Here k = •JlME/h 
is the wave number for a vanishing potential, as introduced in Section I l .l 
In Figure 14.10 the energy dependence of these functions is shown for 
i = 0. I. 2. 3. We observe that N\, and R-_ do not change appreciably 
with energy except for ihe decrease in I he wavelength Ihul is clearly visible 
in the region outside the potential. The wave function however, changes 
us shape rapidly as the energy vanes. Al the resonance energy it has a pro¬ 
nounced maximum within the attractive square-well potential. It is this max¬ 
imum that c haracterized the wave function tr> and the scattering wave 
function jfttr). which were shown in Figures 14.3 and 14.4 to introduce the 
resonance phenomena. 

14.4 Bound States and Resonances 

The pronounced maximum of the radial wave function A’ri^.r). k ns — 
in the range ol the attractive square-well potential signifies that 
the particle in a resonant slate has a rather large probability of being in the po¬ 
tential range. This situation resembles to some extern that of a particle bound 
within a square-well potential The relation between bound states and resn 
nances is indeed intimate, and we shall try to indicate their connection. We 
si art with Figure 14 lid h shows the attractive square-well potential used 
throughout ibis chapter, the effective potential for t = 3. the energy of the 
resonance, and the radial wave function flytAjJ*, ri This plot reveals Ihe rea¬ 
son w hy the resonance phenomenon occurs. We remember from the introduc¬ 
tion to Chapter 11 that the effective potential is the sum of the potential l'(/ > 
and centrifugal potential h 2 t ff -F I )/(2Mr 2 ). Thus the effective potential lias 
a wall just outside the square well, that is. a region where Vf'' is larger than 
11 ns wall keeps ihe particle from leaving the potential region except by 
Ihe tunnel effect. The wall is of linite thickness, however, so that the particle, 
unlike the panicle in the bound state, can also populate the outside region, 
For this depth of the potential there is no bound state lor i = 3. We now' 
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Fig. 14.1(1. Fii ergs 
dependence of the 
radial wave func¬ 
tion A/<X.»l fur 
scattering by an 
attractive square- 
well potential. The 
form of the poten¬ 
tial Is indicated liy 
the long-dash line, 
the wave energy 
by the short-dash 
line, which also 
serves as zero 
line for tile wave 
function. Whereas 
A,i. R\, and A 
change very little 
within the poten¬ 
tial region, near 
the energy 
the wave funetion 
A» «»r the reso¬ 
nant partial wave 

develop-. a very 
pronounced max- 
imuin. Outside the 
potential region 
all wave functions 
show trivial short¬ 
ening of the vvuve- 
lengtli with grow¬ 
ing energy. 




Fig. 14.11. Humid states and resonances of an attractive square-well potential for angu- 
lar-momentum quantum number ( - 3. The potential wells have constant fixed widths 
hut different depths. I’he potential Fin is shown as a long-dash line. The effective po¬ 
tential is also show n. lal For a rather deep potential well there are two hound states with 
negative energies indicated by the horizontal short-dash lines. The lower hound slate 
has no radial nodes; the second Inis one node. <b» \ somewhat shallower well Inis only 
one hound state hut it does have a resonance. The resonance energy corresponds to the 
horizontal line of positive energy. The radial wave function A * • • has one node in 

the potential region, just as the second bound state in part a lias, (cl fills potential well 
has only one hound stale, (ill The hound stale in part c now reappears as a resonance. Its 
wave function is AvUj r ». The resonance is the same as that in Figures 14.3 through 
14.lt). 


increase the depth ol‘ the potential well. There is a continuous decrease of 
the resonance energy E K> as the potential increases in depth, anil eventually 
tin* resonant state turns into a hound state with negative energy and with the 
radial wave function R\ dr). This situation is shown in Figure 14.1 !e. If we 
increase the potential depth even further (Figure 14.1 lb), a new resonance 
with the wave function tf-JArJ , 1 ./1 appears possessing one node within the 
potential region, just as the second bound state would have When the depth 
is increased even further (Figure 14.1 la), this resonance too becomes a bound 
state with the wave function 
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Fig. 14.12. Energy dc 
pendemre of lhe par 
tial cross section 
n/{ F. > and «*f the lulu 
cross section •»,,<< i 
which is upproximnt 
ed hy the sum ovc 
the first few partia 
cross sections. Rcso 
nances for the dif 
rerent partial wave 
are visible as ma\i 
mu in Of and %. The 
maxima urv rather 
sharp for the first res¬ 
onance and broader 
for the second. The 
resoiuuices shift sys¬ 
tematically to higher 
energies ns angu¬ 
lar-momentum quan¬ 
tum number ( In¬ 
creases. The energy 
ranges from A = II to 
E = 2Vo. 



a 


b 


14.5 Resonance Scattering by a Repulsive Shell 

We ha\ l* found that res nuances occur when there is a repulsive wall in the 
effective potential. In our example of ;ui attractive square-well potential, this 
wall originated from the centrifugal force. Wc can also study resonance scat 
tering on a repulsive shell potential: 

0, 0 < r < d\ 

l'o. d\ < r < do 
0. di < r < ao 


Vm = 
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big. 14.15. Energy de¬ 
pendence of the phase 
shifts M£). At a 
resonance energy the 
corresponding phase 
shift rises steeply 
ami passes through 
-.t/ 2. See also Fig¬ 
ure 14.14. The energy 
ranges from E — 0 to 

£ - 2V„. 


Here V' 0 is positive and denotes the height of the potential within the shell. 
The shell potential provides a spherical potential wall of height Vo. of inner 
radius d\, and of outer radius around the origin. We can expect that this 
wall will produce resonances quite independent of a centrifugal force 

Figure 14.12 shows the total cross section a uil and the partial cross sec¬ 
tions o.. and Figure 14.13 shows the phase shifts <5<, for t =0. 1.5. 

The resonance*, are clearly visible ns peaks in o, and as jumps in For 

i = (i. I. 2. 3 there are two resonances at two different energies. We shall 
refer to them as first and second resonances. For t - 4. 5 only the first res¬ 
onance is visible in the energy range of the figure The second resonance is 
much w ider in energy than the lirst The width of both resonances increases 
with angular momentum f. There is also a striking regularity between the an¬ 
gular momentum and the energy of the lirst resonance. In a plane spanned 
hy energy E and angular momentum <. the first resonances fall on a curved. 
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Hr. 14.14. Argand di- 
ugrums lor the com¬ 
plex partial scatter¬ 
ing amplitude l\ I i .) 
and fi\ t \ for scat¬ 
tering by a repul¬ 
sive shell. As in Fig¬ 
ures 14.12 and 14.13. 
the cnergv ranges from 
r = 0 to E - 2\'o- 
Tlie resonances have 
u swift counterclock¬ 
wise motion of f ( 
liinmgh Ihe priinf til, It 
in the complex plane, 
and the characteristic 
resonance patterns in 
tin /, I/: l. Re /,•/. ».and 
<>» i b ) already familiar 
from Figure 14.8 I bot¬ 
tom). because of the 
shell structure or the 
potential, there are now 
more resonances. 
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Fig. 14.15. Ener¬ 
gy dependence of 
the radial wave 
functions R,[k. r I 
within restrict¬ 
ed cnergv inter¬ 
vals surrounding 
the resonances in 
i = l) and in 
* • for scatter¬ 

ing h) a repulsive 
shell. The form 
\ (r i of the poten¬ 
tial is indicated 
b> the long-dash 
line, the energy 
E of Ihe wave 
by the slmrt-dash 
line. The mid¬ 
dle diagram of 
each series cor¬ 
responds to the 
resonance energy. 
Ihe wave func¬ 
tions R,[k,ts.r) 
shown In these 
middle diagrams 
displav no node 
and one node 
inside the shell 
for Ihe first and 
second resonance, 
respectively. 
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Fig. 14.1<». Wave func¬ 
tions ifil' ' for the scat¬ 
tering of a plane wave 
incident along the 
direction by a repul¬ 
sive shell. The energy 
Is that of the llrst 
resonance in partial 
wave i — I. The two 
hair-circles near the 
center indicate the in¬ 
ner and outer bound¬ 
aries of the spherical 
potential shell. 


i- ci 
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Fig. 14.17. The scat¬ 
tered spherical wave 
>»i resulting from the 
scattering of a plane 
wave incident along 
the direction by a re¬ 
pulsive shell. I lie en¬ 
ergy is that or the lirsl 
resonance in partial 
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Fin. 14.18. Scattered partial waves i;,. i 0 12. resulting from the scattering of a 
plane wave incident along the direction h> a repulsive shell. The partial wave has 
its lirst resonance at this particular energy of the incident plane wave. 


smooth lint* called a AVgi»e hvjvctorx. There is .» similar trajectory for the 
second resonances. 

In the total cross section, also shown in Figure 14.12, the various reso¬ 
nances in different partial waves appear iln peaks When they are sufficiently 
narrow, they can easily be separated from the smooth background. 

f igure l-l 14 gives the Argand diagrams for the partial-wave amplitudes 
f\ and / It shows the resonance structure known from the bottom part of 
Figure I4.S. In both amplitudes there arc now two resonances indicated by 













m 


duct'd by llur 
scattering i»r ;i 
plant' wave in¬ 
cident along l he 
. direction by a 
repulsive pnlcn- 
lial slit'll. 
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Kin. 14.21. Scattered partial waves i/> fur the first resonance in » - n produced by Die 
scattering nf a plane wave inridenl alone the dirvclimi l»> a repulsive potential shell. 


the swill eounlerclockwise motion of ft through the lop of the umtarity circle, 
lhal is. point Re /, 0. lin ft I. 

In Figure 14.15 the energy dependence of the radial wave functions 
Rn(k, •'4 and R\(k, r I is shown in energy intervals around ihe first and sec 
ond resonances. The radial wave functions have the typical enhancement at 
resonance energies. Since the potential vanishes inside the shell, the wave 
function hus no node in r for the first resonance and one node for the second 
resonance. 

We conclude this section by showing for some resonances the full sta¬ 
tionary wave function ^ +, (r). the scattered spherical wave and the 
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'tattered partial waves ;/,ir) lor i I. 2. 3. In each figure the size of the 
spherical potential shell is indicated by the two half-circles near the origin. 
They correspond to the inner and outer boundaries of the shell. The first res 
nuance with angular momentum / I is illustrated in Figures 14.16 through 

14.18. In Figure 14.18 we observe thai only the partial scattered wave for 
t = I. that i) i shows a resonance structure. Ii has no node in r. indicating 
the first resonance. There is one node in the polar angle if at i) — n/2 It 
is caused by the Legendre polynomial Pitcost? > = cos if. which determines 
the if dependence of »/| as discussed at ihc beginning of Section 12.2 The 
scattered spherical wave i/^tr) in Figure 14.17 is ohlaincd by summing up the 
partial scattered waves >), (rj. Since the dominating term in this sum is ;/i<n. 
it is not surprising that the structure of ijufr) in the central region is that of 
j/i(r). displaying no node in r but one node in i). Even the full stationary 
wave function 1 r). which is shown in Figure 14.16 and is a superposition 
of the incoming hannome plane wave and the scattered spherical wave //Kir), 
retains much of this structure. 

Finally, we turn to the resonance of angular momentum zero. Figures 

14.19. 14.20. and 14.21 show the functions ^'‘tr). tfk(r), and //,<r) for the 

first resonance. The resonating partial wave is now //„ h has no node in t> 
since the Legendre polynomial Pi. does not depend on it. As a first resonance 
it also has no node in /-. These simple features of ij o are very clearly retained 
in the scattered spherical wave j-/k(r). Figure 14.20. and in the stationary wave 
function Figure 14.19. 

Problems 

14.1 What is the relation between the wavelengths inside and outside the 
potential region of Figure 14.1? 

14.2. Kxplain the features of the plots ol Figure 14.1 w ith the help of the plots 
of Figure 14.2 in terms of the initial plane wave, the scattered spherical 
wave, and their interference pattern 

14.3. Find the features in the r and if dependence ol the resonant partial wave 
// ; in Figure 14.5 that are characteristic for angular momentum t = 3. 

14.4. Given the form of the resonant partial wave //-, in Figure 14.5. is there 
for t 3 a bound state or resonance with lower energy than die one 
plotted? 

14.5 Relate the appearance of the backward peak in the differential scatter¬ 
ing cross section at resonance energy in Figure 14.9 to the partial-wave 
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decomposition of the scattered wave in Figure 14.5 and to |»/*, in Fig¬ 
ure 14.4 

14.0. Describe the behavior, for large values of/*, of the bound-state wave 
function of the first excited Mate in Figure 14.1 la and ol the resonance 
wave function in Figure 14.1 lb. 

14.7. Compare cite criteria for a resonance, as found in Figure 14.8, with ihe 
resonances indicated in the Argand diagrams in Figure I 1.14. Which 
peaks correspond to resonance phenomena and why? 

14.8. Are the energies of the resonances in Figure 14 15 higher or lower titan 
the energies of hound stales in an infinitely deep potential well? 
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15.1 Stationary Solutions 


In Section 13.4 we discussed the stationary bound scales in the attractive 
Coulomb potential. Hie bound-state wave functions were characterized by 
three quantum numbers, the principal quantum number n. total angular- 
momentum quantum number i . and the quantum number m <»1 the : compo¬ 
nent of angular momentum. The energies of the bound states are all negative. 
E n - -Mr cr/<2n 2 ). The set of the bound states in the hydrogen atom is not 
complete. Since the Coulomb potential vanishes at infinity there exists also a 
set of continuum scattering slates for all positive energy eigenvalues E 
As in Section 13.4 the radial Schrodinger equation reads 

W.r)= ER t {k.r) 

2M r dr 

with the continuous energy eigenvalue 



parametrized in terms of the wave number A 

The effective potential for angular momentum i, 



fU + I) 



again consists of the repulsive centrifugal term and the Coulomb term. In 
contrast to the corresponding formula in Section 13.4 here we have incorpo¬ 
rated the charge number Z of the nucleus olf which the electron is scattered. 
If the charge number X is negative the Coulomb potential is repulsive and 
the Schrodinger equation describes repulsive Coulomb scattering. Ol course, 
in this case no bound stales exist, For instance, the charge number Z = — 1 
would describe the charge of an antiproton with a negative elementary charge. 
Of course, repulsive scattering also takes place if the scattering center carries 
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positive charge, i.e.. in an ordinary nucleus, provided the incoming particle is 
also positively charged. It could for instance he a positron, another nucleus, 
or a positively charged meson 

We divide the Schrodinger equation by t-/ri/(2A/i and introduce the 
function 

w,=rR,(k,r\ , 


the dimensionless variable 


C=At , 


and the dimensionless parameter 


'' = ~ka 


where 


is the Bohr radius, cf. Section 13.4, In terms of these quantities we gel the 
differential equation of second order: 

(;F-^ > - 2 ? + O u ’ f<, ''° = 0 

In the case of a potential of Unite range like a square-well potential 
vanishing for all r > or of a potential lulling off taster than \. r~ for 
large r > R„ i lie leading potential for / - i is I he centrifugal term. The 
leading term in the solution i/', for large r is then a linear combination of two 
exponentials of the form cxpfiiAri as we saw in Chapter 12. 

For Coulomb scattering lor large distances / the leading potential is the 
1/r term The leading term of the solution for large r is now a linear combi¬ 
nation of two exponentials of the form exp{±i<A r - i) In 2Ar)|. 

We introduce the dimensionless variable 


r = —2iAr = —2iC 


C = kr . 


and I acton/e the function . 


w f (q. O— c . 


to get iMplacc '.v differential equation 


[4 


+ (2f + 2 -z)— -It + I +iij) tvO/.:) = 0 • 
d; 
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I Ills is a paniculai case of the equation 



n) F{0\b\z 


) = 0 


Its solution, regular at - = 0. is the confluent hypcrgeomctric function given 
by the series 


F(a\h\z)= l + ~ + 


oUi + 1) 
bib h 1)21 


UOn 

+ —-' + • • * 

(Hi n\ 


with 


UO„ =a(a -f I) {a + ti - 1> . 

The series is convergent for all complex The parameter a in this equation 
should nol be confused with the Bohr radius For our particular case we have 

a = t + 1 + \i) . b = 2(t + 1 ) , 

so that the solution i?,(//. :) is given by 

Vfirj.Z) = Fi( + I 4 ii/ 2(t + 1)1 z) . 

The solution H/ik, r) of the radial Schrodingcr equation thus reads 

H,(k. r) = + l + i»j|2«' + 1)1 -2i*r> 


Tlie normalization is given by 


4, 


2* 

<2*: + l/ 


-l** 


\!'U + I + i>|)| 


Mere Tt:I is Eulersgamma function,cf. Appendix E. 

With this choice the asymptotic behavior for large kr » I is obtained: 

R((k, r)~rZTy 5 * ' sin(*r - z; In +^> - 

The Coulomb scattering phase A, is given by 

M,_ r(t + \+in) g l in Bt±l+M . 
re +1 -ii;» 2i ri« + i-i/;) 


The asymptotic form ft H,tk. r) .lifters from the corresponding formulae of 
Section 12.3 by the additional phase In 2kr which diverges for kr - oo. 
Tins is a particular feature of the Coulomb interaction. 





Fig. 15.4. Si:ilii»nar> wave function v ir) for the scattering of an incoming Coulomb wave 
l>> an uttraclive Coulomb potential. Shown arc the real part. the imaginary pari, and 
the absolute square of v <r . 
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The solution <Mr) of the three-dimensional Sehrodinger equation with 
Coulomb potential can be reconstructed with the help of the partial-wave de¬ 
composition 

QO 

<Mr) = +- I )i* c** 1 Rt ik.r) Pf (cos j9 ) . 

r-t> 

It is called a Coulomb wave function. The asymptotically leading term for 
large \r - z\ -* oc has die form 

^ c ( r) e i(*mln*('-5» . 

This asymptotic Coulomb wave differs from a plane wave because of the ap¬ 
pearance of the logarithm in the exponent. This effect is due to the long range 
of the Coulomb potential hcct/r. It is said to have infinite range. Only po¬ 
tentials falling off faster than r ' for large / possess finite range. Scattering 
solutions in these potentials approach a plane wave exp(iA: | asymptotically. 

Hie total stationary scattering solution is the product of R,ik,r) and the 
spherical harmonies if. <p): 

iptmik, r) = R((k.r)Yfm(0,tp) . 

In Figure 15.1 we show the radial wave function R t (k,r) lor different to¬ 
tal energies and for various lixed values of the angular-momentum quantum 
number i . For large / the wave function is an oscillating function of r which 
can be qualitatively described by an r-dependent wavelength. As we would 
expect the wavelength is large for large distances from the origin, where the 
kinetic energy is small, and decreases towards the origin. Besides r the wave¬ 
length depends on k and therefore on the total energy E ll decreases with 
increasing energy. Near the origin the wave function is suppressed by the 
centrifugal barrier. This effect becomes particularly evident in Figure 15..' in 
which the wave function R, I k , r) is shown at a fixed energy, i.c.. at a fixed k 
value, for different angular-momentum quantum numbers I 

In Figures 15.4 and 15.5 the real and imaginary part and absolute square 
of the Coulomb wave function <pin are shown. It is the solution of the 
three-dimensional stationary Sehrodinger equation for an incoming Coulomb 
wave scattered by a Coulomb potential. I he summation over partial waves 
<p tm (k. r) is carried out up to angular momentum i = 25. For the range shown 
m t this guarantees sufficient accuracy. 

In Figure 15.4 the case of the attractive Coulomb potential is presented. In 
the region of the singularity of the potential energy the wave function acquires 
a shorter wavelength due to the increase of the momentum of the particle. 

Figure 15.5 exhibits the case of a repulsive Coulomb potential In the cen¬ 
ter of the plots the wave function is suppressed since here the repulsive po¬ 
tential dominates over the kinetic energy. Towards the center of repulsion the 
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wavelength increases indicating the loss of momentum of the particle as it 
climbs the repulsive wall. 

15.2 Hyperbolic Kepler Motion: 

Scattering of a Gaussian Wave Packet 
by a Coulomb Potential 

We consider a Gaussian wave packet as described in Section 13.5 as initial 
wave function of an electron w ith expectation values of position r 0 and mo¬ 
mentum p,>. The spatial width is a. The quantities ro. p„ and a are chosen 
in such a way that the wave packet contains negligible contributions from 
bound slates. Thus it can be represented by a superposition of scattering wave 
functions r) only. As quantization axis for angular momentum, i.e.. as 

axis of the coordinate frame, we choose the direction of classical angular 
momentum Lo = /)ro x ko. 

Tile decomposition reads 

2 t—* xrs /■ +oc 

ft(r.Q) = - / L / r)k 2 dk 

T »=<l m = -t 

I he coefficients b/„,[ k) are probability amplitudes, their absolute squares 

Ptmik) - \b lm ik)\ 2 

represent probabilities for angular momentum t.m at given k and probability 
densities in k for given t. m. if we choose us integration measure (2 fn )k 2 dA 
The function 

t 

/*(*>- £ i/w*)i J 

m-~( 

is shown m Figure 15.6 for attractive (top) and repulsive (bottom) Coulomb 
scattering for the same initial wave packet. Its marginal distributions 

oo 

P{k> = ]T /vu> 

t~ 0 

and 

2 /* +x 

IF, = - / P,(k)k~ dA 

yr Jo 

are also exhibited. The peaks of the distributions are close to the classical 
values of 

j.2 _ 2m ,,, r . _ p* 


a 







Fig. 15.6. Probability distributions l‘ t \k I and maruinal distributions U, and l'{k\ lor 
tin- \*aw purkt'l used in attractive (topi and repulsive llw>tt«ml Coulomb scattering in 
Figure 15.7 and I5.H. respectively. 
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Depending mi the sign of X we deal with attractive scattering < / positive) or 
repulsive scattering <7 negative), As to he expected for repulsive scattering 
the peak of the k distribution is located at higher k values. 

f igure 15.7 presents the plots of the time evolution of an initially Gaussian 
wave packet w ith an impact parameter equal to us spatial width under the ac¬ 
tion of an attractive potential. The solid line indicates the trajectory of the das 
sieal particle with initial conditions r*i and p., = Ak<i. The black dot marks its 
position at time r. The circular density distribution with the seattereras center 
indicates the scattered spherical wave. Also shown in Figure 15.7 is the time 
evolution of the corresponding spatial density derived from a classical phase 
space distribution which initially is identical to the one of die Gaussian wave 
packet. The main features are the same as in the quantum-mechanical distri¬ 
bution. In particular, we realize that in both cases the position of the classical 
panicle does not coincide with the maximum of the probability distribution. 
This is due to the fact dial the angle of deflection of the trajectory of a par¬ 
ticle with smaller impact parameter is much larger than for a larger impact 
parameter, cf. Figure 15.9 (top) below. 

Analogously. Figure 15.8 presents the corresponding plots lor a repulsive 
Coulomb potential. The large deflection of a particle at very small impact 
parameters causes the gap in the probability density in forward direction, cl. 
Figure 15.9 (boHorn) below. 

In the case of the elliptical orbits the most striking feature of die quantum- 
mechanical probability density in contrast to the classical distribution is the 
revival of the wave packet at the time i = (Wc|/3)7k It is a con¬ 

sequence of the interference of the widening wave packet with itself on the 
closed orhii. 

Figure 15.9 (top) shows classical trajectories in an attractive Coulomb 
field for .i series of initial conditions which differ only in the impact pa 
rameter. The trajectories intersect in a region situated behind die scatter¬ 
ing center as seen from die initial position We expect this region to be 
the one w here quantum-mechanical interference is important. The quantum 
mechanical probability density shown for this region in Figure 15.10 (top) 
verifies this expectation. For Figure 15.10 the inilial spatial width of the wave- 
packet was increased and consequently the initial width in momentum was 
decreased. In this way the spread in de Broglie wavelength is reduced for the 
wave packet and the interference pattern characterized by half the de Broglie 
wavelength becomes more apparent. 

Finally, we look for interference in repulsive scattering. An inspection 
of classical trajectories with different impact parameters. Figure 15.9 (bot¬ 
tom), shows dial they interact behind and sideways of the scattering center 
as seen from the initial position. In Figure 15.10 which shows the quantum- 
mechanical probability density we indeed observe interference just there. 
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Fig. 15.9. Classical trajectories in an attractive Coulomb potential (top! anil in a repulsive 
Coulomb potential i bottom I. The individual trajectories beginning on the far left and 
containing marks corresponding to equal time Intervals differ only by their impact 
parameter. 
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16.1 Spin States, Operators and Eigenvalues 

In Chapter 10 we introduced orbital angular momentum 

L = r x p 

in terms of the position operator r = (x.v.z) and momentum operator 
p = (A/i)(a/d.v. 3/9v, 3/3 z) of a particle moving in space. In a magnetic 
field electrons on atomic orbit-s with orbital angular momentum hi exhibit 
magnetic moments 

with — e being the charge and M the mass ot the electron. The Stern (ierlach 
experiment shows, however, that in addition electrons possess an intrinsic 
magnetic moment fi s . This led George Uhlenbeck and Samuel Goudsmit to 
postulate an intrinsic angular-momentum or spin of the electron. The intrinsic 
magnetic moment is then related to the spin quantum number \ by 

t' . 

it. = — g s —ns 
K 2M 

The coefficient g* is called gymmagnetic factor, its value for the electron is 
(nearly exactly) 2. 

It can be shown that the spin stoics cannot be represented as wave func¬ 
tions of the space coordinates a. v. c. We use the concepts introduced in 
Appendix B concerning the quantum mechanics in a two-lcvcl system and 
describe the spin state ('I a particle in a two-dimensional space with the base 
vectors 



For later use we already introduce here the notation 

= ( 1 . 0 ) , * 1 , =( 0 , 1 ) 
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for the adjoint vectors. The three Pauli matrices aj, rr : . ay together with the 
unit matrix a n form a basis for all Hermitcan 2x2 matrices in this space. We 
introduce the matrices 

s, = , Sy = ^02 , S z = -0*3 . 

— — 

The commutation relations for the components 5, . S y . S : and for the sum 

S 2 = S; + S; + S: 

of their squares are the same as for the components L; and the square 1/ of 
the orbital angular-momentum operator L — L v . I. : t. i.e.. 

[S x . S y \ = i/).V : . \S y .S z ] = ihS\ . [S : , 5, | = i/l.V, . 

[S 2 ,5 fl l=0 . a = x,y,z . 

Therefore, we interpret the components of the vector 

S = (5,. S y . 5 r ) 

as the operator of the spin of the electron. Because of the non-commutativity 
of these components there arc no common eigenstates of the three compo¬ 
nents. As for orbital angular momentum, we choose the third component S : 
and the square S 2 for the definition of a base of common eigenvector equations 

S 2 J u = Wrifr , $zVr = yhtir , r = l.-l 

The eigenvalues of 5. are mjt. m, ±1/2. the one of S is v(.v ± I t/i 
(3/4»/r with s = 1/2 corresponding to the situation lor orbital angular mo 
mcntuiu L. 

We conclude the electron possesses half-integer intrinsic angular momen¬ 
tum. sh \h In analogy to the integer quantum numbers / and m of orbital 

angular momentum (in = >. i - I. •) we introduce the spin quantum 

numbers s = \ and in , = . \. 

The expectation values of the operators S x , .V». S z for the suites i; i. i 
are r 

Ilf S t tjr = 0 . ll?Syl)r = 0 , ^ • 

The three equations are equivalent to one vectorial equation: 

(S ) r = tlfSq, = . r = l.-l . 

Since the two states rj \. q \ arc eigenstates of S the variance ol S : vanishes. 

(d5 : ) J = i;;(.V?-<5,>‘»/, =0 
For the two other components we get 

(AS,) 2 = (AS y ) 2 = '-lr . 
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16.2 Directional Distribution of Spin 

The general spin state is a linear superposition of the two basic stales j; and 

X = XiVi + X 19-1 

= e '* /2 cos^#| + e , * /2 sinyij i - 

The expectation value lor the spin vector of the stale x i* 

(S) x = x f (6>,0)Sx(0.0) = - 

Here ni6>. 0) is the unit vector in the direction given by the polar angle (-> 
and the azimuthal angle 0 in the a. y. ; coordinate system 

n <(-). 0 ) = e x sin (-) cos 0 + e v sin 0 sin <P + e cos 0 


X + = XiV + X-l»-l 

= c'^cosy^+^sin?^, • 

The general spin state x<W. 0) is an eigenstate of the n component n S 
of the spin vector S. 


(n-S)x«9.0) = • 


The two basic stales ii \ and // may also be considered as eigenstates to e S 
and — t* • S. respectively. 

In Section 10.5 we have used the angular-momentum state , ($. »/>. n) to 
analyze another angular-momentum state i’>. <t>. e : ).\ .ikewise we now use 
the state x < 0. 0>to analyze our basic states ij i and // _ i The scalar product 

x ‘ lfe». 0) • i/r = o;!f; /: (0. 0. 0) . r = I. —I , 

is the probability amplitude lor detecting the spin angular momentum -n in 
die state i) r Here 


o'|/, 2l | „(<*>, a o) 




D 




e i^/2 



are the Winner functions for spin 1/2. 
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The absolute square of this amplitude is 

X + tf“7.0) 9r|' = p; ! : 2 ,' /: (^)] . r=l.-I . 


where the functions 

.1/2% W 

d \/2in^ ) = C0 *T • 

i I/*>v 0 

d -l A !/’<«> = sln T 

are also called Wigner functions for spin 1/2. In order to obtain a direc¬ 
tional distribution we normalize like in Section 10.5 by a factor (2\ + 1 )(.v * 
1)/(4.t.v) = 3/(2jt ), 






Figure 16.1 shows the Wigner function, and Figure 16.2 the directional distri¬ 
bution for spin ±1/2. For f } ,y. \/2 the probability is largest lor (he direction 
& = l). In contrast to the distributions f„ for integer values of i, ef. Fig¬ 
ure 10.11, the distribution for the electron spin is not sharply peaked in the 
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Fig. 16.2. Polar diagrams of the directional distributions /, and 

fi'l.-i/zi#.*)- 


direction (-) = 0. The distribution of f\, 2 , -\ : i i* the mirror image of f\n 1/2 
under a reflection 0 -► n - (?). 

In complete analogy to our discussion in Section 10.5 we can also con¬ 
struct angular distributions 

/l/2,w».«(^> = 2.T/,,j.„ I( (H.0)sinf9 


or. explicitly. 

„ . & 

= 3 cos — sm — , 

„ . , 0 G 

An. i/2.w(0) = 3sm — cos — . 


They are shown in Figure 16.3: These functions have their maxima at the 
angles given hy 

I I 

COS W|/2, 1/2 = ~ . cos 0\/2. —1/2 “ x • 


i.e.. (9 1 / 2 . 1/2 = 60°. 0 i /2 1/2 = 130°. 
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Fig. 16.3. Polar diagrams or the angular distributions f\u , 2.rt((9»and / 1 / 2 .- 1 / 2.0 (#)• 

For the corresponding scmiclassical angular-momentum vectors 
of length ^1/2(1/2 4-71/) (v / 3/2>/t and - component ±(!/2)^ the angles 

arc given hy 

cosW U2.l/2 = ^ • cosW I/2.l/2 = -^5 • 
i.e.. 

©1/2,1/2 * 55° , 0|/2, -1/2 * 125° . 

In Figure 16.4 we show the angular distributions / 12 . the di¬ 

rection given by the most probable angles 0 |/ 2 . 11 ..? and compare them with 
the semiclassical angularmomentum vectors l yi±i/v . 

The spin state x<0O*^o) for a polar angle (% and the azimuth «/>*> is 
eigenstate to the spin projection tin • S. 

I no - S)x (0o. ^ 0 ) = ^ X i 0n. ) . 

onto the direction no characterized hy (~)o and dv 

The directional distribution describing alter dividing by 3 the proba¬ 
bility 10 find in x(0o. ^ 0 ) the spin a = ‘ in the direction n(fc>. <P) is given 
by 
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Fig. 16.4. The left-hand plot contains polar diagrams of the angular distributions 
/l > *{(-)) Tor hi, - ±1/2. Also shown are lines from the origin to the points 

A..-J m , h<6>| « ml "here H, is the angle for which j 1 ,: , • has its maximum, 

rhe right-hand diagram shows the semielassual angular-momentum vectors 1 


/ 1 / 2 . 1 / 2 ( 0 - 4 *. 4 > 0 > 


_3_ ^ »((->, 0i -ni(^). </>,,» y 

— (I 4- n<6>. 0) n(«„. tf\,)i 
4.T 


Plots of this distribution arc shown in Figure 10.5. They exhibit the same 
apple-shaped form as those in Figure 16.2 but now with no as the symmetry 
axis rather than the z axis. 




16.3 Motion of Magnetic Moments in a Magnetic Field. 
Pauli Kquation 

With the help of the spin operator S the maymticatunnenf operator of the 
electron can now be expressed as the negative product of the y•ynmuignctii 
ratio 
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Fig. 16.5. Polar diagrams of the distribution f\ m ?!«.<£. n for ihe direction of the spin 
of an electron processing around the axis which is Ihe direction of a homogeneous 
held or magnetic induction. The lip of the vector or the spin expectation value moves 
with angular frequency O on a circle around the : axis. The plots show the directional 
distribution for i - 0. / ‘4. f/2. 3774 with I - InfQ being the precession period. 

and the spin vector S: 

p=- K S 

The potential energy of the static magnetic moment p in a held of mag¬ 
netic induction B is given by 

H = -// B = /B S = g/iB ^ 

The factor m front of the Pauli matrices can be expressed by a precession 
frequeues 

Q = y li . 

We choose the c axis of a coordinate frame in the direction of the H field: 

B = Bc : 

The Hamiltonian now takes the form 

// = p H = — ne z a 
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A homogeneous field of magnetic induction exerts no force on the electron 
hut it tlocs exert a torque on its magnetic ntomeni. In analogy to the Schrodin- 
ger equation we may write clown the Pauli equation for the temporal evolution 
of the spin stale x (') of the electron. 


Its solution is 


d -G 

i/i T XU) = /y X<0 = /, T* 
d/ 2 


l Q .. a \ 

X(0 (cos—/ - to i sin -i j Xo . 


where xu is die initial spin state at time / - 0. For the two base states // 1 . n -1 
taken as initial slates we find in particular 

X±i(/)= (cos—rq:isin T /j Uii =e * Vn 

As a particular case we study the motion of the magnetic moment initially 
described by a state 

I 1 Ho I Go 


<pi 1 

Ho 


-T 

cos —q\ 4- exp 

'T 


in a homogeneous field of magnetic induction along the direction. 
The time-dependent stale is given by 

Xl'l = + X \«)n-\ 

with the complex coefficients 


Xi tO = exp 


.f?/4-d>0 Ho 

'u .1/1 ^»v n 

1 2 < - os 2 ■ 

/ . | If 1 — C\p 


. Qt 4- <Po I Hq 


For the expectation values of the components ol the spin vector we find 
(S), = X f (')SxtO = * Ie, sinful,costi?/ 4- <*>o) 

i * 

-I c, sinf-^o sin(f?/ + <Po) + e. cos6>o| = —n(f) . 


We differentiate the expectation value (S>* with respect to time. 

— (S), = -= - Q I—e, sin Ho sin(^/ 4- 0<iJ 
d/ 2 dr 2 

4- c y sin W<iCOS(X?/ I- <Pr>)] 

Using Q = yB we recognize the right-hand side as the vector product ol 
the magnetic-induction field B B e with the expectation value of the spin 
vector <S) x : 
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yB x (S) x = ~ 12 [e : X n(f)] 

Thus, the expectation value (S) x of the spin-vector operator obeys die equa¬ 
tion ol motion 

£<S> x = yBx(S) x , 

Introducing /i = —yS we obtain forthe expectation value (ji) of the magnetic 
moment 

IbOsyKxW . 

u / 

These results correspond to a rotation of the vector <S) /( „ of expectation 
values about the e : axis w ith angular frequency Q = g 5 B. Tlie expectation 
value of die spin vector and therefore of the magnetic moment exhibit Lannor 
[•recession about die c axis. The time dependence of die expectation value 
is identical to the result obtained in classical physics for the motion of the 
magnetic moment in a homogeneous magnetic field. 

Of course, the expectation values and their motion present only part of the 
quantum-mechanical information contained in the lime-dependent state x in. 
The probability for finding the spin 3 in the direction n( 6 >, <P) is given by 

1 1 . ■» 

-/1 .= — |x « 9 .^>x(ni 

\<P, HJ)) + x-iUiO'^V't^, 6>,0) 

2 

t 

where H„ is the polar angle relating to die time-dependent direction 

/ sin<9oCOs(f?/ +^n) 

nd I - I sin H( 1 sin {Qt 4 - 
\ cos Ho 

In Figure 16.5 plots of /. .(0. <*»./) for the time instants t = 0. 4 7*. 
\T. \T of one period T = In/Q are shown. The initial distribution 
/1 1 (<y. (P, 0 ) is centered about the initial axis 

( sinfe>u \ 

0 

cos 0 o / 

For later times it moves as a rigid structure with a time-dependent axis n</) 
rotating with constant angular frequency on a cone about the z axis with an 
opening angle ®o- 



= & 
- 
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16.4 Magnetic Resonance. Rabi’s Formula 

Wc study the motion of the spin of a panicle under the inlluence of a lime- 
independent magnetic-induction held B ( > = iC : in r direction and a time- 
dependcnl field perpendicular to the z direction. 

Bi </ ) = H\ (cos to! c, + sinrDfCv) . 

rotating with angular frequency to about the z axis In the total held 

B</) = B„ + B|(f) 

the magnetic moment 

„ = -yS 

moves under the action of forces described by the time-dependent potential 
energy 

H[t) = -» B(/) = 

We introduce the two frequencies. 

Si . X2, = -^«, . 

ft ft 

related to the components B<i and Bj tit the magnetic-induction held. This 
leads to a reformulation of the I lamiltonian 

// (/ > - ^ I (o-| cos on + 02 sin tot) \ , 


or in matrix form 


= ft ( Qi) 

2 V -f?o 


The Pauli equation for this situation determines the motion of the spin slate 
X('>. 

ift-X(/> A/rilx(0 - 
dr 

The decomposition of the spin stale x </ I into the basic spinors, r/ 1 . »/ i. 

X<r) = + X . 

leads to the two coupled equations 

• 

dr 2 2 
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for the time-dependent coefficients xi(/>, / -i(0 The explicit time depen¬ 
dence of the coefficients can easily lie removed by the introduction of a ro¬ 
tating coordinate frame described by the time-dependent spin states 7;, i/ 1 . 
jj-iri). 

m = expji" /}?,</) . i; , = exp | i^r) n t</> . 
i.e.. for the components 

Xi<0 = exp j-i-/| xi(M . x-i<M = exp |i ^r| / -t</> . 

This leads to the decomposition 

XU) = Xi(f)?|U) + X t U)Tj ,(/) 
of the spin state x (/) and to the differential equations 
. d __ A _ Q\ _ 

'd7 x,(/> = + • 

. d _ f2, ^ 

i Jf X |CI) = '^ _ Xlri> + — X-iri* - 

with A = < r/j f2o) In terms of the initial state 

Xn= XI<>) = X,%i+x‘'|Vi = s X| a) ?l(0) + X- 1 , 5 

and its components xid» = xj°'- X iCO) = we find as solution for the 
components in the rotating frame 

Xi(M = X| <U) cosy/ — i(r*>iX K V “ ft, 3Xr >)>s i n T f • 

X 1(0 = xi°, )c °s y' ~ « ( wix!°‘ ■P^3xl°, , )Nin . 


Here we used the following notation: 


n 2 = Q} + A 2 


■ 


We choose the coordinate frame in such a way that the initial state coincides 
with lire basic spinor 


Xo - '/i 


ie.. x[ <h = 


x 1 ";=o 


Then, we get as the solution for the components relative to the tiine-iudepend 
ent coordinate frame iji, rj- 1 . 



.m 
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i o# | / x? . j . r? \ 
Xi<»> = cxp|-i-/}^cos ^-r+'-smy'j , 


jT 2 j .« 

/ |0> - -'^- CX P '5' s,n y 7 


Also (lie time-dependent spinor 


Ims length one, 


X(0 = Xl<0¥i + X 


X’(0X(M - lxi<'>r + :/-iU)l 2 = I 


For the frequency w of the time-dependent component of the external 
magnetic-induction field B\ equal to die precession frequency f?i> = /t#i> 
of die time independent field component Bn die difference frequency zl = 

I <cu - £2q) vanishes- In diis case the motion of the spin state turns out to be 

particularly simple: 

I at | £2 |. to | £2 

Xi(/) = exp |-i—/ j cos . x-i(r) = -icxp(.^/|siny/ . 

The expectation values of the spin vector S - V are given by 

($«)*<;> = ^ ^ sinsin Ql + § cos "" cos n ' 

4 \ 

£2 £2 ) 

h /X?i £21 _ 

<5v) x <n = —cos W /sinf?r - —ys.n^/cos^ 

£2\ A . \ 

+ — — sin lot 
£2 £2 ) 

h/A 2 £2? \ 

= 2 ^ + ^ COSl2, j 

Figure 16.6 exhibits the orbit of the tip of the vector (S) x ,„ on the sphere of 
radius A/2 for the first period 

/• = 2 tt/£2 

for different values of the ratio a>/£2n of the frequency to of the rotating mag¬ 
netic field Bj(r) and the Larmor frequency f?o of the time-independent field 
B„ = /Ait., vertical to the plane of rotation of the field vector B|(r). At / - 0 
the vector <S) X „, starts from the : direction spiraling about the : axis up to 
maximal opening angle f~\ ra * given by 

cosf-Am* = (A 2 £2 2 )f£2 l , 
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Fig. 16.6. Magnetic resonance. Trajectory of the dp of Hie expectation value or the spin 
vector within one period /. The value of.. is varied from plot to plul whereas J.\, and i?i 
are kept constant. The plot in the middle of the figure corresponds to exact resonance 
frequency «•• = £?o. 


Thus its * component oscillates with the angular frequency £2 within the range 


t\ A 2 - £2\ 
2 £ 2 2 




If the frequency v> of the time-dependent magnetic-field component li\ coin 
cities with the Larmor frequency £2q corresponding to the time-independent z 
component On. t.e., A = 0. f?i £2, one observes the phenomenon of mag¬ 
netic resonance. The expectation value of the spin vector S becomes simply 


(S) xu , = S (e, sin <f/ sin £2t - e, cos utl sin £2 1 +t’ cos £2t\ 

— ? (c, sin £2i cos (u>t — t) + e y sin £2t sintwr — ?) + c : cos £2t) . 




tty*. 16.7. A ft Figure 16.6 but for <.< fixed tu Hie resonance frequency m - il c, and Ibr 
various values of 17,. In all plots (lie trajectory is -shown for one half of a period T . 


Ihe lip of Ihc vector (S) x moves on the surface of a sphere with radius /i/2 pe¬ 
riodically from ihe c direction to the negative : direction. Polar and azimuthal 
angle follow the time dependence 

(-){r) = £2i . ¥></) = [tot - —) . 

The z component of the spin-vector expectation value exhausts the lull range 



Figure 16-7 presents a set of graphs of the orbits during half a period 
7*/2 = n/{2 for different values of the ratio S2\fS2n B\/Ro t'l the L.armoi 
frequencies r?,. or. equivalently. Ihe field strengths of the rotating field 
/?, ami the constant field Ii„. For values « f2<i die orbit lorms a spiral 
with dense winding on the sphere The distance ol the windings grows with 
growing ratio f?i/X?i>. 

The directional distribution for the spin direction is. of course, ol the same 
form ^ ^ 2 

fxn .i/2(W. l P. n = — 
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Fig. 16.8. Amplitude .1 as a funclion of . for a lixed value of 12 1 . For smaller values of 
f.?i Ihe resonance becomes sharper. For Inrucr values il becomes broader. 

found in Section 16.3 and Figure 16 5. Bin is now the polar angle with re¬ 
spect to the expectation value of the spin vector, so that the whole distribution 
moves along with that vector. 

In experiments with atomic or molecular beams Isiclor Rabi used magnetic 
resonance for the measurement of the magnetic moments of protons and nu¬ 
clei. These can he directly determined from the resonance frequency a» f?o, 
since the Larmur frequency T?<i = /i/fn is directly proportional to the mag¬ 
netic moment ft. 

Finally, we quote the Rabi formula from Isidor Rabi’s celebrated paper 
“ space quantization in a gyrating magnetic field " published in 1937. Starting 
initially (f 0) from the stale i/i, it gives the probability R . it ) of finding at 
time / the state i) | if the initial state was /; 

p J('> = |9|X<0| 2 = lx-i<')l 2 = sin-' . 

The probability P it) is at maximum for odd multiples of the time 


T 7T 71 



A = iiv - l?o) 
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At these instants the probability has the maximum value 

(T\ _ 

A — ^-4 v 2 / ' n 2 n 2 + oo-s2 0 ) 2 

(Q\/&o) 2 T- (1 - ut/flo) 2 

It reaches the value one for the resonance frequency to = Go- A plot of A as 
a function of the ratio <o/G o for fixed value G\/Gn is shown in figure 16.8. 
It is of the typical resonance form. 

16.5 Magnetic Resonance in a Rotating Frame of Reference 


At the end of Section 16.3 we obtained the equation of motion 

'' (S) = )'B X <S> 

d / 

for the expectation value (S) of the spin vector in a constant induction field 
B = Be... The equation described die precession of the vector (S) around the 
direction of B with the angular velocity & = yB. 

l or the time-dependent field used in magnetic-resonance experiments. 

Bin = Bo + B^/) = B\ cosfcyOe, + Bi sin(ft>/)e, + But*- . 

both vectors on the right-hand side of the equation of motion become time 
dependent. 

The discussion simplifies if one considers a rotating reference frame 
v ' t e' v , c. = t* : the a' axis of which always coincides with the direction of 
the rotating field B,(r), 

B| = B { t t (t) = Bi cos(atf)e, -f B s sin(w/)e y . 

This implies 

e' {t ) = c* cos a>r + e v sin tot , 
c! </) = -e, smart + e v cosort . 

The relation of the held lt,(/l and of the veetors e',(n. e[U) is described by 
the vector 

to = cot : 

of angular velocity. The time derivatives ot an arbitrary vector <S} in the lab¬ 
oratory frame and in the rotating frame are connected by 


d(S) 

df 
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We rewrite the relation in the form 

ti'(S) d(S) 

= —- to x (S) 

d/ d/ 

and introduce the equation of motion and obtain 


= (yB-o»x{S): x {S) 


w ith the effective field 

B err =B-" = (ft, - e' t +B,e', , 

which is. of course, constant in the rotating frame. The equation of motion 
describes the precession of the vector (S) about the direction of the field B c » 
in the rotating frame. The frequency of precession is 

Q - yB cl \ = yj ()' B n - n>) 2 + y B\ = yj <f?o to) 2 + G] 

Since experiments arc always performed for B\ «; Bo. the effective field is 
practically parallel or antiparallel to the : axis except for frequencies to near 
the Lamior frequency Go in the static field Bi>. 

to = f2(i = y Bo . 

If initially the vector (S) is parallel to the z axis then for to appreciably 
different from the resonance frequency it will deviate only very little from 
the z direction since it processes around the direction of B c jj which is nearly 
parallel tor anliparallel) to the z axis. At resonance, however, (S) processes 
about the x axis since at resonance B^t - Bi Bje’, and the polar angle 
of <S) with the ; axis changes periodically between 0 and rr with the angular 
frequency G \ = yB\. 

The situation is illustrated in Figure 16.9. This figure corresponds in all 
parameters to Figure 16.6 but it shows the trajectory of the tip of (S) in the ro¬ 
tating reference frame e'.ej.. c. rather than in the laboratory frame c,. c v . e : . 

It is interesting to note that in most experiments the time-dependent field 
B| is noi realized as a rotating field but as a field oscillating in the v direction. 

B| CXpl = 2B| cos art e T . 

It can. however, he interpreted as a sum 

B , “ w = B,*lO + B,_</) 
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tig. 16.9. As Figure I6.fi but presented in the rotating frame «f reference. The arrow 
show n in the < plane is the direction of (hr effective field B, u-The tip of the expectation 
value of the spin vector moves on si circle around that direction. Its initial position is on 
the.- ’ axis. 


w ith the Ivvo fields 

ft,. H\ cck(mj/)C, ± B\ sin(tt>/)e* 

rotating in opposite directions. The vector of angular velocity ol these fields is 
urn and -we-. respectively. In the frame rotating with Bi. resonance occurs 
since in tile effective field the; component R^—io/y vanishes for m - yB o- 
this frame ol reference fti varies very rapidly with time so that its influence 
on (S) averages out and can he neglected. In a frame rotating with fti the . 
component of the effective field is /*„ -f w/y and no cancellation takes place. 


Problems 


Problems 

16.1. Show that the expectation values of the spin vector S = <5,. S s . .V I for 
the two has is spinors in. tj \ are given by 

<5)u = Va ^ c: a = \,~ 1 . 

16.2. Show that the expectation value of the spin vector S = t.V,, 5 V . S : ) f<ir 
a coherent spin state 

X t W, 01 = e -1 * : cos (S /2) ii i + c 1 * ‘ sin< <r)/2 ) ?/ \ 


[S) x = x .<t>) = -niW.0) . 

16.3. Calculate the expectation value of ihe Hamiltonian // = -fi ft, /i = 
i»,<’S/(2 m) for the coherent state XU"*. <*>) given in problem 16.2. 

16.4. By Taylor expansion of the exponential function show the validity ot 
the identity 

Q . 12 

cxp{—if?(n a )/1 = cos - / in asm J 

16.5 Verify that the exponential function of problem 16.4 solves the Pauli 
equation 


i/I — exp | i£?<n a 1/1 = H exp | - ii2<n a )t) 
df 


// = -tiQina) 



17. Examples from Experiment 


So far we have investigated mechanical systems using the description and 
tools of quantum mechanics. In this final chapter we look at actual systems as 
they occur in nature. We shall discuss scattering phenomena, bound systems, 
and metastable states as they play a role in rather different fields of science. 

Before discussing the results of actual experiments, we need to spend a 
little time on the units in which the data are given. The velocities of several of 
the particles studied are not much slower than the speed ol light. To describe 
them we therefore have to use Einstein’s theory of relativity. It states that, if 
E is die total energy and p the magnitude of the momentum of a panicle, the 

quantity „ , 4 

E 1 - p~tr = m e 

lias the same value in any frame of reference in which E and p are measured. 
Here c = 3 x 10 s m/s is the speed of light in vacuum. In the particular frame 
of reference in which the particle is at rest, p = 0. we have 

E = me 2 . 

Therefore the constant m is called the rest mass of the particle. The quan¬ 
tity me 2 is the rest energy of the particle. In a frame of reference in which the 
particle is not at rest, p 0. the total energy is larger: 

h = Jm 2 c* + p 2 c 2 = me 2 + f k»i * 

The additional term is called the kinetic energy of the particle. 

In die experiments discussed in this section, die particles are character¬ 
ized by their momentum />. their total energy E. or their kinetic energy E\ An - 
The energies are measured in electron volts (eV). A panicle dial carries the 
elementary charge 

e= 1.602 x 10 

and that has traversed an accelerating potential difference of I V has gained 
the kinetic energy 

I eV = 1.602 x 10" 19 W s = 1 602 x 10 19 .1 
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A convenient notation for higher energies is I keV = KreV, I MeV = 
10 6 cV. I GeV = 10 'V’V. Since me 2 is an energy, masses can be measured 
in electron volts per r-: 


eV 1.602 x 10" w 

(3 x 10 K )- g 


= 1.782 x l<r 36 kg 


The rest mass of the electron is 


m c = 511 kcV/c 2 


The rest masses of the proton and the neutron are nearly 2000 times larger. 
m p = 938.3 MeV/r 2 . m n = 939.6 MeV/r 2 . 


It is important to remember that a proton with kinetic energy of = 
10MeV lias a total energy of E = m ? c 2 t £km = 948.3 MeV. Often the 
momentum /> is easiest to measure. Since the product pc is an energy, the 
momentum is measured in electron volts per c: 



Once the momentum /> mid the rest mass m of a particle are known, its total 
energy E and its kinetic energy E^ tn are easily computed. 


17.1 Scattering of Atoms, Electrons, Neutrons, and Pions 

In Chapters 12. 14. and 15 we have discussed the scattering of a particle in¬ 
cident on a spherically symmetric potential, which wus assumed to be fixed 
in space. In actual experiments projectile particles scatter on target particles. 
In "colliding beam" experiments the projectile and target particles both move 
in opposite directions within a storage ring and scatter on each other in a 
head-on collision. An example for such an arrangement is given at the end of 
Section 17.4. where the production of the elementary particles J and T 
in colliding beams of electrons and positrons is discussed. In "fixed target 
experiments the target panicles are sit rest before the scattering process: how¬ 
ever. they move after the collision. As in classical mechanics, this two-body 
process can be reduced to a one-body problem if the coordinate r in the wave 
function is taken to be the distance vector between the two particles, and the 
mass appearing in the one-body Schrodinger equation is taken to be the re¬ 
duced mass M = f m?) of the two bodies. It is customary to 

present results of scattering experiments as differential cross sections da/tltf “ 
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with respect to die scattering angle \V in the center-of-mass system (CMS). 
In this reference frame target and projectile have initially equal and opposite 
momenta (Figure 17.1a). 

Figures 17.1b through e show results obtained in scattering experiments 
in entirely different fields of physics using completely different experimental 
techniques. Figure 17.1b shows the differential cross section for the scalier 
ing of sodium atoms by mercury atoms. The kinetic energy in the laboratory 
frame is only a fraction of an electron volt. The momentum is of the order 
of IO()keV/r corresponding i<> a dc Broglie wavelength of about Id 11 m. 
which is one order of magnitude below the atomic radius. Scattering experi¬ 
ments such as this one provide information about the electric potential acting 
between atoms. Such investigations are helpful in studying problems ot chem¬ 
ical bonds. 

Nuclear forces can be investigated by using neutrons, which carry no 
electric charge, as projectiles incident on nuclei. The dillercntial cross sec¬ 
tion for the scattering of neutrons on lead nuclei is given in Figure 17.1c for 
two energies = 7 MeV and 14.5 MeV. The corresponding momenta are 
/7 ljh I lOMcV/r and I60 McV/c. They in turn correspond to de Broglie 
wavelengths of roughly 11 x 10“ 15 in and 7.6 x 10 " m. These wavelengths 
are of the same order of magnitude as the radius of the lead nucleus, which is 
roughly 7 x 10 15 m. As expected, there are more minima in the differential 
cross sections for the higher energy, that is. tor die shorter wavelength, of the 
incoming particles (see Figure 14.9b). 

To investigate the electric potential of nuclei, we choose electrons as pro¬ 
jectiles because they are not affected by the nuclear forces of the nucleus. 
Figure 17.Id shows the differential cross section of electrons with a labo- 

rij*. 17.1. (a) Scattering of a projectile particle I on a target particle 2, In the laboratory 
the target particle is initially at rest. p> = (X In the ccnter-of-niavs .system It'MSl the 
particles have initially equal and opposite momenta. p| - p*. l or elastic scattering, 

considered here, the momenta are also equal and opposite after the scattering process, 
p - - _ p ;. ,|,) Sodium atoms scattered on mercury atoms, (c) neutrons on lead nuclei. 
uli electrons on oxygen nuclei, and u*> n mesons on protons. The differential cross 
section d aj*\Q Tor the elastic scattering of two particles is given as a function of the CMS 
scattering angle it*. The laboratory kinetic energy /:of the projectile is given on each 
ligure. For part b the ordinate is a linear scale given In arbitrary units. For parts c, d, 
and c it is a logarithmic scale given in square centimeters per Meradian. \w»nr*. • 

U IVu.k and II Paul). ZrMibnit /»• V*r«.r,v.,. W,- 3.1a Il9f#> 47S. copyright & »*> WrUif .ter /rK-whofl 

liu NjlUtfOtuhilllg. Tuhia^L-Ji. iCpfintcd by pcnnuwiw.(cl From F Percy jmi ll Buck. A Uflflir I'hyu t 32 1U*’-' 
.15:. copyright '£) l%2 by North Holland PuNishing Company, Amsicidiun. reprinted by pcrmis»|nn. idi From R- 
IlMl.ijJn- Nodew and Nut Icon $CMrfi*e I IHectnms >.( High Energies, reproduced wdh pri.mssioii imm the 
1 «hm/ Aii» A Im Ur ,uu) Sfinct. 7 copyright © 1957 hy Aumul Reviews Inc (Cl From a 

cunfctcocr <• nmhmon hy I Oicai ct *\ .is reputed by G HcUrtlm. tafermedi** and High Energy < nll.Mom. m 
r/n. rntim:s tnr 14th Sntrnmuimat (oofiwi.. -i Mfe* towigy fluwiw li.rm«i) Prrnlki mid J Slembngcr. 
cduoft), cnpynihi © 1W»H b> CERN. Geneva, icprmusl b> pemduktt 
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raiory energy ol 420 MeV scattered by oxygen nuclei Because the electron 
mass is very light, the electron momentum is 420MeV/<\ its corresponding 
wavelength about 3 x 10 ,s m. From such experiments the electrical charge 
distribution of the oxygen nucleus was found to have a characteristic radius 
of about 3x10 1 m. 

The nuclei are composed of protons and neutrons, often referred to by the 
collective term nucleons. If we want to study the internal structure of protons 
or neutrons, we can perform seatiering experiments using either electrons or 
particles with nuclear interaction as projectiles. Results <>i an experiment us¬ 
ing particles with nuclear interaction as projectiles are shown in Figure 17.1c. 
Here the projectiles are jt mesons. These particles exert nuclear forces and 
have a mass of about l40MeV/cr. The experiment was performed with lab¬ 
oratory energies of IOGcV. that is, a momentum of lOCieV/c corresponding 
to a wavelength of 0.1 ■ 10* 15 m. w hich is one order of magnitude below the 
proton radius. 

The results given in Figure 17 I bear a qualitative resemblance to the 
differential scattering cross sections shown in figures 12.4b and 14.9b. No 
quantitative comparison is justified, lor the forces acting in the collisions in 
Figure 17.1 cannot be described by simple square-well potentials. Moreover, 
effects attributable to the spin of the target and the projectiles were not taken 
into account in the calculations of Chapters 12 and 14. 

17.2 Spectra of Bound States in Atoms, Nuclei, and Crystals 

The lirst striking success of quantum mechanics was the explanation ot the h\- 
Jmgen spectrum . Suflicientlv heated atomic hydrogen emits lighl with a char¬ 
acteristic wavelength spectrum consisting of discrete wavelengths In Sec¬ 
tion 1 3.4 we found that the energy levels of the electron bound in the hydrogen 
atom are 

E„ = --Mc : ^ , h = I.2. 

Here M is the electron mass. • is the speed of light, and a = 1/137 is the 
fine-structure constant. A transition from one level to another i" effected by 
the emission or absorption of the energy dillcrence 

AE = F. n ,-F.„ =-i,V/ ( v( )i l i 
in the form of a light quantum ol frequency »• corresponding to 


AE = Itv 
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or to the wavelength 

^ = - = — 
i» AE 

A set of transitions for a fixed value of n j but variable n _■ is called a spec¬ 
tral series (see Figure 17.2ai In particular, the one with //i = 2 and m > 2 
is called the Balmer series. Its wavelengths are in Ihe region ol visible light 
and can be easily measured with a prism spectrograph. The spectral lines ol 
die Balmer senes are observed in ihe light emitted by electric discharges in 
hydrogen gas but also in the lighl emitted by some stars, proving that there 
is hoi hydrogen in the atmospheres of such stats. Outside the region of some 
stars that emit light, the hydrogen gas is cold. Then vve observe dark lines 
m the spectrograph for the wavelengths of the Balmer series, indicating dial 
hydrogen atoms of the cold gas have absorbed light. Stellar spectra show 
ing the Rainier series in emission and absorption are given in Figure 17.2b. 
The energy spectrum shown in Figure 17.2a has already been obtained in 
Section 13 4 It is characteristic of the Coulomb potential acting between the 
nucleus of the hydrogen atom and its electron. Il possesses an infinite number 
of levels accumulating at the upper end of the spectrum, E = <1. The spectra 
of more complicated atoms which contain more electrons in the atomic shell 
become more involved but retain these general features. 

Transitions between different energy levels effected by the absorption or 
emission of photons are also observed in atomu nuclei. A typical energy scale 
lor these photons is 1 MeV. compared to I eV in atoms. Nuclear spectra tire 
complex because the nucleus usually consists of a large number of protons 
and neutrons bound together by nuclear forces. Some of die low-lying levels 
of nuclei can be explained by the following model, livery nucleon moves in 
the nuclear potential owing to the presence of all ihe oilier nucleons in die 
nucleus. Since nucleons are fermions and obey die Pauli exclusion princi¬ 
ple. they till up the lowest states in a common nuclear potential, forming the 
ground state of the nucleus. The simplest states of higher energy are those in 
which a single nucleon occupies a higher state. Figure 17.2c shows the en¬ 
ergy spectrum of the low-lying states of the carbon nucleus l2 C. rhe nucleus 
contains six protons and six neutrons, that is. twelve nucleons. Since the car¬ 
bon nucleus is a twelve-particle system, us spectrum, as might be expected, is 
rather different from the energy spectrum of Ihe hydrogen atom. 

In Section 6.7 w e saw that the energy levels of periodic potentials form 
bands. Because a crystal is a regular lattice of atoms and therefore has spatial 
periodicity, the energy levels of the electrons in a crystal form such bands. 
Figure 6.13 indicates that die number ol levels inside each band is equal to 
the number of single potentials, that is. to the number of atoms in the crystal 
Since this is a very large number indeed. W'e do not expect to resolve the sin¬ 
gle energy levels within a band. Experimentally, the band hypothesis can be 
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verified using the photoelectric effect, Monoenergetic photons of high ener 
gics. that is. monochromatic X-rays, are directed onto a crystal surface. The 
energy of the electrons liberated from the crystal by the photoelectric effect 
can he measured using the principle illustrated in Figure l.l or more refined 
techniques. 

In Figure 17.3a the energy spectrum of electrons obtained by directing 
monochromatic X-rays on silver is shown The bulk of photoelectrons appears 
in the low-energy range between W| and IV3. which has a width of about 5 cV. 
A small fraction is emitted with an energy range between \V 2 and H' nux . which 
has a width ol about 4cV. This result is taken as evidence that there are two 
different energy bands in the silver crystal. They arc shown schematically 
m Figure 17.3b. These bands are the conduction band with edges £<?h £<?2 
and the valence band with edges h.\ |. The valence band is completely 
filled with electrons. The conduction band is only partly rilled: the electrons 
with maximum energy in this band have Fermi energy Ep. It is therefore clear 
that the minimum energy needed to free an electron is equal to the Fermi 
energy; a photoelectron with energy \V auix originates from the Fermi edge in 
the conduction band. We now identify photoelectrons with energies W 2 and 
W\, as originating from the upper. /:'v 2 - and lower. £vt edges of the valence 
band. The number of electrons freed from the valence band is much larger 
than the number freed from the conduction band because the valence band 
contains many more electrons. 

17.3 Shell-Model Classification of Atoms and Nuclei 

The only atom we have studied in some detail is the hydrogen atom, which 
consists of a proton of charge • e as nucleus and an electron of charge c. 

Fig. 17.2. oil The energy levels Haul tin- electron of the hydrogen atom cun take are 
indicated by horizontal lines and enumerated by the principal quantum number ». 
Vertical lines indicutc the energies at which transitions between different energy levels 
take place. Transitions to or from the same lower energy level form a series. For example. 
iraiLsitioiLs to or from energy level ;i I make up the l.yinnn series. Those to or from 
energy level n 2 make up the Itnlmer series. Transitions to a lower level consist of the 
emission of a light <|iiantum corresponding to the transition energy. Those to a higher 
level consist of the absorption of a light quantum, (b) Wavelength spectra of light from 
different stars show the Rainier series in emission (top) and absorption (bottomI. The 
stars are a Cassiopciac and £ Cvgni. i ron. K w V . Optik uni AumphystL ninth edition, copynghl 
•£> 1954 hv SjH ingrr-Veriaf tierlm. Uniting IfridrihR)'.. (cl The different energy 

levels of the curhou nucleus ,: C. The ground state of the nucleus has been chosen to 
be the zero point of the energy scale. Some of the observed transitions between energy 
levels are indicated. These transitions, like those for the hydrogen atom in part n. consist 
of the emission or absorption of a photon. 
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Fig. 17.3. iu i Current I of ph"- 
toelcctrons emitted by « sil* 
ver crystill, which lias been 
irratlialcd by monochromatic 
\-ruys. its a funclion of the ki¬ 
netic energy W of the photo¬ 
electrons. By energy const-na¬ 
tion we hu%e U — In 1 1 . 
where In is the energy of the 
X-ray photon and E the energy 
with which the electron was 
originally hound in the crys¬ 
tal. AtUptrd Innn K It Hifllueyv 
iMtOih/unx i/i ihr r*>lbirprrplniik. copy 
npiii :c iMTJt In Sprintrcf-Wrlap. llctluv. 

I Iridcltvig. Not YciL iqiimkd •" pn 

nii"n*i ib> Knergv hands of elec¬ 
trons in the silver crystal shown 
schematically. The conduction 
band C is only partly Riled 
with electrons, indicated by the 
hatched area. I he valence hand 
V. which is completely Idled, 
partly overlaps with the con¬ 
duction hand. PhotoelectroiM 
with the highest energy origi¬ 
nate from the region of highest 
energy in the conduction hand, 
that is. IV BU1 - In 1 1 i . 



The heavier atoms have X protons and additional uncharged neutrons in their 
nucleus, and / electrons in their hull. This / number representing the positive 
charge of the nucleus of the atom of an element is its atomic number Hie 
potential energy of a single electron in the electric held of ihe nucleus of a 
heavier atom is 

Vo) = -/vthc 

r 
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Consequently, the energy levels are 


Here the forces acting between the electrons have been neglected. In Sec¬ 
tion ‘>1 we learned that fermions obey the Pauli exclusion principle, which 
says dial two identical fermion* cannot populate the same state. Let us now 
count the number of different states for a given value n of the principal quan¬ 
tum number. The angular-momentum quantum number i can take the val¬ 
ues f = 0. I. n - I. For a given i there are 2f + I states of different 

quantum number m. which measures the * component ol angular momentum. 
m - - L > I I.i - Thus the total number of states lor a given n is 

n- I 

£j2f' t l) = ir . 

I'sO 

I'liis number still has to be multiplied by 2 since the electron possesses spin. 
An electron with given “orbital" quantum numbers n. t . and m can therefore 
still exist in the two different spin stales, characterized by the quantum number 
m,y = -S. SO that the total number of states for a given n is equal to 2n 2 . 

In our simplified description, all electrons in an atom that have the same 
principal quantum number n have the same energy. They are said to be in 
the same shell. There can be two electrons in the innermost shell which has 
n - I. eight electrons m the next shell with u - 2. and so on. In tins way the 
Periodu Table of elements is easily explained. 

For hydrogen «X = 1) and helium </ - 2) the electrons have principal 
quantum numbers n = I. For lithium <Z = 3) both stales with n = I are 
tilled; therefore the third electron has to be in state n = 2 and in a second shell 
When all the states with n - 2 are filled, the element is the noble gas neon 
tZ - 10 = 2 x I -■ + 2 x 2 2 ). The element sodium < Z = 111 has an additional 
electron with n = 3. which goes in the third shell, and so on. The electrons 
in shells that are rilled up are chemically inactive, which is seen from the 
chemical inertia ol the noble gases helium and neon. FJcments with the same 
number ol electrons in an unfilled shell possess similar chemical properties, 
for example, lithium, sodium, and so on. The consecutive tilling of Ihe n = 3 
shell continues only until the i 0 and l = I states are all occupied. The 
Clement is argon (X — 18). which again has the chemical properties of u 
noble gas. After argon the shell with n = 4 and I = 0 begins filling, forming 
potassium (Z = 19) and calcium (X - 20) Only then are the so-far vacant 
states w ith n - 3 and t - 2 filled. The reason for this irregularity is that the 
states with n = 4, f = 0 are situated at lower energy than the states n - 3. 
i = 2. This situation is in contrast to our simple scheme, in which we have 
totally neglected the forces between the electrons in an atom. 
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Because nf the forces acting between electrons, the energy levels of atoms 
with more than one electron are not simply the energy levels of a hvdrogcn- 
like atom with / protons in its nucleus and with its lowest stales filled with Z 
electrons. In fact, the actual calculation of the levels of many electron atoms is 
complicated and can he carried out only with simplifying approximations. The 
levels least influenced by interactions between the electrons arc the innermost 
levels for n = I and n = 2. Their 7, dependence is given by the formula 

r 1 w 2 2 Z 2 

II H = —Me a —r . 


The difference between the energy of the state with the principal quantum 
number ni and that of the ground state w ith n i 1 for an atom with atomic 
number Z is then 

This difference can he measured in an experiment in which electrons acceler¬ 
ated to some 10 keV knock an electron out of the ground slate of an atom with 
atomic number Z. The unoccupied stale (n j = I) can be filled by an electron 
jumping from slate n: = 2, n: - 3. and so on in the atom to the ground state. 

The energy difference between the two states is radiated off as an X-ray 
quantum of frequency 

v = -AE 
h 

With ibis formula for .A F. we find a linear relation between the atomic 
number Z and the square root of the frequency, of the emitted X-ray: 


yA’ = JMc 2 /(2h)a ^1 - 

Henry G. J. Moseley first measured these transitions in 1913. His results arc 
reproduced in Figure 17.4a. They allow the simple interpretation that the 
atomic number Z is ihe number of positive charges on the nucleus of the 
atom, since the data take the expected line in a Z. >/i> plot. Actually, the line 
of flic data does not follow our formula exactly. The deviation is caused by 
the screening - even though small for the inner atomic shells - of the nuclear 
Coulomb field by other inner electrons. 

Another test for the viability of the shell model of the atomic hull is indi¬ 
cated by the formula 

I -i Z 2 
E(Z, n) = — 



Mr. 17.4. iui Moseley's plot showing the square root «*f the X-ra> frequency versus the 
atomic number / for A„ radiation, n; — 1 1 upper line), and for A> radiation. «: — 3 
(lower line). Rom 11 Cl. J Mi-clcy. Tht I'hli'iopluoil Miiwzine 2~ I lv|l i'll?. Oipynfhl y |1‘4 hy luylm 
ami l'inni 11 i hi 11 union. irpnmol h> pa«iu>siiMi ill) Ion i ration energies for atoms as a function 
of the atomic number /. Ihe maxima for noble Rases, which have dosed shells with 
7 — Z, electrons - Z, = 2 for helium. Z c = 10 for neon, and so on - an* pronounced, 
and tlie drop from / — Z, to Z = Z t + 1 - that is, from helium to lithium, from neon to 
sodium, and so on - is sharp. 
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for ihe energy of the outermost electron with principal quantum number n in 
ihe hull of an atom with nuclear charge Z This energy is called ionization 
energy. Ihe exprcssi<»n for E{Z. n) is actually only a rough estimate o! the 
ionization energy, since it does not take into account the mutual interaction 
of the electrons in the atomic hull Nevertheless, for atoms with low atomic 
number it suffices to demonstrate how the values ol the ionization energies 
indicate the closure of atomic shells. 

In the process of'"constructing" the chemical elements by tilling the levels 
with electrons, the ionization energy /: </. n > rises with / as long as levels are 
filled with the same principal quantum number n. The highest value £< Z c . n) 
within each shell is reached in the element that has;> eltrsed shell with atomic 
number Z c . that is, a noble gas For the element with the next atomic number, 
a new shell with the principal quantum number n • I begins to be occupied. 
Even though Z increases in this step from Z L to Z c 4 I, the increase from 
n to n * I means a definite decrease in ionization energy E{Z C \ I. n 4- I) 
for the tirst element in the new shell compared to the value / <Z t . n) tor the 
noble gas Because there are many states belonging to each principal quantum 
number n, for each electron the principal quantum number is smaller than Z t . 
The ratio of the two ionization energies is 

/•(Zc4 1,/r + 11 <Z C + 1 > 2 

riZc) ~ E(Z e .ti) </r 4 l) : Z- 

(1 4 1 / Z C > 2 < ( 

(14 \/n)’ 

because Z, is larger than w. For the jump from helium to lithium, neon to 
sodium, and argon to potassium, we find these values: 

lithium/helium r<2) = 0.56 

sodium/neon r(IO) = 0.54 

potassium/argon r (IS) = 0.63 

In contrast, the ratio of die ionization energy of an element closing a shell 10 
the energy ol the preceding element in the Periodic Table is 


r'i/.c) = 


ElZc.ii) 

/I/ l./H 



(I - 1/Zcl 2 


For the corresponding closures of the atomic shells, we find 


he hum/hydrogen r'< 21 = 4 , 

neon/llut>riiie r'(10) ■ 1.23 

argon/chlorine /'(IS) = 1.12 . 


that is, values larger than one. The peak behavior expected by these arguments 
can be immediately verified by looking at the measured ionization energies 
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plotted in Figure 17.4b, even though the experimental values for the ratios r 
and r‘ are different from the ones we have given. 

In the classification ol nuclei, the nuclear shell model has heen success¬ 
ful hi explaining observed regularities. For the electrons in a light element, 
it was reasonable to describe their motion in the Coulomb potential of the 
nucleus, neglecting the repulsion between electrons. For the protons and neu¬ 
trons forming the nucleus, no analogous center of force exists. Nevertheless, 
it has proved useful in describing the motion of a single nucleon in the nuclear 
potential created by all remaining nucleons. Such a potential has, as does the 
nuclear force ol a single nucleon, short range. For our simple discussion we 
assume that the potential is that of a harmonic oscillator. I he lowest states in 
this potential are filled by the nucleons. Since protons and neutrons have spin 
according to Pauli’s exclusion principle, every state characterized by n. I. 
and w can be occupied by two protons and two neutrons. The lowest state in 
Ihc hunnonic oscillator isec Section 13.2) has quantum numbers n = 0. ( - 0; 
therefore it can accommodate at most two protons and two neutrons. This is 
the ease for the nucleus of the element helium. This nucleus, also called the 
or particle, is the most stable nucleus know n: for its disintegration the largest 
amount of energy is needed. The helium nucleus has a closed proton shell and 
a closed neutron shell. 

For the nuclei of file next heavier elements, the n 1 .1 - I shell ol the 
oscillator potential is successively filled. It offers 2 :< (2f 4 1 1 - 6 states lor 
protons as well as six slates for neutrons, so that the next closure ol the proton 
shell, as well as ol the neutron shell, is reached for / = 8 and ,V 8. Here Z. 
as before, giv es the number of protons in the nucleus and /V gives llie number 
of neutrons. I he nucleon number A = Z 4 N together with the chemical 
symbol which itself contains the information about / is commonly used to 
characterize the nucleus. The shells / = 8 and A - 8 are those of the oxy¬ 
gen nucleus. u, 0. As we know from Section 13.2. in the harmonic-oscillator 
potential the states with principal quantum number;/ = 2 are degenerate lor 
C = 0 and ( = 2. The nuclear shell with it = 2 contains 2x142x5=12 
stales for protons and for neutrons. Thus die next closed shell is reached lor 
/ = ,V = 20. Ihe nucleus of the element cadmium. m Ca. As was true ol the 
atomic hull, this simple constructive scheme for finding the closed nuclear 
shells works for the lighter nuclei only. 

It was the achievement of Maria Goeppert-Mayer and of Otto Haxel. Hans 
Jensen, and Hans Suess to discover the physical reason for the structure of 
the higher closed shells They are reached at the higher Magic numbers 28. 
50. S2. 126. which cannot he obtained from the oscillator potential. In fact, 
these numbers are “magic" because they denote a large spin-orbit interaction, 
that is. a large interaction between spin v and angular momentum / of the 
nucleons. This coupling gives rise to an additional potential energy term in die 
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Schrddingerequation. Evidence tor nuclear shells comes from experiments in 
nuclear spectroscopy. We do not present them here, for their interpretation 
would require discussing additional details of nuclear physics. 

17.4 Resonance Scattering ofT Molecules, Atoms, Nuclei, 
and Particles 

In Chapter 14 we studied resonance phenomena in some detail. We have seen, 
in particular, that the total cross section for elastic scattering of a particle hy 
a spherically symmetric potential may have pronounced maxima, as a func¬ 
tion of the energy of the particle l see Figures 14.6 anil 14.12). Such resonance 
phenomena are not restricted to simple potential scattering. They are observed 
in a variety of physical situations. In u more general situation, the collision of 
two particles, the total cross section is a measure of the probability that they 
will react. One or both particles may even be compound systems I he total 
cross section then is a measure of the probability fora reaction between these 
systems, in fact, we have seen evidence for such reactions earlier in this chap¬ 
ter when looking at the absorption spectrum of hydrogen (see Section 17.2. 
Figure 17.2b). The process is actually a collision between a photon and the 
hydrogen atom, which excites the electron in the atom into a higher energy 
level. The photograph of the spectrum shows that the absorption probability, 
that is, the total cross section, has pronounced maxima at particular photon 
energies. These energies correspond to the differences between the bound- 
state energies of the hydrogen atom. It turns out that in this process the higher 
hound states of the hydrogen atom are not absolutely stable. After excitation 
by absorbing a photon, a higher bound state, through photon emission, decays 
with a certain average lifetime into a stale of lower energy and finally into the 
ground state. In our original calculations of the hydrogen atom (Section 13.4), 
only the Coulomb interaction between electron and proton was taken into ac¬ 
count. Now we are also considering the interaction of photons and electrons. 
The total process of absorption and emission of n photon is nothing but the 
resonance scattering of a photon by the atom We expect the process to show 
the qualitative features of resonance scattering discussed in Section 5.4 and 
Chapter 14. 

Of course, similar resonance structures in total cross sections can be ob¬ 
served in more complicated atoms and even in molecules. Figure 17.5a shows 
the absorption spectra of infrared light by different paraffin molecules. 

n-pentane CHj - CHy - CM * CH 2 - CH.i, 

n-hexanc CHt-CH; ('H; CH 1 -CH 2 - CHi. 




Fiji. 17.5. Total cross sections Tor various reactions as u function of the kinetic energy or 
the incident partic le in the laboratory frame, in 1 The absorption coefficient A lor infrared 
liuht passing through a layer of paraffin 0 U2 mm thick. The abscissa is the wave number 
1 — i 1 /. (bottom), w liicti is proportional to the energy / hi of the light quuiilu (topi. 
A high rate of absorption corresponds to a large total cross section. Thus the graphs can 
be interpreted as measurements or the total cross sections as u function of energy. Two 
characteristic resonances near £ - u 17cV, which are associated with the vibrations 
or neighboring Cli; groups, are present in all paraffins considered. Fi.-m i..,rM< it. n -. m. 
Za/iie'/tmyi, FunktHwn Mxih ediliun. Volume I. pan 2 o\ Huckcii uml K II fldhvrgr. nttoiii. Ficuw V 
; Copynglr. -1 *1 S 1 by Springer* Verbj!. Balm. Gottingen. Hekkibcrr. rvjnmicd ptnnlMii-n ill) Total 
crass section for neutrons scattered off lead nuclei. There are many resonances at low 
energies corresponding to the formation of various metastable states of lead Isotopes, 
tc) Total crass section for positive pious scattered on protons. The wide resonance near 
£iw 0.2 GcV corresponds to the excitation of the metastable state .A +_f f 1 232). 
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There is a strong similarity in the absorption spectra, indicating the excita¬ 
tion of very similar resonances in the different molecules They correspond 
to vibrations between neighboring < ’H« groups, which are common to all the 
paraffin molecules. 

Figure 17.5b presents an example from nuclear physics, the total cross 
section of neutrons scattered off lead nuclei. The many resonances indicate 
that the nuclei can exist in a variety of mctastable states, covering a rather 
wide range of energies. 

Wc have seen that resonance scattering reveals the presence of excited 
states m molecules, atoms, and nuclei Single nucleons, for example, protons, 
can also be investigated by scattering different projectiles on them. We choose 
here positive pions. also called .*? mesons These particles are lighter than 
protons bin heavier than electrons, t hey play an important role in explain¬ 
ing nuclear forces. In Figure 17.5c the total cross section lor the scattering ol 
positive pious protons is shown us a function of the pion energy. The pro¬ 
nounced resonance at the left side of the picture we interpret as a mctastable 
stale. Actually, it corresponds to a short-lived panicle called the A ' ' baryon. 
The sequence ol ns production in a pion proton collision and it" subsequent 
decay into a pion and a proton is written as 

jt ' p — — 71 ~ p . 

Electrons and positrons can be accelerated to very high energy, more than 
50GeV: they can be accumulated in a storage ring and be brought to head-on 
collisions. I he total cross section as a function of the center ol-mass energy 
of the e^c~ system has characteristic resonances. Figure 17.0 shows two se¬ 
nes ol resonances which me located near 3 and IOGcV. They are evidence 
for short lived particles called the J family and the T family. The first one 
found is the .//•// particle with a mass ol 3.1 CJcV. Its production anil subse¬ 
quent decay into electron and positron is a resonance scattering ol the form 

Besides this elastic process, the inelastic one. 

t*‘« J/p -* hadrons , 

is also observed. Hadrons are particles that interact strongly in the nucleus, in 
particular pions, protons, and neutrons. All hadrons are assumed to be com¬ 
posed of only n lew constituent particles called quarks q and an I i quarks q. 
The J /ip particle is composed of the very heavy charm quark < and its an¬ 
tiparticle i\ so that the reaction above reads 


c c 


<tr) — hadrons . 
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Fig. 17.6. Total cross section observed for the reaction in which an electron t. i and a 
positron l. ) unnUiHate each other to form a number of strongly interacting particles, 
such ns ’ mesons. I he cross section shows very sharp resonances near (a) fc’rsi 11 »cV 
anil ilu /, m tilGeV. Here lew is the total energy in the cenler-of-mass system, 
the system in which and . have equal and opposite nmnieiila. The unexpectedly 
sharp resonances are interpreted as evidence that metustahlc stales consisting of a 
quark-antiquurk pair have formed. The ./ family of states is composed i»f a *Vharrn" 
quark and its antiparticle. The Y family of stales is a bound system of a ••beauty" quark 
amt Ilu* corresponding untiquark. v.»«.. m'l, n A M P-janli cl al. /Vhwi.i/ Rinr^ Uttn- 

M (IT'I I»S7 .in,I font, V l.mh * ..I. Phwuvil Mnir* Lrlirr. 35 iv7|5, 1124. .npyorh: ‘ W3 h> Amnion 
Pti>»Kj| Socic iv. arpi inf til In pCOilloMon ihl Pmcn I) Amln-uv w at.. J'ft.n.u/ Kerins UUtn 44» I'MiUi I HIM and 
45imw>i219.oi9hKN i£ I'WHn AmcocunPhyMeiU Society repniurJ t%> pennteftuui 
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where (<r) symbolizes (he metastable state 7/0 of c and c. The next res¬ 
onance. l P f at 3.7 GeV. is another resonance of the rr system that can he 
regarded as an exited state of the 7/0 particle. In fact, these and the other 
observed (cc) states can be explained as bound states in a potential describing 
the interaction of < and r. The discovery of these states has led to a much bet¬ 
ter understanding of quark bound states and to deeper insight into the structure 
of matter. 

A similar scries of resonances hi electron positron scattering is observed 
at 9.46GeV and beyond. The family of T particles are understood to be bound 
states of the even heavier beauty quark b and its anliquark b. 

It is interesting to note that the quantum-mechanical phenomena studied in 
this section span an energy range of eleven orders of magnitude, from infrared 
radiation at 0.2eV to high-energy electron storage rings at 10GeV 

17.5 Phase-Shift Analysis in Nuclear and Particle Physics 

In the preceding section we identified a resonance in the total cross section 
as evidence for the existence of a melastahle stale. Figure 14.6 showed that a 
maximum in the total cross section is usually an indication fora resonance in 
a single partial wave. The quantum numbers of the resonant partial wave are 
therefore those of the metastable state which, in elementary particle physics, 
we have also called a panicle. To determine the quantum numbers of such a 
panicle, we use the method of phase-shift analysis outlined in Section 14.3. 
We decompose the measured differential cross section into partial waves, ob¬ 
taining die complex partial-wave amplitudes /,. as a function of the energy, 
or equivalently, the momentum of the incident particle. From the different 

Fig. 17.7. Phasc-shifl analysis, (a) The differential cross section for the elastic scattering 
of positive t mesons on protons, shown for various kinetic energies of the meson, has 
a simple parabolic form at l\ m = 200MeV, indicating a resonance at this energy 
with angular momentum i - I. (b) I’he Argnnd diagram of the corresponding partial 
scattering amplitude, reconstructed Tmiii measured data. All the features of a resonance 
ut = 2(1(1 MeV an* evident. I'he phase shift passes swiftly through 10 degrees, while 
the imaginary part goes through u maximum and the real part vanishes, (cl A resonance 
ut much lower energies. Various phase shifts for the elastic scattering of an • / particle 
on a helium nucleus, that is. another u particle, are plotted as a function of the kinetic 
energy of the incoming particle. The resonance in : indicates that both particles form 
a resonance with angular momentum < 2. Shukc Hmu Roben C Cfm., Pion-Surh-m 

StvUennu. copyright u IW» hy IVmrrlnn 1 IntvervUy Prr'i Fipirr S ?. p rrprtiitrd by permission nf Princeton 
University Picas, ihi AiLtpicvl frnfflG Hotter in Umluli-Homwcm, Wnurrhut P-x.t, New Series, volume Vb2 (H 
Sctnpper,cdilor), b'ttfurc 2 2 »>.p $X.cupyn|tlil ©IWI b\ Sjinnjrft VVrby. Ilcilin. IlciJelhcTg. New Yurit.icpnnlcd 
by permission .iFromT A Tumbrdlo ind L S Scahouse. JTn‘ fhr\),n! fo-mn 12* 11161 t 2252. mpyught © 
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partial-wave amplitudes Argand diagrams analogous to those in Figure 14,14 
can be constructed. 

Figure 17 7a shows the differential cross section for the elastic scattering 
of positive pious on protons lor various pion energies / Near 200 MeV 
the cross section has a simple parabolic form, indicating the dominance ot the 
Legendre polynomial A’i (cos i9 1 = cos if in the expression 

=l/(«)l 3 -|/’l(COSI».| l 

d£2 

ini the differential scattering cross section. This parabola indicates a reso¬ 
nance with angular momentum • I The proton has an intrinsic angular 
momentum, that is. a spin ol *./) It turns out that the metastable state has 
total angular momentum !/). Figure 17.7b gives the Argand diagram lor ihc 
corresponding partial-wave amplitude. As in Figure 14.14. the partial scatter¬ 
ing amplitude is recognized to move, as a function of energy, on the unitarity 
circle in the complex plane. The deviation of the experimental points from 
the unitarity circle designate an inelastic process. Not only elastic scattering 
but also the production of one or more additional pious is possible at these 
energies. The real and imaginary pails of the partial-wave amplitude have the 
characteristic features of a resonance at a cenler-nf'-mass energy of 1.232 GeV 
in the pion-pioton system By this phase-shift analysis the intrinsic angular 
momentum of the A 1 hadron, which we hrst observed in the total cross 
section (Figure 17.5c). is found to be y/i 

Tlie method of phase-shift analysis, which has proved very successful in 
particle physics, had already been used earlier in nuclear physics. The elastic 
scattering oft# panicles on helium nuclei in an interesting example. In Fig 
ure 17.7c the phase shifts 5». &>. and are given directly as functions of ihe 
energy of the incident particle. The phase shill Sz shows a typical resonance, a 
quick rise through the value t/ 2. I he resonance corresponds to a metastable 
state of angular momentum 2 of the beryllium nucleus. 'Be. which is lonned 
by two J He nuclei colliding. 

17.6 Classification of Resonances on kegge Trajectories 

Figure 14.12 indicated that there is a striking regularity between the energies 
of the lowest-lying resonances of a system and their angular momenta. In a 
plane spanned bv energy I and angular momentum f. the resonances lie on a 
curve in such a way that energy F. of the resonance increases monotontcully 
with angular momentum •' The correlation between the energies of a fam¬ 
ily of resonances and then angular momenta in potential scattering has been 
derived by lullio Reggc. In elementary particle physics families of particles 
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Fig. 17.S. Reggc trujccior) of the J particles, which cun be understood as resonances 
formed l»> a proton and a t meson. Flic square or tlu- resonance mass 1/- is plotted 
against the angular momentum J of the resonance. For the three lmvrst-lv Ing resonances 
I black points* holh 1/ and / base beenexperimentally Helerminetl. For the last two (open 
circles) only the mass bus been measured so far. 

lying on the same Rtyi’t 1 trajectory arc observed. As an example. Figure 17.8 
shows the Reggc trajectory containing the + ' hadron, already discussed in 
Sections 17.4 and 17.5. We now call it more specifically .\{ 1232) by indicat¬ 
ing in brackets its mass in MeV On the same trajectory font more resonances 
are shown. In this diagram, in which the square of the resonance mass is plot¬ 
ted on the abscissa and its spin on the ordinate, the trajectory is a straight 
line From resonance to resonance, the spin is increased by two units, that is. 
it takes the values ^h. \h. and so on This complication is attributable to the 
half-integer spin of these resonances. 
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17.7 Radioactive Nuclei as Metastable States 

The disintegration of a radioactive nucleus by the emission of an tr particle 
can be considered as the decay of a metastublc state. George Gamow has 
given a quantum*mechanical analysis of how the u panicle behaves in the 
potential of the other protons and neutrons in the nucleus. The effect ot the 
short-range nuclear forces can he approximated by a square-well potential. In 
addition, the o particle, which carries the electric charge +2experiences the 
repulsive long-range Coulomb force of the other protons. The total potential 
of both nuclear and Coulomb forces is attractive lor small radii hut repulsive 
for greater distances, as indicated in Figure 17.9a. Such a potential can con¬ 
tain bound states of negative energies that arc stable as well as metastable 
states of positive energies that have a finite lifetime. In particular, metastable 
states with energies lower than the height of the repulsive wall are expected 
io have long lifetimes. An a particle in such a metastable state can leave the 
nucleus only by tunneling through the potential harrier. For an a particle in 
a metastable state, only the repulsive barrier is important. The repulsive shell 
studied in detail in Chapter 14 can therefore sene as a model for die potential. 
Figure 14.15 shows the radial wave functions of several metastable states in 
this potential Figures 14.12. 14.15. and 14.14 contain the total cross sections 
and Argand diagrams. They indicate that resonance widths increase with res¬ 
onance energy. The repulsive shell of Chapter 14 has its one-dimensional ana¬ 
log in the two-potential barriers of Section 5.4, The widths ol the metastable 
states confined between two potential harriers also grow with energy, as in¬ 
dicated in Figure 5.12. Figures 5.9 and 5.10 examined the time dependence 
of the decay of metastahle states and revealed that the lifetime decreases with 
increasing energy, that is. with increasing width. Indeed, the probability lor 
the penetration of the harrier grows with the energy of the particle, which 
is tantamount to saying that the lifetime decreases with the energy of the a 
particle. 

| i u . I7.‘J. u decay. i;0 Potential energy Vu or an particle in a nucleus. At I hough 
the total energy E idashed line) of an .r particle may he positive, the particle can leave 
the nucleus only by tunneling through the potential harrier created by the Coulomb 
attraction Ik tween nucleus and u particle. Therefore metastahle states of positive energy 
can exist. <b> Cloud chamber photograph of tracks or a particles from the decay or the 
polonium nucleus. U P<>. All particles except one have approximately the same range 
in the chamber gas. indicating that they possess equal energies. The single, long-range 
track him caused h\ the decay of an exiled state of u Po possessing a higher energy. Hum 
K Ilullip, : i srnxhafien I4U9261copyright (c> 192ft Vcrlug wm JulUw Springct IWriitn. rcptimcl 1*> 

(vnni.NKm tc) Gclger-Nuttall diagram showing the relation between the hall-tile / and 
the energy of the emitted a particles for the lowest-lying states or radioactive nuclei. I he 
diagram indicates that the lifetime decreases very rapidly with energy. 
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This phenomenon is observed experimentally. The energy of a particles 
is easily measured by their range in air. Figure 17.9b shows a cloud chamber 
photograph displaying the tracks of u particles emitted by radioactive polo¬ 
nium. :,4 Po. All tracks except one have very similar ranges, indicating the 
energy of the lowest-lying metastahle state. A single track in the photograph 
has a considerably greater length. Its energy is that of a higher metastahle 
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stale, which is already much depopulated because of ii> shorter lifetime. A 
systematic study of the relation between energy and the lifetime of u decays 
of nuclei was lirst carried out by Hans Geiger and John Mitchell Nuiiull. Fig¬ 
ure I7.9c shi>ws this correlation for many radioactive elements. 

17.8 Magnetic-Resonance Experiments 

Units and Orders of Magnitude 

The operator p of the magnetic moment of an electron and ns spin operator S 
are simply proportional to each other. 

M = -ys . 

The quantity y, the gyronuignciic ratio of the electron . is given .is 

V=tfo/'B/A - 

The constant 

jr B = ri 7 * 9.274078 A nr 
21YI 

is called the Bohr magneton. Here SI denotes the electron mass The gyro- 
magnetic factor oj the free elect nm a ’ i > can he computed in the framework of 
t/iumtum electrodynamics (QED). Precision measurements oFa'u are therefore 
important tests of die validity of QED. Current experimental and theoretical 
values are 

s'" 1 " = 2.002319304386 ± 20 x KT IJ . 

= 2.002 319 304 822 ± 332 x 10 11 

The astonishing accuracy of the experimental v alue is due to magnetic reso¬ 
nance experiments performed with a single electron by Hans Dehmeli and his 
group. 

Because of the negative charge of the electron the vectors //, and S are 
amiparullel. For particles w ith positive charge, in particular for atomic nuclei, 
they are parallel. Since one wants y to be positive also for nuclei one has to 
write 

M = yS . 

We shall use this relation for both electrons and nuclei. Our formulae will 
correspond to those given in the literature specific to the field »>l electron spin 
resonance (F.SR) if y is replaced by —y. 

In order to get g factors of the order of one also for atomic nuclei with a 
magnetic moment one writes for nuclei: 
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Y = AfN /ip/A • 

Here 

/i„ = — ft = 1836// B = 5.051 x Id 27 A nr 

1 2 .V/p 

is the nuclear magneton and A/., — 183637 the proton mass Measurements 
ol the gyromagnctic factor gpunon of the proton yield 

A’pa»i.»n = 5.58 . 

Hus value cannot be computed in the framework of QHI). It is assumed that 
the magnetic moment of the proton results from the intrinsic magnetic mo¬ 
ments • »! its constituents, the quarks, and from magnetic moments ol orbital 
motion of the quarks within the proton. The determination of the magnetic 
moment of the proton, the neutron, and in general of atomic nuclei is an im¬ 
portant Held of nuclear physics. 

In Section 16.4 we have discussed the phenomenon ol magnetic reso¬ 
nance. In a homogeneous magnetic induction field B (( = the expectation 
value //. ol a magnetic moment processes around the Held direction with the 
Larmor frequency £?i> = yB n- The polar angle if of •;/«.) with respect to Bi> 
stays constant. If in addition to the constant field Bo there is a Held B|(n 
perpendicular to Bn and itself rotating with a frequency to equal to the Lur- 
mor frequency S?o then the angle 0 changes by t within the time 7/2 where 
T = ,T/f?|. f2 1 = yB |. This way the direction of /i which may originally 
have been parallel to B ( > is changed to be antiparallel to IV 

The difference in potential energy between the two spin states in which the 
spin (and therefore the magnetic moment) is oriented parallel or unlipurallel 
to the time-independent magnetic-induction field Bn is 

a/;= l/ifiul . 

At resonance the frequency to of the rotating field B| is equal to the Larmor 
frequency J2n = ft Bn, so that 

AE = = hio = )/^(i | 

The transition Ironi the stale ol lower energy to the state of higher energy is 
made possible through the absorption of a quantum hut of energy from the 
rotating field. The transition from the higher to the energetically lower level 
is accompanied by the emission of .i quantum of electromagnetic energy tun. 
In the presence of the rotating external held the transition is accelerated due 
to stimulated emission. 

For a typical Held Bo of 11 = 1 V sm ~ and a magnetic moment of l/i,, 
(I nuclear magneton) the frequency ol the oscillating field has to be 
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i' = toP-t = iipBo/h = 0.762 x 10 7 s-' . 

Such a frequency is easily produced willi radio frequent v (RE) technology, 
which is therefore used in nuclear magnetic resonance (NRM) experiments. 

For = I T and a magnetic moment of 1 /ib (I Bohr magneton) the 
frequency is 

i- = = fittBu/h = 1.4 x I0'"s _l . 

Minmvave techniques are required to generate fields which oscillate in this 
frequency range. Consequently, experiments measuring the electron spin 
resonance (ESR). sometimes also called electron panumgnetic resonance 
(EPR), use the microwave technology. 

Experiments with Atomic and Molecular Beams 

We can now discuss the magnetic resonance method with atomic and molec¬ 
ular beams pioneered by I.sidor Rabi and collaborators. A beam of neutral 
atoms or molecules passes through three consecutive magnetic fields denoted 
A. C. and B in Figure 17.10. The fields A and B are inhomogeneous fields of 
the Stem-Gerlach type. cl. Section 1.4. They aie identical except for the fact 
that the field gradient of A is directed downwards in the plane of Figure 17.10 
and that of B is directed upwards. In region C there is a constant homogeneous 
field Bo directed upwards and an oscillating field B|. The latter is produced by 
the current from a radio frequency generator which is run through a wire in 
the plane of Figure 17.10 parallel to the beam somewhat above the beam and 
returns through a parallel wire below the beam. Due to the force exerted by 
the inhomogeneous fields on the magnetic moment the trajectories in regions 
A and B are parabolae. Particles with magnetic moments pointing upwards in 
region A and having a certain limited range in initial direction and momentum 
will pass a slit in front of region C. If the orientation of the magnetic moment 
is not changed in C the particles pass through region B on a trajectory sym¬ 
metrical to the one in region A and are registered bv a detector beyond region 
B If. however, the orientation of the magnetic moment is turned downwards 
in region C by magnetic resonance, i.c.. if the oscillating frequency (o of the 
field B i is equal to the I .armor frequency = /<fl <\/h ol the magnetic mo¬ 
ment in the field Bi> and it the time the particle needs to traverse region C 
is about 772 = h/iiiB\). then the particle will Ik* deflected downwards in 
region B rather than upwards and the intensity registered in the detector will 
decrease drastically. Figure 17.11 shows the first resonance curve reported by 
Rabi ct al. for a beam of LiCI molecules which is due to the magnetic moment 
of the 7 Li nucleus. The strength of the field Bo rather than the RF frequency 
to was varied in their experiment. 
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Fig. 17.10. Kahi apparatus. The magnetic-induction Held B points upwards (in the . 
direction) in the three magnets A, FI, and C. In A and B the field is inhomogeneous, the 
field gradient d/f /tfc being negative in A and positive in B. The field in C is homogeneous. 
For molecules with magnetic moment in .* direction and with momentum within a certain 
range the trajectory from the source O through the slit S to the detector D is drawn as 
a solid line. If the direct ion of the magiietic-niomenl expectation value is changed to 
the . direction due to magnetic resonance in the additional oscillating field in C the 
t raj cell in changes to the broken line and the molecules no longer reach the detector. 



The method of atomic and molecular beams was and is very successfully 
used to measure magnetic moments of nuclei and to study the interaction be¬ 
tween the nuclear magnetic moments and the electrons in the atomic shell 
which gives rise to the hyperfinv structure of atomic spectra. The distance 
between atoms or molecules within the beam is very large. Therefore the ex¬ 
periments are essentially performed with free atoms or molecules. 


Magnetic Resonance in Bulk Matter 

Apparatus. In bulk matter (solid, liquid, or gaseous) a large number of parti 
cles are present per unit volume and the collective effect of their magnetic mo¬ 
ments can be recorded by magnetic-resonance methods. Nuclear magnetic- 
resonance (NMRl experiments of this type were first developed by the re¬ 
search groups of Edward Purcell and of Felix Bloch in 1945. Electron mag¬ 
netic (or spin) resonant c (ESR) was discovered also in 1945 by E. Zavoisky 
The principal components of an apparatus for NMR experiments are 
shown in Figure 17 12. A large homogeneous field Bp = flue.- is provided 
by an electromagnet. A field Bj = 2#i cosUuf )e, oscillating in v direction is 
generated In a coil oriented in i direction and connected to a radio-frequency 
generator. The sample ol bulk matter is placed inside the coil. (In ESR ex¬ 
periments instead of the coil one has a microwave resonator excited by a mi¬ 
crowave transmitter.) The complex resistance of the coil is measured with 
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tig. 17.! I. Magnetic-resonance carve obtained for l.iCI nwleculcs. The signal Sp in the 
detector (in percent of the imixiniuni signall Is shown as 11 funciinn of the current /. in 
the exciting coil or the i magnet and thus the field H while keeping the frequence <•> of 
the oscillating held milslunl. I i-- . I I R^h. J K u 5 MUlRSI Md! Ku'.li .. .V,. .. 

SJlt'HS (|s I'OH hv American I'Iivm.jI SockI}. icpnnuil by |vt:ni-> <■«:« 

high precision with a radio-frequency version of a Wheatstone bridge. We 
will show further down that near the resonance frequency of the magnetic 
moments of the sample this resistance changes dramatically. At resonance en¬ 
ergy is absorbed front the RF field. Thus I he resonance manifests itself as a 
maximum in the real part of the complex resistance ol the coil. But at reso¬ 
nance energy is also emitted by the sample which is excited by the RF field. 
The emission of energy can be detected as an induced current in a pick-up 
coil the axis of which is oriented along the y direction in Figure 17 12. In the 
following we discuss magnetic resonance in bulk matter in a little more detail. 

Magnetization. In a homogeneous induction field It. Ihc expectation value 
// of the magnetic moment ol an isolated panicle processes around the field 
direction. The energy expectation value -(/0 B., stays constant. In the pres¬ 
ence of many other particles, i.e.. in bulk mailer, energy exchange with other 
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f ig. 17.12. \MK apparatus. An electromagnet (with pale faces N. SI provides a strung 
homogeneous field />.. in the direction. A coil oriented along the < direction contains 
the sample. It is excited by a radio-frequency generator RF of frequency o>. The complex 
resistance ol the coil is measured in a bridge circuit B and registered while either /<,, or 
<•' are varied. In addition there may be a coil oriented along the direction which can 
pick up magnetic-induction signals from the sample. The signals arc amplified hv the 
amplilier \ and also registered as a function of /f or .... 


particles occurs and a statistical distribution ol the potential energies (/#) Bp 
is established which depends on the temperature / of the sample. To give an 
idea lor the order of magnitude nfihis effect we note that the ratio ol the num 
bet V. of particles with the highest potential energy ( :// : antiparallel In Bp) 
to the number N with the lowest energy ((/i) parallel u» Bp) is 



kT 


ip/U 

kT 


where A- = I 381 x 10 *“ J K 1 \$ Boltzmann's constant. At room temperature 
( /• ^ 300K) «ute lias kT - 4.14 • 10 :i J which is very large compared to 
li Li it - 5.05 x 10 .1 where we have set ii = //,. and = I T Therefore. 

V+/.V is of the order of I In" If wo form the statistical average over the 
expectation values (ji) of the magnetic moments of all particles in the sample 
in 1 hernial equilibrium. 
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fi = W • 

we liiul a vector parallel to li. . However, the magnitude of this vector is by a 
factor of the order of II)* 6 smaller than the magnitude of in). 

The magnetization of a sample is the magnetic moment per unit volume. 

M = nji . 

with /i being the number of particles per unit volume which carry die magnetic 
moment ol interest. 

The Bloch Equations. Since the magnetization M is a sum over magnetic- 
moment expectation values (n) which in turn are proportional to spin-vector 
expectation values (S). die equation of motion for \1 is identical to that for 
(S) discussed at the end of Section 16.4 and the beginning of Section 16.5. 


(dr ), 


y M x B 


The index I. indicates that this equation describes a Lannor precession of M 
about the direction of B. The equation holds as long as the magnetization is 
influenced only by the held B. We have to extend il in order to take into ac¬ 
count m a global way the relaxation effects that lake place in the sample. T*he 
magnetization is the sum over all magnetic moments in,) in a unit volume. 
The in>) are not only influenced by the external field but also by the fields 
originating from the components of the sample. As a result of such interac¬ 
tion within die sample the magnetization tends in an irreversible way towards 
an equilibrium magnetization. 

As before we consider a field of the form 

BU) = B<, + B,(0 


Bn = /j'ne- 


B|(f) = B\ cost ini )t\< 4- H\ sin(a»/ )c v . 

If initially (at time / - 0) there is a nonvanishing transverse magnetization 

M = A/,c, + M v e v . 


then it will decrease exponentially. 
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Ibis effect is called spin-spin relaxation. It is characterized by the spin-spin 
relaxation time /T 

Spin-spin relaxation does not change the - component (p,) of the indi¬ 
vidual moments and therefore il does not change the magnetu energy density 

u'm = - M Bi> = — A/- 

If the sample was for a long time in die constant field B,> then M will be the 
vector of equilibrium magnetization 

Mu = A/nc- 

A longitudinal magnetization 

M, = A/.e 

ilifferent from the equilibrium magnetization M» will develop towards the 
equilibrium in an exponential way. 

/ dM,i \ = Mp - A/. 

I il K, r, e 

In this process energy is transferred between the magnetic moments and their 
surrounding atoms. Since these atoms in many eases form a regular lattice 
the process is called spin-lattn e relaxation. Because in contrast to spin-spin 
relaxation energy transfer is involved the spin-lattice relaxation time /'j is 
usually much longer than the spin-spin relaxation time Tj, 

T\ » 7*2 . 


The mini cl sketched above was developed by helix Bloch in 1946. It has 
proved to be very successful for the understanding of magnetic resonance in 
bulk matter although it needs to be refined in particular situations. In sum¬ 
mary. it yields 


dM M 

- = y M x B- 

df T> 


Mo ~ M 


as equation of motion for the vector of magnetization. Writing this equation 
in components we obtain the liloch equations. 
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Complex Susceptibility. In the following we recall some results from classi¬ 
cal electrodynamics. Hie relation between the magnetic field H. the induction 
held B. and the magnetization M is 

H = —B M 
/<•» 

with //„ - 4.t x 10 7 V s A 1 m ! being the permeability of free space: For 
a sample with relative permeability 1 p the held strength is 

II =B /(itffli) . i.e.. = B =pB-/4/o>M 

For all types of samples of interest in magnetic-resonance experiments one 
has ii ^ 1 and. therefore, 

M = — = — xB 

lit i MO 

where / = P - l is the magnetic susceptibility of the sample. 

We now consider the time dependence of the vector B x in the a. v plane. 



B ; = B | 

cos(wf)e, + M_ sin(u>/»c v 


= Re 

| /i L c Uo ' J Re |e c } — Im | MV" ) lm |e c j 


= Re 

j H Viv) = Re|M tx e,| 

with 





Cc = C.-iCv - 

We call 




Bel = 

- Bx^ 1 M x cos ml -fitf sin lot 


the complex magnetic induction in the transverse plane. 
Correspondingly, we have 


Mi - Re (iWc.CcI . 

however, with the representation 

\l, L = \J e" u " *' . 

The angle f> allows for a phase shift between M and FI , It describes the 
fact that while rotating the vectors B and M need not have the same direc¬ 
tion at a given lime/. This is consequence of a complex susceptibility 

Ol course, the symbols aiul ,i used in ihiscnntext must mu be confused with magnetic 
moments 
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/. =IXl«" rt = / 

with real and imaginary part being equal to 

X , = \x\cos6 , x" = Ixl^n.V . 

It relates the complex magnetization A/ C i and the complex magnetic induc¬ 
tion M v by 

Mu *=—xBei - 
Mo 

Alter cancellation of the factor expliru/} on both sides ol this equation wc find 

V7 c ' M = A/, cos-S - i.\/, sinA = 'rt i— /"B l 

Mu Mo 

yielding 

, M 1 cos 5 „ M sin ft 

/ • / =*'-£— • 

I he quantities / and / are called dispersive pari and absorptive pari of the 
susceptibility, respectively In the rotating frame of reference of Section 16.5 
one has B\ - H\ = II, and M cos A = ,V/ v ■. M \ sin $ = A/ v so that 


X f = UnMt /Mi . /" = 


\MK Spectra Obtained by Slow Passage through Resonance Conditions. 
In order to delect a resonance the external field conditions have to be changed 
with time so that a passage through the resonance region at 

c = = y Hu 

is achieved Hie reaction of the sample depends on the speed ot passage. We 
discuss here only the case o\ slow passage. 

In the rotating reference frame the effective field vector B c jy, cf. Sec¬ 
tion 16.5. moves in the i .; plane. This motion can he made so slow that 
the magnetization is at any moment in equilibrium, so that the time derivative 
ol M can be neglected. In iht* rotating frame Bloch s equations llius read in 
components 


«V 

h 


0=^' 

d/ 


Mi My 

= I'lBfK x M), r = — . 

12 ‘2 

My 

= ptB..,, x M)> - <>'/*!. M x yB, M 

12 

= y(B C ff x M),. - U,> W = yBr'My — — 

* i r \ 
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-10 -SO 5 10 


-1> (u-Q & J/Au> 

Fin-17.13. Frequency dependence of the real part / (thin line) and the imaginary pari 
/ " (thick line) of the complex susceptibility. 


Solution of this set of equations lor the components of M and multiplication 
by no/B.x‘ = /W#l yields 


X 


v, 

yiyBu - m)T}Mo 

Wl fl, : 

1 f (yBo - m) 2 T? + y : BjT\ 7y 

My 

Y TzMq 


+{yB 0 -o,) 1 T- + y i Bjr,Ti 



For small values of /*,. i.e.. y l li]T\ T . « I. one gets for the frequency de¬ 
pendence of x and /" tile relations 


x" = 


'/T 2 

fli) -;—r M\\ 

\+(yK <) -wpT? 


X = -{yB,, (o)Tix' . 


They arc shown graphically in Figure 17 13 

Tlie imaginary part /" ol the complex susceptibility gives rise to a real 
part in die complex resistance 

Z = i toL = ioJUai I + X — i/ w )A ;1 af( 
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Fig. 17.14. NMR spectrum due to the protons in henzylncctntc <first three peaks from 
the left> in the presence of tetramelhylsilmic ns u reference substance (peak on the Tar 
right!. On llie scale at the bottom of the ligure the relative difference of the resonance 
frequency to the reference peak is given in parts per million (ppm). Adapted icom H Gunirr. 

NMK SprklanluttHr, IW.l >5 by GcMfg Tlnemr Vcriag, Slulfpft, rrpnnieit hy pentuvunn 

of the coil (N windings, length f. cross section <?, inductivity /- = no /iJV 2 a/f : ) 
which generates the time-dependent field and dius to an energy absorption by 
the sample. The function x"(o>) has its maximum for <» = y B\, It drops to 
half the maximum value at the frequencies 

<ti = = y Bo ± Am , Aio = — 

II 

The quantity Ao> is a measure for die width of the peak in x"(o>). Therefore 
two peaks at positions io\ and (*>y can be separated if \u>i - mi I > Am. 

In Figure 17.14 we present a spectrum obtained for a sample of benzylac- 
etate ChHiuO? for B„ I .4T and frequencies v = mJ2j1 around 60 MU/. 
Tliese are resonance conditions for the proton. Rather than to observe one ah- 
sorpuon line at the exact resonance frequency mq of the free proton we see 
three lines which are shifted to slightly different frequencies m\. <«>.?. m\. It 
is customary to express these shifts in dimensionless units, i.e., to define the 
ratios 

(VO 
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In practice not the free proton resonance frequency i' used as reference Irc- 
quency «<>«. bui ihe frequency of a sharp absorption line produced by a refer¬ 
ence substance (eg.. tetramethylsilane Si<CHi>4» which is simply added in 
the sample substance. The relative shifts ft, are of the order of a few times 
10~ ft (or a few parts per million (ppm)l. 

The reason lor the chemical shift in resonance frequency is due to the 
presence of electrons in the molecule Let us suppose lor the moment that the 
sample was simply atomic hydrogen. I hen the lime-dependent external field 
would induce an orbital magnetic moment in the ground slate of the electron. 
This moment would give rise to an additional magnetic field al the position 
of the proton and thus shift the resonance frequency In complex molecules 
these frequency shifts are different for protons in different positions vv ithin Ihe 
molecule. In the example of Figure 17 14 the three lines are characteristic for 
the environment experienced by a proton within a benzol ring (left), in a C H> 
group (middle), and in a CHi group (right). Hus interpret tit ion is verified by 
the fact that the integrals over the three peaks are in the ratio 5:2:3 just as the 
numbers of protons in the three groups are. It is obv ious from this very simple 
example that NMK measurements arc an important tool used to determine the 
structure of organic molecules. 

Spin Echo. Measurement of Relaxation Times. Information about the sur¬ 
roundings of a nucleus with a magnetic moment is not only contained in Ihe 
exact resonance frequency to (for a given external field #o> but also in the 
spin-spin relaxation time 7j and in the spin-lattice relaxation time T i Mea¬ 
surements of T\ and 7? require good time resolution and cannot, of course, be 
done using the method of slow passage described before. 

We begin by discussing the sudden application of resonance conditions 
to the sample and the observation of the time dependence of the change of 
magnetization brought about by it If a sample with equilibrium magnetization 
M _ l/i,c is exposed suddenly to resonance conditions e.g.. by switching 
on the field B| at resonance frequency for a time which is short compared to 
the relaxation times T\ anti /*> and it the system is studied lor a lime which is 
also short compared to T\ and 7j. then the terms containing /1 and 7? can be 
neglected In Blochs equations, rhe magnetization M. originally parallt 
the . axis, processes around Ihe v ’ axis in the rotating frame. If the resonance 
condition is applied exactly for the time 7/4 = ti \2y H\ I then M is rotated 
by exactly 90' (we speak of the application of a W pulse) and lulls onto 
ihe negative v axis. In the laboratory system it then rotates in the t. .v plane 
with the resonance frequency. After the time 7/4 the field B| is switched oft. 
the vector M keeps rotating in the v. y plane and radiates off electromagnetic 
waves nl Ircquency These can be detected for instance by the signal they 
induce (the five iiuluctum signal) in the additional coil shown in Figure 17.12 
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or also in the exciting coil since the exciting radio frequency is now .switched 
Off. 

The signal detected indeed falls rapidly as expected from the decay of ihe 
transverse magnetization in Bloch’s equations. The time constant T_ of this 
decay is. however, considerably shorter than the spin spin relaxation time 7\ 
The reason for this el feet is that, in addition to the irreversible decrease of 
the transverse magnetization (described by 7": in Bloch's equations) there is a 
reversible decrease. The latter can for instance he due to a small inhomogene- 
ity of the static field Bi The vectors M, of local magnetization at different 
locations i within the sample which are in phase directly alter the 90 pulse 
then rotate in the i. \ plane with slightly different angular velocities. With 
time they develop larger and larger relative phase differences so that the mag¬ 
netization being the average over the M, goes to zero. Since the time constant 
/: of this process is smaller than 7% the latter cannot he measured from the 
decay ol the free induction signal. 

This difficulty is overcome by the spin-echo technique invented by Erwin 
Hahn. Of the many clever schemes in use now we mention but two: 

Measurement of Tt with a pulse sequence W ISO 1 . Figure 17.15 displays 
several vectors M, of local magnetization at various times during the exper¬ 
iment. Initially all M, are along the z’ direction. By the 90 pulse (of length 
7 /4) they arc rotated and fall onto the negative y' axis. In the v' plane the 
vectors spread out because they rotate with slightly different angular veloc¬ 
ities in die laboratory system, i.e.. they are not all exactly stationary in the 
rotating frame. Al the same lime the magnitude of the M, decreases with the 
time constant Tj according to Bloch’s equations. At the time T/A f r. r » T. 
n ISO pulse (of length T/2) is applied, i.e.. all M, are rotated by ISO’ about 
the.» ' axis. During the time from i = 37 /4 + r to / 37/4+2r they gel hack 
into phase again along the y' direction, since the M, with the highest relative 
angular velocity which have got furthest away from the v' direction in the 
spread-out period have the largest angle to the y' direction at the beginning of 
the rephasing period. The result is that at i 37/4 -(- 2r ^ 2t another induc¬ 
tion signal, the spin echo, is detected. Its amplitude, however, has decreased 
by the factor exp( 2z/T;). By repeating the measurement for various values 
of r signals similar to the curves shown in Figure 17.16 are obtained and the 
spin spin relaxation time h can be easily extracted. 

Measurement of T\ with a pulse sequence IS0 a -90°. If at t = 0 a ISO 
pulse is applied the magnetization is turned from equilibrium M M of 

to M A/i>e : . According to Bloch’s equations it develops hack towards 
equilibrium, the c component being 

M z (t) = - A/i>( 2 exp{ -t/ 7*i) — 
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Fig. 17.15. Spin echo with W-lHO pulse sequence shown in Ihe rotating frame or 
reference. Top row: Application of 90" pulse: local magnetisation vectors \l,, initially 
parallel to each other and to the direction, are rotated onto the •. direction. Second 
row : The M, get out of phase and spread out in the » \ plane. I bird row: Application 

of ISO pulse: each M, is rotated by ISO about the \ axis. Iloltom row: The M. back 
into phase. Because of spin-spin relaxation the magnitudes SI. of all local magnetization 
vectors decrease with time. 




Fig. 17.16. Free induction signal tricar: - (li and spin-echo signal at 2r for various 
values of the time f between the applications of Ihe •><» pulse and Ihe ISO pulse. 


An induction signal proportional to V/ : U) is detected il a 90 r ’ pulse js ap¬ 
plied at the Mine /. Again, by varying /. the spin-lattice relaxation time can be 
extracted from the measurements 








A. Simple Aspects of the Structure 
of Quantum Mechanics 


In Chapters 2 lo 15 we have used the formulation of quantum mechanics in 
terms of wave functions and differential operators. 1 lus is hut one of many 
equivalent representations ol quantum mechanics. In this appendix we shall 
briefly review that representation and develop an alternative representation in 
which state vectors correspond to the wave functions ami matrices to the op¬ 
erators. To keep things simple we shall restrict ourselves to systems with dis¬ 
crete energy spectra exempli lied on die one-dimensional harmonic oscillator. 


A.l Wave Mechanics 


In Section 6.5 the stationary Sihriulint>er equal ion 

//Id 2 m , -A 


//Id* m , ,\ 


of the harmonic oscillator has been solved. The eiyenvalurs /:„ were found to 
be 

E„ = (ii f \)hix> 
together with the corresponding eigenfunctions 




Quite generally, we can write the stationary Schrodmger equation as an eigen¬ 
value eif nation 

Hffin = E„ip„ , 

where Ihe Hamiltonian II as in classical mechanics - is the sum 

li = T + V 


of the kinetic energy 


V I Wave Mechanics 


and the potential energy 




M 2 2 
V = -w.r 


The difference to classical mechanics consists in the momentum being given 
in one-dimensional quantum mechanics h> th c differential operator 


,,= 


so that the kinetic energy takes the form 


r = - 


/r d- 
2m d i ? 


Two eigenfunctions tp n {x\. tp„,ix). m * n belonging to different eigenvalues 
L ,i are orthogonal, i.e., 1 


/> 


X ) dt = 0 • 


Conventionally, for m n the eigenfunctions are normalized to one. i.e., 


/• »*x> 

i. < 


(-V )<Ph (A )dv = I , 


so that we may summari/e 


f ir * 


\) d a = 


where we have used the Kivneiker symbol 

_ I I . m m n 

mn “|0 . m ± n 

The infinite set of mutually orthogonal and normalized eigenfunctions 
*pix (.v), n -0. I. 2. . . forms a complete orthornmna! basis of all complex- 

valued functions /T.v > which are square integrable. i.e.. 


/> 


V > fix) dv = .v ■ , j\ < <Xj . 


N is called the norm of the function fix). I unctions with norm .V can be 
normalized to one. 

■The lime I u ms v«n<-i > arc real functions. We udd an asterisk (Indicating live complex con¬ 
jugate! li' ihe function vp«l.c) in ilie integral, since in other cases one often has to deal with 
complex functions. 
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r%-< 

J *V 




hv dividing them by the normalization lac tor A'. 

yd.v) =-/<!> • 

iY 

The completeness of the set ip H {,x ). n = 0. 1. 2.allows the expansion 

f(X) = ./„¥>„<.*) . 

n=n 

Because of the orthonormality ol the eigenfunctions the complex coefficients 
f n are simply 

/„= f «,*(Jt)/(.v)dv . 

We also get 

/•tV)/(v.d.V=^l/n|- ■ 

30 d=0 

Tlte superposition of two normalizable functions 
fix) = ]>J Jn^nix) . g(A ) = 

n=\l nofl 

with complex coefficients a. 0 may be expressed by 

Iff (A) + fig(X ) = Jjtf/,, + P<in)Vn( V) 


Their scalar product is defined as 


, x , 

/ g*(.v)/(.OU4 = • 

J nti 


A.2 Matrix Mechanics in an Infinite Vector Space 

The normalizable functions f (a I form a linear vector space oj infinite di- 
ntcnsionality. i.e.. each function Ux ) can be represented by a vector f in that 
space. 


fix) - f 


A.2 Matrix Mechanics in an Infinite Vector Space 


With the base vectors 

= I o I 


a general vector f takes the form 


= fi 


The axioms of the infinite space of complex column vectors arc the natural 
extension of the ones for finite complex vectors: 

lit Unear superposition (or. tf complex numbers): 

/ «/o + Pxo ' 
r j “A + fig l 
“t + fc = a/b + fe 


(ii) Scalar product: 


R' f = U'o.kV Hi 


/o 

t 


=X>»v. 


Here the adjoint g' of the vector g has been introduced, g 4 " = (g,*,. gf. gT 
...), as the line vector of the complex conjugates g,", gj, gT .. of the com¬ 
ponents of the column vector 


Because of the infinity of the set of natural numbers an additional axiom has 
to be added: 






A. Simple Aspects ol (lie Structure of'Quantum Mechanic* 


(iin The norm |F| of the vectors f is liullc. 


in’ = r-f=^/;/„ = .v : , n 


< Os. . 


i.c.. the infinite sum has to converge. Because of Schuurtz's inequality 

V *n <igini 

all scalar products of vectors f. g of the space are finite. 

As in die ordinary finite-dimensional vector spaces we call a linear trans¬ 
formation A of a function fix) into a function v), 

gfvj = A/(.v) . 

the linear operator A Kxumples of linear transformations are 

• the momentum operator p -i/J d/dx. 

A „ /> d / 

u) • 

• the Hamiltonian H = (A 2 /2w)d'/<lv 2 + l'iv). 


the position operator v = v. 


\f = xfix) 


Linear operators can he represented by matrices. We show this by the 
following argument. The function *» is represented by the coefficients g Ml . 


x r -fOj 

!>{X) =Z V K„<p, n {X) . A'r/I = / % u 

J —‘X 


U Igt.vldv 


The intake function g of / is given by 


J?U ) - A f I t> = A (53 /"V'" 11 ') = 'W-O/it ■ 

\n <1 f n =O 

i.c.. by U linear combination of ihe images Ay„ of the elements of the 
onhonormal basis. The Ay>„ themselves can he represented by a linear com¬ 
bination of I he basis vectors 


A 2 Matrix Mechanics in an Infinite Vector Space 


A<pn = X • n = 0. 1. 2. 


w ith the coefficients 


r*-* 

= / rtfe 

J-co 


v)A^„(a) dx 


Inserting this into the expression for gU ) we obtain 


gU> = X X v '" (v,/ ' •nnfn 


Comparing w ilh the representation for g( x) we find for the coefficients g m the 
expression 

Hm = X! • 

fl=0 

We arrange thecoeflicients A ww like matrix elements in an infinite matrix 
scheme 

/ ^00 A 0 | ^02 •* \ 

A 10 An A 12 ••• 

A 20 ^21 A 22 *•* 


and recover an infinite dimensional extension of the matrix multiplication 


R = At 


in the form 


•Aixi A 01 A 02 
Am An A 12 
A 2<i A? 1 A 22 


£,»=<) A |„ J n 
2Zn^0 Abtfn 


It should be noted that the two descriptions by wave functions and opera¬ 
tors or by vectors and matrices are equivalent. The correspondence relations 


0>(.V) = X “nVhi* > — *P 


"» = / V’„ 


(.v)vo(Ald\ 
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for wave functions and vectors work in both directions. For a given wave func¬ 
tion tp{ v) we can uniquely determine die vector tp relative to the basis y„(.v). 

it = 0. 1,2.Conversely, for a given vector tp relative to the basis y/„< v) 

we can reconstruct the wave function y-< v) as the above superposition of the 
ip„{.\ l. The descriptions in terms of y ( i) and tp contain the same information 
about the state the system is in 

Thus, generally one does not distinguish the two descriptions and says the 
system is in the state tp. often denoted by the ker v as introduced by Paul A. 
M. Dirac. 

The wave function y-U i or the vector tp are considered merely as two 
representations out of which many can be invented- I he same statements 
hold true for the representation of operators in terms of differential operators 
or matrices. Also these are only representations of one and the same linear 
transformation called linear operator. The states », like the wave functions or 
vectors tp form a linear vector space with scalar product. I his general space 
is called Hilbert space. The linear operators transform a slate of the Hilbert 
space into another state. 


A.3 Matrix Representation of the Harmonic Oscillator 


Since the tp„(x) arc normalized eigenfunctions ol the Hamiltonian, we find 
for us matrix elements 




<p r a n (X)H<p /r fX) dl 


= (/! + 


y'(x)ifi n (x)il\ = (n T 


Thus, the matrix representation of the Hamiltonian of the harmonic oscillator 
in its eigenfunction basis is diagonal: 



l 0 I) 
0 2 0 



The representation of the eigenfunctions <p„(x) in their ow n hasis are given by 
the standard columns 



A ' Matrix Representation of the Harmonic Oscillator 


Of course. the eigenvector equation is recovered also in matrix representation. 

Htp n = (II -T 


With the help ol the recurrent <■ relations Jbr Hennitepolynomials. 

d H n {x) 

—-- = 2/j //„_ i(.i) . 

d.v 

H„ i(v> = 2\ H n (x 1 - InH, : t ( v) , 


we lind the matrix representations for the position operator x and the momen¬ 
tum operator [* in harmonic-oscillator representation, 

{ / J 0 ”y ll p ) \’2{ nH ’i |U-) + i//„^|(X))cxp|-~2 J 

= ~r ( V'/i-| CO -f s/tl +- I 1p n +1 (*)) . 

The coefficients i„ f „ are given by 

x, nn ~ j (x)xtp„ (.v)dv = (V n 8 m{n |) + Vn + 1 . 


and the matrix representation of the position operator is 


0 1 0 

0 ... 


1 0 n/2 

0 ... 

• _ 

0 V2 0 

x/3 ... 

s/2 

o o vA 

; : 

0 ... 

• ' • / 


For the momentum operator vve obtain in a similar way the matrix represen¬ 
tation 

0 i 0 0 ... 

-i 0 i n/2 0 ... 

p H 0 -«V5 o iv^ ... 

v-oo 0 0 -is/3 0 ... 

\ : : : **• 

One easily verifies the commutation relation 

!/’••»'I = px-xp = J 

also for the infinite matrix representations ol v and p. Both matrices for i and 
f are Hermit can. i.e.. 


nm K mn 


Prim “ P*>» 
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m 

A.4 Time-Dependent Schrodinger Equation 

The time dependence <»1 wave functions is determined by the time dependent 
Seh riid inge r et/Ut it ion 

i A^-»//U./) = ■ 

at 

The eigenstates y n (. 1 ) of the Hamiltonian arc the space-dependent factors in 
an ansatz 

\M*. t ) = exp J - ^ E„t J ip n (x) , 

and the eigenvalues E n determine the lime dependence of the phase factor. 

In die matrix representation of the harmonic oscillator the time dependent 
Schrodinger equation simply reads 

d 

i7J —i*<0 = HfU) . 

(It 

where ^(/) is a vector in Hilbert space. 

ttoU) 

<M') 

•A?!/1 

Because of the linearity of the Schrodinger equation any linear combina¬ 
tion ^ 

V'/(.V, I) = '/'»< ll„ «p - E„! I ip„l\t 

nMl *i=ll 

also solves the Schrodinger equation. In vectorial representation we have 

* [ j 

lMn = ^^expj-^Zv 
»=n ‘ 

The initial condition at t - 0 for the time dependent Schrodinger equation is 
the initial wave function 

\fr{ t. 0) = I = 'I'mVJx > ■ 

n=<\ 

In vector notation this is an initial state vector Its decomposition into 
eigenvectors tp n . 


(p„ , E„ = Of + 




A I Timc-Dcpcndcm Schrodinger Equation 




directly provides the identification of the expansion coefficients a u with the 
components v^in of the initial vector r// \. 

tb, = • 

This way the time-dependent Schrodinger equation is solved by the ex¬ 
pression 


oo 

iu) = ]r ^,„ l ‘ x p h i:j 

__n 


for the initial condition 

I he lime-dependent vector corresponding to ( a . /1 is 

*«</) - exp j ^ E„i | V>„ = exp j -'-Hi J V,, . 

where E„ is the energy eigenvalue corresponding to the eigenvector <p„. i.e.. 
/ „ in 4- 1 1 tiio for the hannonic oscillator. The last equality is meaningful 
if we define the exponential of a matrix by its Taylor series 


•H 


For the case of the diagonal matrix // the nth power is trivial. 


0 0 ... 

0 I) E ? ... 


ami the explicit matrix form is 


exp - j, Eot 


exp 


exp -££,/ 


exp : E : t 
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Using the operator representation of 

= tap J --£#,/1 = exp J ^ /// J 

as derived above we may rewrite \fr[t ) into the form 

no I * t 

« u 

= cxp { _ ^"'}£^" v " 

1 1 w=n 

exp J ^ Hi J \ft(0) 

= (/„</>#( 0) . 

The operator 

f'//U)=exp| ^ Hi J 

is called the temporal-solution ope rotor . 

A. 5 Probability Interpretation 

The eigenfunctions ). equivalently the eigenvectors tp K . describe a state 
ol die physical system with the energy eigenvalue £„. Thus, a precise mea¬ 
surement of the energy of this system in the slate should he devised to 
produce as a result the value £„ In order to preserve the reproducibility of 
the measurement it should not change the eigenstate <p„ of the system during 
the measurement, i.e., immediately after the energy measurement the state of 
the system should still he tp n . 

The question arises w hat result will be found in the same energy measure¬ 
ment carried out at a system in a slate ip described by the wave function tp{.\ ), 
or equivalently, by the vector v> being a superposition of eigenfunctions p„(.v) 

or eigenvectors <p,„ 

<P = r (l/tffin • 

Eki 2 =« ■ 

m=u 


w ith norm one. i.e .. 


A A Probability Imerprcumon 


I he single measurement of the energy w ill result in one of the energy eigen¬ 
values which we call £,„ Reproducibility of the measurement then requires 
that the system is in the state ip„, alter the measurement. 

The absolute square nj 2 of the coefficients a m in the superposition of 
the </*,„ defining v- is the probability with which the energy eigenvalue £,„ will 
he determined in the single measurement. 

Let us assume that we prepare a large assembly of V identical systems, 
all in the same suite ^.11 we cam out single measurements on these vari¬ 
ous identical systems we shall measure the energy eigenvalue £„, w ith the 
abundance <j w | ; .Y. 

Performing a weighted average over the results of all measurements yields 
the expectation value of the energy 

I ^ x 

<*T) = - £ l«„ |3 N£„ = Y. ‘ 

H=l> H=U 

Using the stale-vector representation of ip. 


we find that Ihe energy expectation value is simply 


E i, 

0 

0 ... 

\ 

0 

E\ 

0 ... 

"i 

0 

0 

£: ... 



= ^ a n E„an = (£) 

•»=o 

Lquivalently. in wave-function formulation, we have 

r~nc r t oo il, 

/ ip*(x)Htp(x)d-\ = / 

J ^ /i—n 

v r-Kx 


= ££„n,,< = <*> . 

if—0 


Ida 








B. Two-Level System 


In Appendix A the equivalence of vvave-function and matrix representation *>f 
quantum mechanics was shown. The simplest matrix structure is the one in 
two dimensions, i.e.. in a space with two base suites: 

" - Q . - (!) . 

The linear space consists of all linear combinations 

X = /All + X-I9-I = ) 

of the base states with complex coefficients /1 and / i. The two slates in and 
if i form an orthonormal basis ol this space, i.e.. 

-'/■ = ' ■ 'i 'i </-i = i . >i( 9i*9ii-i»i=o . 

I nr the linear combination x to be normalized to one we have 

X~ X = xlx l + x!|X-l = lxi | 2 + lx-ll 2 = I 

This suggests a representation of the absolute values \/ r |, r = I. I. of the 
complex coefficients by trigonometric functions: 

(-) H 

I/ll =cos- , !/_,| = sin — . 

The use of the hall-angle (~)/2 is a convention, the usefulness of which will 
become obvious in the sequel. The complex coefficients themselves are ob¬ 
tained by multiplication of the moduli |/, | with arbitrary phase factors: 





Since a Common phase factor is irrelevant the general form can be restricted 
to 
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= e cos — 




*P = \ <t>\ - «*> i)/2 . 

111 general linear combination is therefore 


*(«■*' = e-"" /2 c«sy )JI +e'*' 2 * iny,-, = (%, 2 ) - 
The operators corresponding to physical quantities are H entitle an matri 

CCS 

a=( a a " ) 

V -A-t.i A \.-\ / 

The Hennitean conjugate *>l A is defined as 

*-(£, ft:,) ■ ■*- 


,c - A* = A\ r 


The condition of I lermiticitv. 


A 1 = A . i.e.. /V* = A IS . 


requires 


A] , = A|,| . A J = A_i.| . 

A ^, ,= A , . , = /%-|.-1 

Thus, the diagonal elements A i i. A _ i i are real quantities, the off-diagonal 
elements A \ i. A_u are complex conjugates of each other. Hermit icily of 
the operator A ensures that the expectation value of A for a given general state 
is real. 

X r *X = Y Xl A V*i 

= jrfduxi + x?*-i. i/ i + /‘t / 'i. i i/ i • 

All llermitean matrices can be linearly combined as the superpositions 


A = ♦ a \<T\ +112(72 4- (17(7} 

(with real coefficients o„. . of the unit matrix 



B Two-Lcvcl System 


and the Pauli matrices 


■>-(?«)■ -{??)■ -(") 

since ihe four ma I rices /t„. . . a } arc Hermitcan. One directly verifies the 

relations 

of - o<i . i = 0. 1. 2. 3 . 


rt |< 7 ^ = in, 


rr 2 <tj = in - 1 


O 3 O 1 = 102 - 


These yield the commutation relations 


|o|.o;| = 0 | 0 ? - nia\ = 2 io\ 
and cyclic permutations 

I'he three Pauli matrices can be grouped into a vector in three dimensions, 
a = (oi.rri.oi) . 

with the square 

(J = of + cr; f «yj = 3oj . 

The base stales q \. ;/ 1 are eigenstates of the Pauli matrix ay and of the sum 
of their squares a . 

o\q, = riy r . a 2 i; r = 2xroq r = 3i| r . r = I, - I . 

since 03 and o fl are diagonal matrices. 

According to Section A the time-dependent Schrddinger equation reads 


i/J— $</> = «*</) . 

where the Hamiltonian is a Hermitcan 2x2 matrix. 


" - () - 


with real diagonal matrix elements H\ \. II 1 \ and with off-diagonal ele¬ 

ments //_ 1.1 = //,’ It can be represented by a superposition of the a 
matrices. 

H = /loop + h 303 /i|( 7 | + 


/to = ~t/V| 1 + //-i.-|) . hy = //- 1 - 1 ) 


where 
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/j, = -f l/_i.,) = Re If, , . 

•» 

It 2 — r(//j, 1 —//-u) =-lm/V i.-i . 
Introducing the It, (i = 0. J. 2. 3) into the matrix H we obtain 


.. / An + /u /h - i/r? \ 

W»l + i/i2 h 0-/13 / 


Introducing the factorization 


$/•('> =exp J--AV/J X. . r = l. I . 

into the time-dependent phase factor and the stationary stale Xr we obtain the 
stationary Schrodinycr equation 

Hxr = fcrXr . r= I. -1 , 

for the dye ns tan /, belonging to the energy eigenvalue E r > For the eigenval¬ 
ues we find 

£■±1 = /t(j i |h| . h| = y//i| 4- / 1 ; + /13 • 

Since there are only two eigenvalues our system is called a two-level system. 
The eigenstates are 


1 / /I'fiiTTiT e~'* /2 \ 

_ v^firl c'* r - ) 

1 ( -yin —ir, e *r- \ 

,/m l v/iKT+T^ ) 


with the phase factor determined by 


,:</> _ /it -r i/i: 
hi — i /12 


Introducing the angle <r> by 


fe> /|h|+/M 

C0S 2 ” V 2|h| 


,'lh -/m 

S,n 2 =V W~ 


we may write the eigenstates in the form 






-JlHt B. Two Level System 

X i = e'^'-cos ',' 1/1 +L-'*' 3 siny»j_, . 

X i = -e """''•in ~ni +c" f -'c<i'.^Vi 

They are normalized and orthogonal to each other. 

The eigenstates xt- X i of the two-level system exhibit a lime depen¬ 
dence which is given by a phase factor only, 


lr(M =CXp|--£,7 j Xr . ^ = 1,-1 - 

It initially the system is not in an eigenstate the state oscillates. We assume 
that the initial state is 

<p(0» = i/_ | . 

Decomposition into the eigenstates yields 


H l = Ct X I +C-iX i 


(i - Xj* V i = C " l ‘ l ~ sin y . 

ci = xlr v i =« “cos— 

The time-dependent state is obtained as 

V></> = fi*,(/) + f_i$_i(/) 

with the angular frequencies 

ui r = E,fh , r = 1. -1 


The probability to lind the system (originally in the state // |) in the state // 
is given by 

/'i._ i = sin 2 & sin 3 —/ . 

and. of course, the probability to lind it in the slate y i is 


r i. i = i-/ j i 
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C.l Classical Considerations: Phase-Space Analysis 


We consider a detector which is capable of measuring position and raomcn 
turn of a particle simultaneously with certain accuracies. If the result of a 
measurement is the pair in. /m> of values we may assume that the true val¬ 
ues v. p ol the quantities to be measured are described by the uncorrelated 
bivariate Gaussian icl. Section 3.5) probability density 


I I 

/>nC. p. in. />r>) = i exp - 

jytyn - 


(.v — .ro>‘ , 

i I j 
^vo n rv> 


That is to say. the probability for the true values v. /> of the particle to be the 
intervals between \ and v f dv and between p and p T d/> is 


i\P = p) d.V d/> 


The particle to be measured by the detector possesses position and mo¬ 
mentum values a and /* The particle may have been produced by a source 
which docs not define exactly the values of a and /» but according to a proba¬ 
bility density 


/'s< i - p.. is. ps ) 


I 

-exp 

27ra,s(7 r s 


1 \ { x ~ As)? 

2 "h 


<P - PS) 3 ] I 

•ir Jl 


This is an uncorrelated bivariate Gaussian probability density with the expec¬ 
tation values as and />s and the variances rr * s and o-$. 

We now describe how much information can at best be obtained about the 
probability density />s<v. />' using the above detector. The probability lor a 
particle prepared by the source to be detected within the intervals (.in. Au f 
iLtj)) and pu + d/>n> is given by 


d P = M' tfl (AD. PD. -is. />S>dA|)d/»n 


with the probability density in phase space 







4(12 
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M' Cl Ul>i/>D..t_s. PS) 

f+K /■—'X 

= J I r . />d)/>s<*. p. .VS. /IS I V «*P 


2.Trr,a /f 




Uo v s )“ <pt> p$r 


Here the variances o; and o~ are obtained by summing up the variances of 
the detector and source distribution. 


+<*;s 


a p - + a p S 


The quantity i/ ,c, (.vo. pn. v.s, ps) i> die result of analyzing die phase-space 
probability density of the source ps (' . p . vg. ps) with the help of the phase- 
space probability density pj>(.\. /?. .tj>, pq). The function u; ll ).Vp, pi>. as- ps) 
is itself a phase-space probability density and obtained through a process we 

shall call phase-space analysis . 

This distribution can be measured in principle if the source consecutively 
produces a large number of particles which are observed in the detector. For 
a detector of arbitrarily high precision. 


ff.D — 0 , (Tpb -* 0 . 


the distribution m» cI approaches the source distribution ps(.i = Ap. p = 
Pi), vs. ps). 

We have seen that with a detector of high precision and with a sufficiently 
high number of measurements the source distribution can be measured with 
arbitrary high accuracy. We now assume that the minimum-uncertainty rela¬ 
tions. 

h h 

CTyOfTplt — ^ . ^iS^pS — ^ . 

4m 4m 

hold for the widths characterizing the detector and the source. Besides this 
restriction we stay within the framework of classical physics. Now it is no 
longer possible to measure the source distribution exactly However, we may 
still measure the distribution in position alone or the distribution in momen¬ 
tum alone w ith arbitrary accuracy. To show this wc construct the marginal 

distributions of u.» cl in the variables _vp — .v.s, and /»p — />s. respectively. 


< l (.V|>..Ts) 



1 Up - vs >~ 

2 V} 


and 

1 We could. iMiwever. compute the source distribution ps by unfolding n from w cl . 



Rg.C.1. Phase-space distributions p s (top). PD (middle!, nnd their product (hot* 
tunil together with the uuiruinul distributions of #»s and /'D* The two columns differ only 
in the spatial mean .v.s of/*. Units are used in which A - I. 


e . I I(PD-PS)‘| 

u 'p (PD. PS ) = f— «xp - --- 

>/ 2 x<J r \ 2 a- J 

The lirst distribution approaches the corresponding marginal position distri¬ 
bution of the source. 


r «-«» 

PS, (A. As) - I PsU-P. XS. ps)d/7 


v / 5to, s 


in the case of ct,d — 0. However, because of the minimum uncertainty rcla 
lions. <r.,n as well as a v approach infinity. Therefore, the second distribution 


w u =/eo<x.p)p s t».pJtlxdp=Q 1S5 


■ ‘'-/foixpJejix.pldxdp-0.022 








• ri ‘ <v -llli 



S !i 

1 

: ! | 


• if 
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produced by the source, the density /«i>U. p) characterizing the detector for 
the case .ip = 0. po — 0. and the product function ps(x, /»)/>d(v. p) The 
integral over the product function is the probability density h vl . It is essen¬ 
tially different from zero only if there is a region, the overlap region, in which 
both /'s and />p are different from zero. In the left-hand column of Figure C. I 
/'v, and PD were chosen to be identical, so that /< cl is large. In the right-hand 
column the overlap is smaller. 

By very many repeated measurements, each yielding a different result i n- 
pit we obtain the probability density /»□>• in the two columns of Fig¬ 

ure C.2 we show (from top to bottom) the probability density p*{\. pi char 
acieriziiig the particle, the density po(x . p) characterizing the detector for the 
paiticuhu* set measured values n> = 0. po = 0. and the probability den 
sity u' kl u D . /i D ) for measuring the pair of values .vp. po- Also shown are the 
marginal distribution /is,(.t). />p,<.ii. and iuj'up) in position, and p$ r {p), 
Pi> r { p). and !/•)'< W>> 1,1 momentum. Comparing in the left-hand column the 
diagram of />s with the diagram of ir cI we see that the latter distribution is ap¬ 
preciably broader than the former in both variables. In the right-hand column, 
however, the spatial w idth of the detector distribution a,p is very small at the 
expense of the momentum w idth a r p = ///(2a,p). which is very large. The 
distribution v cl is practically identical to />s what concerns its spatial varia 
lion. The width in momentum ot // L1 is. however, very much larger than that 
of /i.s- 


C.2 Analyzing Amplitude: Free Particle 


Quantuin-mechaniciilly we describe a particle by the minimum-uncertainty 
wave packet 


VS(A) = <ps<x- is. />s» = 


(2^)'Xs 


u - x s r , i 

, ,exp-—— + -ps( » -x%) 




We consider this wave packet as having been prepared by some physical ap¬ 
paratus. the source. The question now arises how the phase-space analysis 
of the particle as discussed in the last section can he described in quantum 
mechanics. 

If. in a particle detector with position-measurement uncertainty a,p and 
momentum-measurement uncertainty o r o = h/(2o x o), the values ,vp. po 
are measured, we want to interpret the result as in Section C. I The same 
probability density 


Pl>(x. p. vp, po) 


2tt o x i)n p d 


exp -- 


(v - xo) 1 _ ip po) 2 I 
°Cd °nv . I 
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describes the probability density of position v and momentum p of the parti¬ 
cle. Quantum-mechanically tins probability density is the phasc-spuce distri¬ 
bution introduced by Eugene P Wigner in 1932 of the wave packet 

I I <a - My) 2 , i . 

VD<a\*d. />d) = ;- -,7> vxp j-— 4- t/'dU -i'd) 

Therefore. pn(v. P- 'n- pd) ^ also called Wigner distribution ot v‘d (cl . Ap¬ 
pendix D). 

Let us construct the analyzing amplitude 

i r 4 ^ 

fl(-VD- PD.-LS. ps) - J <p\)ix, V L >. pixbpsix* Vs. /»s»^Lv 

representing the overlap between the particle's wave function (ps and the de¬ 
tecting wave function v J i>- It turns out to be 

I (ad-A s) 2 (PD - Ps) 2 

<»WD«pD..*S. PS» = —-c\p- —z -r-T - 

v /2,t a x o p 4a- 


■ ^i'dPp • "hPS 


(Ad - AS > 


where, like in Section (\ I. 

i ■> i ■» t ■» 

= n xD 4- OJs ’ "/> = n pD 4- n pS • 

The absolute square of the analyzing amplitude 

I I I Ud- ,Y S ) : (PD “ PS) 2 

= =— • P { -z I 

2/T ci x o p | 2 of rr- 

= m ,c *(ad« Pd- as* ps) 

\> identical to the probability density u‘ i (ad. Pd- as- Ps > of Section C. I. 

We conclude that the probability amplitude analyzing the values An And 
Pd of position and momentum of a particle as a result of the interaction of a 
particle with a detector is given by 

, ++*) 

o< .tn. pn. as. ps) = — 7 = V‘n( i • ad. Pd>V*»(a . a s. Ps) d-' 

J-x 

Here. <ps is the wave function of the particle and y>p the analyzing wave fane 
lion The probability to observe a position in the interval between p n and 
Pd 4- d po is 

dP = |«Ud. pd, as. ps)l“ d.VDd/)[) . 
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In analogy to the classical case we may now ask whether we can still 
recover die original quantum-mechanical spatial probability density 

I I I (a - as) 2 

Ps(A)= Ivvs(a)|- = -=—exp { -- 

v2vTIT,s l 4 a xS 

from |r« Information about the position of the particle only is obtained by 
integrating |«| 2 over all values of pn. i.e„ by forming the marginal distribution 
vvitli respect to ad. 

l«l; = / lupdpD = uiJk-VD.-is) . 

J-fXl 

The result is the same as in the classical case. Again in the limit o t n — 0 we 
Ii t ul that the function |a|J approaches the quantum-mechanical probability 
density />$( i) which is equal to the classical distribution ps, (a). 

In Figures C.3 and C.4 we demonstrate the construction of the analyz¬ 
ing amplitude using particular numerical examples. Each column of three 
plots in the two figures is one example. At the lop of the column the parti 
cle wave function is shown as two curves depicting Rey'sU) and Intv'sU » 
together with the numerical values of tire parameters As. ps. o>s which de¬ 
line y?< \ ). Likewise, the middle plot shows the detector wave function, given 
by Rey>D<A > and lmyi>( v). lire bottom plot contains the real and imaginary 
parts of the product function 

V>d<v)V5(a) - 

which alter integration and absolute squaring yields the probability density 

I I f +x 2 

\ n \ 2 = |y v'd(a)vs(a)i1v 

of detection. Also given in the bottom plot is the numerical value of I a' 2 . 
Four different situations are shown in the two figures. In each case tire same 
detector function y^> is used. Only the particle wave function cs changes from 
case to case. 

id In the left-hand column of Figure C.3 tps ami <pn are identical. For 
that case we know that the overlap integral is explicitly real and that 
v^v'sd.v = I. so that |«| 2 \/h = 1/2.7 in the units h = I used. 

(ii) In the right-hand column of Figure C.3 the particle wave packet is 
moved to a position expectation value is ¥= vj>, but we still have 
p s = p|,. a, s = o,i). By construction, the overlap function is different 
from zero in that x region where both ips and (pn are sizably different 
from zero. As expected, the value of nr is considerably smaller than 
in case (i). 





Kig.CJ. Wave function v s (topi nnd , (middle I and the product function s ihot- 
turn). Real parts are draw n as thick lines, imaginary parts as thin lines, i he two columns 
differ in the mean \ulue As of I nits h - I are used. 


I iii) In the left-hand column of f igure C\4 the position expectation values 
and the widths of particle and detector wave function are identical, v s 
vr>. < 7,55 - o,i). but the momentum expectation value* differ. /»s ^ /»r>- 
As in case <ii the product function v’jjtPs ,s different from zero in the 
region x .ty but due to the different momentum expectation values 
it oscillates. Therefore, the value of «/i : is much smaller than in case 
(i) since positive and negative regions of the product function nearly 
cancel when the integration is performed. 
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C.3 Analyzing Amplitude: General Case 

The lesson learned in the Iasi section can be generalized to the analysis of an 
arbitrary normalized wave function yd .\) describing a single particle in terms 
of an arbitrary complete or ovcrcomplcte set of normalized wave I unctions 
ifi(,x ) or ip{x. ij\, ... . </,v). The functions tp n ix) can in particular be eigen¬ 
functions of a Henniican operator, e g . the energy. Examples for a set of 
overcomplete functions ipt \,(/1. -. - - q„) are 

• free wave packets v?nl.i. vj>. pn) as in the last section. 

• coherent slates of ihe harmonic oscillator tpi v, v<i. po) as we shall study 
in detail in the next section, and 

• minimum-uncertainty states of a set of noncommuting operators like 
the operators / ,. /. ; . L of angular momentum urS,.S,-.S- of spin as 
investigated in Sections 10.5 and 16.2. 

The analyzing amplitude for the different cases is given by 

1 f* 00 

" = — / 
ft i J —oc 

or 

I / ,+0 ® 

a = — / 1.<7jv )(pix ) dv 

ft 2 J-x 

Of course, a mutual analysis of two sets of analyzing functions is also of 
interest, e.g.. 


I /**■ , 

—jbL * 


lOtplw i/\ . q { \) d.v 


The normalization constants have to he individually delemiined for every type 
ol analyzing amplitude. 


C.4 Analyzing Amplitude: Harmonic Oscillator 

For the harmonic oscillator ol frequency <o we have discussed in Sections 6.3 
and 6.4 two sets of states in particular: 

(i) The eigenstates v?„ corresponding to the energy eigenvalues E„ = (n 4- 

5 )/><■>. 


V„{x) = (v / 2jr2"ii !<rn) -1 /2 H„ 


- exp 
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with the ground-state width 




Plots of the <p„ are show n in Figure 6.5, 

<iil Hie coherent stales. 

| i 

i/' (-V . I , .Vo. Pi l) = T; ti,n < '(u pa)<pm (-V ) exp | — — E, n l 


where die complex coefficients a„ are given by 


pa) = L * X P “i — 
>/n\ 2 


n = 0 , 1 , 2 .... 


The variable ; is complex and a dimensionless linear combination ol 
the initial expectation values vo of position and po of momentum. 

A 'i> , • Po „_L 

: = • ° p -2o, • 

Plots of the coherent states ^t.v. f) arc shown in Figure 6.6c. 

The set of energy eigenfunctions ^t.v) is complete, die set ol coherent slates 
is ovcrcomplcte. We can form four kinds of analyzing amplitudes. 


Eigenstate - Eigenstate Analyzing Amplitude 

We analyze die energy eigenfunctions using energy eigenfunctions as analyz¬ 
ing wave functions. Thus, we obtain as analyzing amplitude 


V«(*)¥M-v)d.v = 


which yields as probability 


l, mn = ** 


This result, based on the orthonormality of the eigenfunctions v>„(.v). is illus¬ 
trated in Figure C.5 which shows the functions Whereas is non 

negative everywhere so dial the integral over <p~ n cannot vanish it is qualita¬ 
tively clear from the figure that die integral over v „.v>n vanishes for m n. 

The analysis of an eigenstate <p„(x) w ith all eigenstates tp„, (a > thus yields 
with probability u} nn = I the answer that the original wave function was 
indeed and with probability a mn = 0 the result that die original wave 
function was with rn ^ n. Such an analysis can also be considered as an 
energy determination which with certainty yields the energy eigenvalue E n 


Fig.C.5. Product I of ihc wave (unctions of the harmonic oscillator for f\<o = 1 . 

The lung-du.sh curve indicates the potential energy V(a ), the short-dash lines show the 
energy eigenvalue t n of the functions <p n . These lines also serve us zero lines for the 
product functions. 


Eigenstate - Coherent-State Analyzing Amplitude 


The function to be analyzed is the time-dependent wave function ip(x, t. ro. 
po) of hie coherent state. The analyzing function is the energy eigenfunction 
VViCvi. As analyzing amplitude we obtain 

/ •hoe 

ip n (x)ir(x,t,xo, po) dx 

-30 

Pile corresponding probability is given by 


Poll 2 = e l;: ‘ 



J±,Po_ 
4a? + 4a? 


The probabilities \a(n, A'o. pn)| 2 for fixed -to. pr> arc distributed in the integer n 
according to a Poisson distribution, cf. Appendix G. Its physical interpretation 
can be understood if we express ]z\ z in terms of the expectation value of die 
total energy of an oscillator with initial values \o and p it , 
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Pit W 7 V 

We find 

Is 1 2 = Eo/{hw) = no , 

i.e., !c! 2 equals the number no of energy quanta ft<» making up the energy £« 
<>1 the classical oscillator This number, of course, need not be an integer. For 
die absolute square of die analyzing amplitude we thus find 

kM-v». Po)l“ = . 

w! 

It is the probability of a Poisson distribution for the number of energy quanta 
n found when analyzing a coherent wave function with die eigenfunctions <p n . 
It has the expectation value 

(n) = mo 


and the variance 


vartw) = no 


Coherent-State - Eigenstate Analyzing Amplitude 

Analyzing die eigenstate wave functions with the coherent stale wave 
functions for t = 0. 

30 

VT»< V, An. PD) = ]T] M, r (,VD. PD)<pniX ) . 


with ihe coefficients 


difUl). Pt>) = “FjCXp | - Zo-n 

we find as the analyzing amplitude 


VI> a.. 10 
“D = Z — + — 

2a, 2 a., 


aixu.pD.n) = —= / <pp(ff.XD.PDHM*)dv 

yjh J- cv 

14 I I, I 

= 7h7Z cxp ’ 


and for its absolute square 


In( vi,. pu.nir 


2t r(/2a 
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Fig.C.6. Absolute square |a(*i>. Pd-" i : «f the amplitude analyzing the liar- 
monic-oscillator eigenstate ) with n coherent stale of position and momentum ex¬ 
pectation value «D and />|». 


For a given quantum number n of the eigenstate, |a|" is a probability density 
in the vo, pu phase space of the analyzing coherent state which is shown 
in Figure C.6 for a few values of n. It has the form of a ring wall with the 
maximum probability at 


i t 



In terms of the energy 


£„ = g + 


of a classical panicle of mass m with position .in and momentum /»r> in a 
harmonic oscillator of angular frequency to, we have 




where /jj i is the average number of energy quanta hio in die analyzing wave 
function y?i>( t. vp, We find 
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\ii(x D .i’n n )\ 2 = } t e ,lu ^ . 

For a given eigenstate tp n t.t) of the harmonic oscillator the probability density 
in the .to, po phase space of coherent states depends only on the average 
number «d of quanta in the analyzing coherent state. 

The expectation value of up is given by 

/ +*= /-roc , 

I n okil-to. /T).ni|"d.vnd/»n = « + I 

Its variance has the same value: 

var(rto) = n + 1 . 


Coherent-State-Coherciit-Stntc Analyzing Amplitude 

Using as analyzing wave functions the coherent states v't»< v * - v r>. Pd), the an 
alyzing amplitude for the time-dependent coherent states \}/{.\, t. .to, p«) turns 
out to be 

n<tp. /»d* vu. Po. H 
1 f 

= 7= / , Ap, pn)if(x, /. tu, po) d.v 

\fh J-x 

= ‘ exp I - ‘ (rnJD + 2z£2(O + :*a)z(0)}exp M 

v/i I “ I 1-1 


c<n = 2e-‘"" 


2 a x 2 o p 


Hie absolute square yields 

|nUo. PD.-vo. Po. Ol 2 
_ I _ 


I (*d 1 » 1 • 1 > (PO /'ii>/)> 2 

5 2a; + 2 aj, 


Cn( / ) = M\ cos tat -\ -- Sin wt 

mio 

p,)(t) = - nuox it sin tat + p t) cos tat 

representing the expectation values of position ami momentum of the coherent 
stale /, a 0 . po) at time t. It is a bivariate Gaussian in the space of to 
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C Analyzing Amplitude 


and pr> centered about the classical positions v,,<M. po (0 of the oscillator. 
The probability density |«z(.ru, po, .to. po,/)|” shows die same behavior as 
that of a classical particle. The expectation values of the position \d and of 
momentum po are simply given by the classical values 

<*d) = vo(Y) . {po) = po(0 - 

The variances of \t> and po are 

var(x D ) = 2a* . 
var(pu) = 2 a* 

This is twice the values of the ones of die coherent state itself, a consequence 
of the broadening caused by the analyzing wave packet > having itself 
the variances <7‘ and a~. 

Tlie classical Gaussian phase-space probability density corresponding to 
V'U./.vo, po) is of the same form as |«(ad. Pd.- to. Po, f)| 2 - It possesses, 
however, the widths a x and a r , and has the explicit form 


P (.V, p. A'O, P(|. I) 


2na,a, 


I (x-xoU)r (p pqU))~ 

2. <,} a} 


Bv the same token the classical phase-space density corresponding to the de¬ 
tecting wave packet is 


p£,(.t. p, ad. Pd) 


2.Tr7,<T. 


I [~(.v — *o> 2 (P ~ PD) 2 ] | 

2 1 °l Jl 


Tlie functions p d and pjS| are equal to the Wigncr distributions (cl. Ap¬ 
pendix D) of if and (fry. respectively. The analyzing probability density \a | : 
can again be written as 


|«Ud. PD. Xo* po* 01" 

/ 4-OC r fix 

I P- xd. Pd)P*(x- P. vo. po. Od.V[) dpi, . 


which once more shows the reason for the broadening of Ini 2 relative to p. 


I). Wigner Distribution 


The quantum-mechanical analog to a classical phase-space probability den¬ 
sity is a distribution introduced by Eugene P. Wigner in 1932. In tlie sim¬ 
ple case of a one-dimensional system described by a wave function y>(.v) the 
Wigner distribution is defined by 

I f 400 [ i | V v 

U'U. p) = - J exp | -pv j tp(x - -)v>*(-v + -)dy . 

For an uncorrelatcd Gaussian wave packet with the wave function 

1 I (x-Jttf 1 , .po. A 


(pix.xo, Po) = 7 


i/2n v /ct7 


exp - 


+ i~U -Jfo) 


it has the form of a bivariate normalized Gaussian: 


W(x, p..ro. Po» = z -—exp 

Ztt a x a n 


1 (V - .1 

2 *} 


- .v,,.t ? 4 Ip - po) 2 


where a x and a p fulfill the minimum-uncertainty relation 

a.a,, = h/2 . 

The expression obtained for W(x,p, vo. po) coincides witli the classical 
phase-space probability density for a single particle introduced in Section 3.6. 
The marginal distributions in x or p of the Wigner distribution are 

i-*X 

W p (x) = / W(x % p) dp = <p*(x)ip(x) = p(x) 

J-x 

and 

/ -foo 

W(x,p)6x =ip*{p)(fi(p) = Ppip) * 
where ^(p) is the Fourier transform 




D. Wigncr Distribution 


<P(p) = 


/ exp -^px (p(.t)dr 

J - oc " 


of the wave function y?C.v). i.c„ yd p) is the wave function in momentum space. 

For the ease of the Gaussian wave packet we find for the marginal distri¬ 
butions 


11/ I r l — 

1 exp 1 

l (x - x {> \ 2 | 



2 <r, 2 

WAP) = 

1 

Up Pi i) : 

A— 

>/2nn p 

, 2 "l 


An alternative representation for the Wigncr distribution can be obtained 
by introducing the wave function in momentum space into the expression 
defining W'U\ pi with the help of 

i t i „ \ 


We lind 

m 


1 f \p u 

* ix)= V 5 n i./-, wp |V , r , ' ,,dp • 

'■ p) = T,l x ex p|-^'/|v~(/'-|)^ 4 (" + f) d ‘/ • 


A note of caution should be added: For a general wave function (fix) the 
Wigncr distribution is not a positive function everywhere Thus, in general it 
cannot be interpreted as a phase-space probability density. It is. however, a 
real function 

W(x.p) = W(x,p) . 

As an example we indicate the Wigncr distribution Wix.p.n) for the 
eigenfunction v n (.\) of the harmonic oscillator. 

Here, the widths n x . o p are given by 

a, = y/h/(2ma») . o p = h/(2o p ) . 

and L'Jl.i ) is the Laguerre polynomial with upper index k = 0 as discussed in 
Section 13.4. 

Figure L).l shows the Wigncr distributions for the lowest lour eigenstates 
of the harmonic oscillator n - 0. 1.2 3 plotted over the plane of the sealed 
variables \/a x . p/a p . Accordingly, the plots are rotatioitally symmetric about 
the : axis of ihe coordinate frame The nonpositive regions of W(x.p.n) 
can be clearly seen. The corresponding plots for the absolute square of the 
analyzing amplitude are shown in Figure C.6. 
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Hr.I>.I. Wigncr distributions \Yi.\.p. n) «r the harinonlc-oscillalor eigenstates v,U). 

n = 0. I. :. 3. 


Ihe relation to the analyzing amplitude can easily be inferred from the 
following observation. For an arbitrary analyzing wave function </TiU) we 
form the Wigncr distribution 




Then, the integral over a and p of ihe product ot Wo and W yields 


+OC /«+OC 


CL 


U'd(.v. p)W(.V. pKlvtlp = - 


41 /: 


^p(.v)^(.i)dv = |a|‘ 


'fins is to say. analyzing the Wigncr distribution Wi.x . /*) of a wave function 
(pt .\> with the Wigncr distribution p) of an (arbitrary) analyzing wave 

function <pr><-\> yields exactly the absolute square of the analyzing amplitude 


I /* +tc 

a = — I yjpUtytvKh 

yjh J—uc 


introduced in Appendix C 
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1) Wigner Distribution 


The temporal evolution ol a Wigner distribution 

| /• +-X* , y y 

W{.x,/>,!)=- / c^VU + ^.lWi-^.Ddjr 

" J-OC 

corresponding to a time-dependent solution t/'U. /) of the Schrodinger equa¬ 
tion with the Hamiltonian H = p 2 /2m t V(x). p = </>/i) d/d-r. is gov¬ 
erned by the Wigner-Moyal equation. It is the quantum-mechanical analog 
of the Liouville equation for a classical phase-space distribution. For poten¬ 
tials V(.v) which are constant, linear, or quadratic in the coordinate x or linear 
combinations of these powers the two equations of Wigner and Moyal. and 
of Liouville are identical. For these types quantum-mechanical and classical 
phase-space distributions that coincide at one instant t in time, say the initial 
one. coincide at all the times. 


E. (Jamnia Function 


The gamma function r(z) introduced by Leonhard Euler is a generalization 
of the factorial function for integers n, 

n\= 1 - 2 - 3 -... • /i . 0! = 1! = 1 . 

to nonintegcr and eventually complex numbers z. It is defined by Euler's in¬ 
tegral 

r(z)= f r-'e 1 dr . Re(z) > 0 . 

Jo 

By partial integration of 

f Pe“ f dr = T( 1 +z) 

Jo 

we find the recurrence formula 

r< 1 + z)*-re _, |* + tj r-'e-'di =:H;) 

valid for complex z. 

f rom Euler’s integral we obtain 

r< d = i 

and. thus. with the help of the recurrence relation for non-negative integer n. 

rn+fl) = zi! . 

Euler’s integral can also be computed in closed form for z ■- 1/2. 



so that - again through the recurrence relation - it is easy to lind the gamma 
function for positive half-integer arguments. 
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For nonpositive integer arguments cite gamma function has poles as can 
Ik* read off the reflection formula 

1 { l /'in shut. ) r(I -Fz)sin(rrz) 

In Figure E. I we show graphs of the real and the imaginary pan ol F(z ) 
as surfaces over the complex z plane The most striking features are the poles 
for nonpositive real integer values of For real arguments z = x the gamma 
function is real, i.e . Irn </’u)l 0 In FigureE.2 we show F(a ) and \/l'(x). 

The Inner function is simpler since it has no poles. The gamma function for 
purely imaginary arguments z = iv. v real, is shown in Figure E.3. 

For complex argument - = v + i v an explicit decomposition into real and 
imaginary part can be given. 

Ft v + i y) = (cos0 i sin 0)1 H*)! J”[ 

;'=0 

where the angle 0 is determined by 

0 = y$(x) + V"* I" —7-aretti 

hX’+ x 

Here if(x) is \haliganuna function 

d r'(x) 

^(.o = ^(inrw) = — . 

For integer 11 the follow ing formula follows from the recurrence formula: 

r(n + z) = r(l+(n-l+;:)) 

= (w - 1 +z)di -2 + i\+z)zriz) . 

For purely imaginary' ~ = iy we find 

/'(/I 4 - iv) = (/i — I -F iy)(w - 2 + iy> -...■<! + iy)iyr(iy) 

The gamma function of a purely imaginary argument can be obtained by spe¬ 
cialization of the argument x -F iv to v = 0 in r (a -f iv) to yield 

-T 


vV + (y+*>2 

“7+»] 


/'(iv) - (sinW - 1 cos 0 ) 


with 


» = -k.v+2Z 


- - arctan - 

L J 


V r V sinh y 
■/] - 


where Euler's constant y is given by 


j' = = hn (y^ j Itwj ■ 0,577215 


6649... 
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F. Bessel Functions and Airy Functions 


Bessel's differential equation 

tlx 2 dr 

is solved by the Bessel functions of the first kind 7 „<a), of the second kind 
(also called Neumann Junctions) N v (x ). and of the third kind (also called Han- 
kelJunctions) //'"(a ) and Hlr'tx) which are complex linear combinations of 
the former two. The Bessel functions of the first kind are 

*«-©’|BTO7s(rf ■ 

where Hz) is Euler's gamma function. 

The Bessel functions of the second kind are 


N v (x) -- — (7, (.vl cos vit - 7 , <v >1 

Sill l >«7 


For integer i* - m one has 


J.Ax) = i-\) ,, Ux) . 


The modi fie <1 Bessel functions are defined as 

f'Ut = (j) Xjnr(*, + t+ 1) (t) 

The Hank el functions are defined by 

Hi%x) = Mx) + WAx) . 

Hl 2l W = 7„(*) - \NAx) . 

The following relations hold for the connections of the functions just dis¬ 
cussed and the spherical Bessel. Neumann, and Hankel functions, cf. Sec¬ 
tion 10.8. The spherical Bessel functions of the first kind are 
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jdx) = - 

The spherical Bessel functions of the second kind (also called spherical Neu¬ 
mann functions) are given by 

II tM = = (— 1 )'7-f-i(-T) . 

and Ihe spherical Bessel funclinns of the third kind (also called spherical Han 
kel functions of the lirst and second kind) are 

/.< +> U) = n,{x) + \Mx) = i[Mx)-m,{x)\ = i l J^H { l 'J in lx) , 

h'-\x) = Hi (x I iji(x) = -i|;VC-t> + irir(.r)] = 

In Figures F.l and F.2 we show the functions 7,.(v» and l v (.x) for v = 
I, -2/3, -1/3. . 11/3. The features of these functions are simple to 

describe for v > 0. The functions 7, (a ) oscillate around zero with an am¬ 
plitude that decreases with increasing a. whereas the functions /,.<a > increase 
monotonously with a . At x = 0 we find 7 V (0) = /».(()) = 0 for 1 > 0. Only 
for v = 0 we have 7i>(») = /o(0) = 1. For v > 1 Uiere is a region near a = 0 
in which the functions essentially vanish. The size of this region increases 
with increasing index v. For negative values of the index v the functions may 
become very large near v = 0. 

Closely related to the Bessel functions are the Airy functions AiU) and 
Bit x). They are solutions of the differential equation 

(iL 

and arc given by 

AiU) = . ,, . /■) \\ 

|j i/« (=i-*i V3 ) + Jip ] ■ * < 0 

and 

/-./3 (| rV2 ) +/'/'( _V v V2 ) } - r>0 

y-i/i(?l»l 3,, )-^in(-W 3/s )) • J <0 

Graphs of these functions are shown in Figure F.3. Both functions oscillate 
for a < 0. The wavelength of the oscillation decreases with decreasing v. For 
v > 0 Ihe function Ai(.\) drops fast to zero whereas Bi(.r) diverges. 






























G. Poisson Distribution 


In Section V l we first introduced ihc probability density p(.v ). which is nor 
malized to one. 

/ p(.r)<lr = 1 . 

J-yj 

We also intnxluccd the concepts of the expectation value of x, 

f+°° 

U) = J xp(x)dx , 

and of the variance of x. 

vart.v) = <x? = |(.t - {.v>) 2 } 

We now replace the continuous variable x by the discrete variable k which 

can assume only certain discrete values, e.g.. k = 0. 1.2.In a statistical 

process the variable k is assumed with the pwlnihility Pik). The total proba¬ 
bility is normalized to one, 

£ /*«)=! • 
k 

where the summation is performed over all possible values of A . 

The average value, mean value, or expectation value of A is 

(*> = £*/’<*> . 

i 

and die variance of k is 

varU> = a'{k) = ((* - (*)) 2 ) = £(* - (k)) 2 P(k) . 

The simplest ease is that of ail alternative. The variable only takes the 
values 


K = 0, I 
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G. Poisson Distribution 


The process yields with probability p = P(\) the result k = 1 and with 
probability P( 0) = I - /»the result k 0 Therefore, die expectation value 
of k is 

(*) =»0- (I -/»)+ I ‘ p - p - 

We now consider a process which is a sequence of // independent alterna¬ 
tives each yielding die result *7 = 0. 1, i = 1.2. n. We characterize the 

result of the process by the variable 

*=X> • 

1=1 


which has the range 


k = 0 . I. n 


A given process yields the result k if k, = I for k of the n alternatives and 
k, = 0 for (n - k) alternatives. The probability for the sequence 

**i = *f 2 = = Kk = I . = ••.* *= k„ = 0 

is p k { \ — p) n ~ l . But this is only one particular sequence leading to the result 
k. In total there are 

\kj k\(n-k)\ 

such sequences where 

n! = 12 3 •... /! . 0! = 1! = 1 . 


Therefore, die probability that our process yields the result k is 

/‘< k > = ("j/a - p>" * . 

Til is is the binomial probability (list ribul ion. The expectation value can be 
computed by introducing Pik) into the definition of (k) or. even simpler, from 

n 

<*> = £(«.-) = " p • 

i = l 

In Figure G.I we show the probabilities Pik) for various values of n but 
Tor a fixed value of the product k = np. The distribution changes drastically 
for small values of n but seems to approach a limiting distribution for very 
large n. Indeed, we can write 


G. Poisson Distribution 


433 



Fin- G.I. Binomial distributions for various values of n but fixed product np = 3. 


a* / a\" n(/:~ 1 )...(«—* +1) 

*) o-i)‘ 

xy (i-D(i-l)-- ••(>-¥) 

n) 

In the limit n • 00 every term in brackets in the last factor approaches one. 

and since „ 

lim (i = e~* 

00 \ n ) 

we have 

P< * )m I\ C ~ k * 

This is die Poisson probability distribution. It is shown for various values of 
the parameter k in Figure G.2. The expectation value of k is 
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Fig.<;.2. Poisson distributions for various values of the parameter a. 


In a similar way one finds 

<A 2 ) =A(X+ I) 
and therefore, also the variance of k is equal to 

var(fc> = |(*-(*)) J | = (* J -2l<*> + (*> 2 } 

= <*’> - 2{k) 2 + (k) 2 = { k 2 ) - (k) 2 
= a(A.+ I)-X 3 = X . 

The Poisstm distribution is markedly asymmetric for small values of k. For 
large k, however, it becomes symmetric about its mean value k and in that 
case its bell shape resembles that of the Gaussian distribution. 
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Physical Constants 


6i' 


Planck'sconstant h = 4.136 • 10 '' C V • s = 6.626 10 U J • s 

h = Ii/{ID = 6.582 10 "’eV-s 
= 1.055 • 10“ 14 J • s 


speed iiMiphl 

r = 2.998- 10 s ms 1 

elementary charge 

<■ = 1.602 • UT'V 


c 1 

fine-structure constant 

" 4.t ffoAc 137.036 

electron mass 

m, = 051 111 MeV/c 2 = 9.110-10 11 kg 

proton mass 

hi p = 938.3 McV/r 2 = 1.673 10 27 kg 

neutron mass 

m, = 939.6MeV/r 2 = 1.675- 10 27 kg 


Conversion Factors 

mavs I kg = 5.609 • lO^eV/r 2 . I e V/r 2 = 1.783 • 10 -' 6 kg 

cncr S > 1J = 6.241 10 ,s eV. leV = 1.602- 10 _I, J 

momentum I kg - ins" 1 = 1.871 Id 27 eV/<-. I cV/r = 5.345 ■ 10 21 kg ■ ms" 1 
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